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LOI NOLPAU

Gido trinh "Todn cao cAp” nim thd nhat, dudc bién soan dua trén dé
cueng do B Gido Duc va Dao Tao qui dinh bat budc cho sinh vién cdc
nganh Coéng nghiép va Kinh t& cia Trudng Dai hoc Cong nghiép
Tp.HCM.

Gido trinh duge viét chung cho cd hai khéi kinh t€ va cong nghé,
nén khi gido vién day khoi ndo thi di c¢6 chuong trinh chi tiét cho tirng
khé1 16p tudng tng, gido vién ding 1dp s& thong bdo cy thé dén sinh vién
di€u nay. VA lai sinh vién khoi ndy ¢6 thé tham khdo thém cdc kién thic
ctia khdi khéc ciing 13 diéu t6t, nhat 12 khoa hoc cdn ¢é tinh chit khoa hoc
l1€n nganh nhu hi€n nay.

Tdc gid xin chin thinh cdm on tap thé thiy ¢6 gido TS todn thude
Khoa Cg Bén trudng Pai hoc Cong nghiép Tp.HCM di déng g6p nhiéu ¥
kién cho viéc bién soan gido trinh nay.

Tédc gid cling xin bay t0 1ong cdm sdu sac dén Ban Gidm Hiéu
trudng Dai hoc Cong Nghiép Tp.HCM, dac biét Tién si. Hiéu Trudng Ta
Xuin Té, Ngai di dong vién gitip dd dé gido trinh niy kip ra mat phuc vu
sinh vién va thiy gido trong nim hoc ddu tién (2005-2006) trudng dugc
mang ten trudng Pai hoc Cong Nghiép Tp. HCM.

Mac db tdc gid di rdt ¢§ gang nhung chic han khong trénh khdi
thi€u sét. Nhiing ¥ kién déng gép vé ndi dung va hinh thifc cla gido trinh
s& dudc tiép thu vdi long biét on sdu sdc, xin géi vé TS. Nguyén Phi
Vinh, Khoa Cd Ban, Trudng Pai hoc Céng Nghiép Tp.HCM, dién thoai:
08.839929-165.

Tp.HCM, ngay 01 thdng 4 ndm 2009
tdc gia
Tién Si: Nguyén Phii Vinh
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Chuong 1: Tip hop va anh xa 5
CHU ONG I
TAP HOP VA ANH XA

BAI 1: TAP HOP

1.1. Khai riém : Tap hop 1a mot khai niém co ban cua Todn hoe nén khong
dinh nghia. Ta c6 thé ding mot s6 vi du sau dé hidu vé tip hup.

Tap hep cac sinh vién troay mot 1op. Tap hop cac i khoan & mol
ngin hang. Tap hop cdc s6 tu nhicn 1,2,3 4.

Cac sinh vién, cac tai khodn. cie sé ty nhién noi tén goi 1a cdc phﬁn
tir cua 1ap hop.
1.2. Cach viét tip hop: Ching han ta goi A la tap hop céc s tw nhién
1.2,3,4. Khj d6 ta viét 4={1,2,3,4] S6 112 phén tir clia A ta viét 1e A
S6 5 khong phai 1a phan tir cia A ta viét 5S¢ A

Cach viét tap hop A nhu vy duoc goi 14 cach vidt 1iét ké.

Mot cach viét ma & do khong thf'ly 0 cac phfm it cua 1dp hop, nhung
van biét duoc cac phan Wr cia tip hop dugc got la cach v iét néu tinh chit,

Vi du: Gor B 1a tap hop cic s& tir nhién nho hon 2010 va chia hL.
cho 3. Tap B ciing c6 thé viét 6 nhu tdp A O trén tuy nhién s& rat dai, ta viét

tdp B nhu sau B={ne N/n< 2010;,2:3} Khi do ta co

2007 B;2009¢ B;2010e B

Mot tip hop khéng céd phan (i nao goi la tap rc:ang3 ky hi¢u &

Tédp hop B dugce goi 1a tip con cua tdp hop A néu moi phan tir cua B
déu fa phan fr cua tip A, ky hiéu 45 — A

Vidur A={ne N/n<2010n:3} . B={ne N/ <2010;1:6)

B < 4. Goi C la tip cac s6 nguytn to 16m hon 2 va la s6 chan. Ta c6 C =Q

1.3. Cac phép toan trén tiép hyp. ‘
1. Giao cua cic tdp hop: Grao cua hai tdp hop A, B la mdt tap hop gdm
cac phan tu vira thude A via thude B. Ky hidu 4B
Vidu: A={ne N/n:2};B={nc N/n:3},khidd AnB={ne N/n'6}.
1.3.2. Hop cla cic tap bop: Hop cua hai tp hop A, B la mét tép hop gdm
cac phin tir thudc A hay thude B. Ky hiéu 4w B
Vidu A={ne N/n<10};B={nec N/1<n<13},khido

AU B ={0;1;2;3;4;5;6,7;8;9;10;11;12;13} .

1.3.3. Hiu cua hai tip hop: Hi¢u cua hai tip hop A, B 1a mot tp hop gbm
cic phan to thude A ma khong thudc B. Ky hiéu A\ B .

Vidu: A={ne N/n<10}:B={ne N/n2z3}, khido
A\B={01;2}, B\ A={11512;...)

1.3.4. Tich cua hai tdp hop: Tich cua hai tdp hgp A, B la mot tdp hop gém
cac c@p phian tir theo thir tu thude A va thude B. Ky hiéu Ax B
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Vidw A={1,2,3}; B ={a,b}, khidd
Ax B ={(L;a),(1;),(2:0),(2;6),(3;4),(3; b)}
1.4. Cac tap hop 50
Tép hop sb tu nhién 14 tp c6 dang N ={0;1;2;3;...} :

Tép hop s6 nguyén la tap cé dang Z = {...;—3;~2;~1; 0;1;2;3; }
Téap hop so hiru ty 1a tap c6 dang Q = {-E/ pge Ziq#* 0}. S hiru
q

£y 12 56 c6 thé bidu didn dudi dang phén 0. Nguorc lai voi s& hitu ty goi 1a
50 vO ty.
Tap hop s6 thyc 1a tdp s6 gdm tat ca cac s6 hitu ty va vo ty, ky hiéu
R Tacdé CoOR>Q>Z>N Trong dé C latdp cac s phuc.
1.5. S6 phite.
1.5.1. Dinh nghia 1. S6 phirc 12 s cé dang z=a+ib trong d6 ab 1a sé thue, 7
e0i 1a dom vi 4o thoa iZ =-1,
Ta noi a 1a phan thyc, ky hiéu Rez, b la phin 4o, ky hiéu Imz.
Tap cac 56 phirc duoc ky higu 1a C. Néu b=0 thi quy u6c z=a la s
thuec.
Hai s6 phic goi 1a bang nhau néu phan thuc bang phan thire, phén ao
bang phan ao. ‘
1.5.2. Céc phép toan trén tap s6 phuc.
1.5.2.1. Phép cong . Tdng cta hai s6 phirc 1a mot s6 phuc, ¢6 phan thuc 14
tdng ctia hai phan thye, phan do 12 tong cua hai phan ao.
=ap+ibsy=ay+ibh, =0T a +i(b +by) .
1.5.2.2. Phép nhan mét sb thyc vai mot sb phirc, 1a mot s& phire xdc dinh
nhusau z =a+ib,ac R.az=0oa+iob
1.5.2.3. Phép nhan hai sb phtrc, 1a mét s& phire xac dinh nhu sau
7 = ay +iby; 2y = ay +iby. 332y =ayay —byby + i(aby +ayby )
| 5.2.4. Phép chia hai sb phirc, la mt s6 phirc xac dinh nhu sau
71 = +l'b1;Z2 =y +ib2. ) = 0
_z_l_ _ (ﬂl +ib| )((12 —ibz) _ a1ay +b1b2 +i(ﬁ‘2bl ~a1b2)
73 (ay+iby)(ay—iby) at by
Chi ¥: S6 phirc @ —ib goi 1a so phirc lién hop cia s& phitc @ +ib, ky hi¢u

7=a—1ib
Vi du: Cho hai 56 phitc 7y =2-3i52; = 4+5i,khiddétacé
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b4 +Zp = 6+ 2i.

7 — 33 =—2—8i.
721 =7(2-3i)=14-21i,
212y =(2-3i)(4+5i)=23-2i.
71 2-3i (2-3))(4-5i) -T7-22
7, 4+5i (4+50)(4-5) 31
1.5.3.Biéu dién hinh hoc cia sé phirc. ‘
V&i moi sb phitc z =a +ib cho tuong g véi vecto OM = (a,b)
goi 14 biéu dién hinh hoc cua sb Rhirc z.

y
M
©
O ' bx
M5 dun ctia OM goi la mé dun ciia sb phirc, ky hidu
r =|z| =\}a2 +b% .
_ — — L . . la=rcos@
Goi @ = (Ox,OM) 13 arcgument cua sé phirc. Ta co: { o
b=rsing

Tudé z=a+ib=r [£+z’£] = r(cos @+ isin @) goi la dang lugng gidc cla
r r
sb phie, Néu dit e'? = cos @+ising thi z= re'? goi la dang mii cua 56
phue. )
1.5.4. Dinh ly. Cho hai s6 phtrc
7y = r(cos @y +isingy); 75 = n(cos@, +isingy) taco

) 7922 = nry (cos(@y + @) +isin(p) +@,))

i b4 F -

i) L ="L(cos(p — @) +isin(py — )

2 N .

1.5.5. H¢ qua (cong thirc Moivre)

Cho sb phirc z = r(cos @ +ising). Khi do ta co
2" =r"(cosn@ +isinng), Vae N .
1.5.6. Can bac n ctia s phifc.
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1.5.6.1. Dinh nghia. S6 phirc w duoc goi 1a cin bic n cua s6 phtrc z néu

I
W =2z

13
Vidu: wy =~1;w = l+i—\/§; Wy = —--~1i—- la cac cédn bic 2 cua 1.
2 2 2 2

[.5.6.2. Binh ly. Cho 36 phtre z =r(cos ¢ -+isin@). Khi do n gia tri sau 1a
¢dn bac n cua =

( +k2 +k2n

:"\'/Fll 2———£+isinuj,k =0;1;2;.5n 1.
n I7

k2

k2
Vi du: ‘lfl = COS zwl isin-— yh =05132:..on—1.
n "

BALTAP ‘
[.1. Cho A, 13, C 1a ba tdp hop tuy y. ¢ hirng minh ring
a) AUB=BAd: AB=8BM A4
D) (AUBYNC=(ANCYU(BANC)
H(ANBYLC=(AUCYNWBUCY.
1.2. Cho A, B 1a hai tap con cua tap & 7 hing minh ring
a) XAN(AUB)Y=(X\A)N(X\B)
b) X\(AMB) ::(X\A)u( X\ RB)
1.3.Cho tép 1==/1" 2; 3}. Tim cdc tip con ~datip A,

1.4. Bicu din rén mit phing XxOy car i con ciia R sau
ay A ={(x;y)e R> oy = xz}
I 2 1
by B=<(x:)e R y=—;x#0".
x

¢y C =

——

(x;p)e R2 15?4 2 <4

d) D ={(x;y)e RY:2x+3p< 6} |

¢) E _{(x;y)e R2:0<2x+43y<6:-3-x—yp< ,.}

[.5. Biéu dién trong khéng gian Oxyz cac tap con cla R? sau
a) A :{(x;y;z)e R332 +y2 :1}

‘—.‘—_J

b)Bz{(x;y;z)e R3 2 +y +z°
¢) Cz{(x;y;z)e Rr3 :z=x2+y }

d) D:{(x;y;z)e Rr3 :zzl—xz—y }

1.6. Thuc hién cdc phép tinh sau
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2 . . .\ 2 3+4i  3-4i
a) (1+4)" (1-8)+{(1+8)( 1-i) D) 3-41+3+4i
¢) 2+3i -(4—20)(6— i) ) (”"'ﬁ)u

2-2iJ3 2 0 ¥

1+

e)

1.7. Chirng minh nghié¢m cua phuong trinh az> +bhz+e=0 | trong do

ﬁb+\/z _ ~b+\/b2—4ac

2a 2a
1.8. G141 cde phuong trinh sau

a) 22 —~4z +5=0

b) 22+ (4430 +4—4i =0,

1.9. Chimg minh céc dinh 1y trong phin 1.5 (S phie).
1.10. ) Tivh {1+ 1)1%)

b} Tinh cac tong

az0a;b;ce C la z=

.6 100
D) 8100 = Cioo — Cioo + Cion — Cloo + -+ Clo0

.5 7
i) Tyg0 = Cioo — Cioo + Cioo — Clop + e~ Cioo -
BAI 2: ANH XA

2.1. Binh nghia 1. Cho hai tip hop X, ¥ Kkhac rong. Ta goi mét anh xa ftur
X dén Y 1a mot quy tic cho twong Gmg mdi phin tir x thude X v ding mot
phan tr y thude ¥ Ky hidu
fiX =
X5y

y dugce goi la anh ctia x qua anh xa f, ta ky hiéu y=/(x).

Vidu |- Goi X la tdp hop moét nhdm ngudi nao do, Y la tap cac )
nguyén tu 0 cho Liuﬂ 120, Quy. tic dat tuong ung mdi ngudi cua tap X voi
mot 56 bén tip Y, s¢ dé dung bcill” 56 tudi ciia ngudi do. Quy tic nay 1d mot
anh xa.

Vidu 2: Goi X la tdp hop céc tai khoan ¢ mot ngan hang, Y 14 tip
hop nhimg ngudi dimg tén cac (ai khoan d6. Quy tic dat twong Gng madi ta
khoan cua tap X vot mot tén ngudi bén tip Y. Tén {4 1én ngudi chu id
khoan d6. Quy tic nay [3 méot dnh xa.

Vi du 3: Quy tic dit tuonyg g moi sb thue xe R véi mit sd
nguyén yc Z , trong d6 y 1a sé nguyen 16n nhat khéng vuot qua x. Quy tic
ndy 12 mot anh xa va goi [a phin nguvén cia x.
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p:R->Z
x>y =@(x) = x]
O day ta cé @(0) =0, p(1.2) =1, p(—4.7) =5

Vidu4: Quy the f:R—> R, x> 1 khong phii 12 mot anh xa.
X

2.2. Pinh nghia 2. Néu Y 14 tip hop sb thi mot 4nh xa tir X dén Y goi 1a
mot ham s6.
Co nhiéu cach cho mét anh xa. Cho thanh mdt ¢éng thic, thuong la
cac ham sb. Chang han
f:R—>R

x> y= f(x)= x?
g2:(0;42) > R
x> y=g(x)=Inx
13 cac ham sb mot bién ma ta da biét ¢ phd théng. Xét mét anh xa cho bing
cong thirc nhu sau
fRXR—> R

(x, ) 2= f(x,p)=x+3y.

RS rang quy tic nay ding 1a mét anh xa. Vi img vai mdi cip (v.y)
thuéc RX R chi twong ing voi dung mot s x+3y thudée R . Anh xa nay goi
12 ham hai bién.

Trong kinh te dinh nghia * ‘Cau Ia luong mot miat hang ma ngudi
mua mudn mua & mdi mirc gia cd thé chép nhan duge”

Dinh nghia nay cho thdy mét quy luat 14, & mdi mic gid ban P thi
luong hang ma ngudi mua, mua mét luong 14 Q. Nhu vy néi dung cua dinh
nghia thé hién mdt anh xa

Op : (0;+e0) = (05+)

P— Q0=0p(P)

Anh xa nay goi la ham cau.

Ciing trong kinh te dinh nghia “Cung Ia lugng mot mdt hiang ma
ngudi ban mudn ban & méi mic gia co thé chép nhan duge”

Pinh nghia nay cho thdy mét quy luat 13, & mdi muc gid ban P thi
luong hang ma ngudi ban, ban mét lugng 1a Q. Nhu vay ndi dung cua dinh
nghia thé hién mot anh xa

Og 1 (0;+00) — (05 +o0)

P> 0=0g(P)

Anh xa nay goi 1a ham cung.

Ngoai ra anh xa ¢é thé duoc cho dudi dang bang. Chdng han céac ban
tin du bao thoi tiét hang ngay 14 cdc dnh xa, néu chi cha y dén nhiét dd cao
nhat hay thap nhit. Day la ban tin dy bao nhiét d6 trong ngdy 9 thdng 2 nam
2007 (¢ daychu y dén nhiét d6 cao nhit).
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Dia phuong Nhiét 3o
SAPA 159 ¢
HA NOI 26 C
BA LONG 26%C
VINH 290

HOANG SA | 290¢
DANANG | ,g0¢

PLEIKU 30°C |
NHA TRANG 290~
TP.HCM 340C_
TRUONG SA | 5g0~
(biang 1)

Daiy 1a mot anh xa tir tap cac dia phuong vao tap s6 thyc R Néu chil
y thém dé am, ing vaoi bang sau day

Dia phuong | Nhiétdé | D6 am
SAPA 150 ¢ 58%
HA NOI 26" ¢ 75%
HA LONG 260 68%
VINH 299 ¢ 70%
HOANG SA 270 ¢ 76%
DA NANG 280 ¢ 72%
PLEIKU 30°C 79%
NHA TRANG | 540~ T7%
TP.HCM 340 75%
TRUONG SA | ,g0 ¢ 60%

(bang 2)

duoe mot anh xa tir tap cac dia phuong vao tdp RXR= R? Néu gol tip cac
dia phuong 14 S thi bang 2 la anh xa f:S——sz2 va ta ¢ ching han
F(TP.HCM}=(34;0.73).

2.3. DPinh nghia 3. Cho anh xa f:X oY Tap hop
G ={(x,y)e XxY:y= f(x)} € Xx¥ dugc goi 1a dé thi cia dnh xa /.

Néu X, Y la cac tap hop sb thi cic dlCIl‘l cila do thi cd thé biéu dién
trén mat phang toa d. Pay la bai toan v& dé thi ham sé. Sau day ta gidi
thiéu hai d6 thi coa ham s6 14 ham cAu va ham cung. Ham ciu
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Op : (03+00) = (0;+0)
P Q=0p(P)

Theo & nh nghta cua Cau, thong lhuongj > thi khi P giam Q sé tang, Do
d6 lwong hang ciu ¢6 thé minh hoa & mot bicu d6 sau

90- ’J —
804 e -
70+
60+
50
40+
30-
20-
0] ||
0= R R & o
1

AN
|
T

NN N NTNTNTN

Do d6 ham céu ¢6 do thi
Q \ D6 thi ham ciu

Qp =D(P)

Ham cung
Qs (0;-+00) = (0540
P 0=05(P)
Theo dinh nghia cua Cung, thong thudng thi P ting Q ting. Do d6
ham cung c6 d6 thj
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D4 thi ham cung

Q

QSZS(P)

O P

2.4. Pinh nghia 4 (Don anh, toan anh, song anh):
Cho énhxa f: X =Y

Anh Xa I duoc gol la don anh, néu
Vxi3xs € X, X1 # Xy = f(x)# f(x3) Ching han viéc xép 5 nguoi ngdi
vao 7 cai khac nhau la mét don anh.

Anh xa f duoc goi 14 toan anh, néu Vye ¥ =>Ixe X:y= f{(x).
Anh Xa cho béi cong thire f{x)=cosx 13 mdt toan dnh tr tap s& thue R dén tap
cac sd thue thude doan [-1;1].

Anh xa f duoc goi 1a song 4nh, néu f vira don anh vira toan anh, hay
VyeY,dlxe X:y= f(x) Phép hoan vin phan tir, phep chiéu song song
cac diém t mét dudng thing 1&n mot duong thang 13 cac song anh.

2.5. Dinh nghia 5. Cho hai anh xa
f:X-Y
x—y=f(x)
g:Y—>Z
y—z=g(y)-
Anh xa h: X - Z dinh boi A(x)=g(f(x)) duoc goi la tich clia hai 4nh xa f.g.
Kyhiéu h=go f.
Vi du. Cho hat anh xa
p:R—->Z . WiZ >N

va

x| x] x> |x|

thi anh xa hop wo@:R—>N dinh bsi woe(x)=||x|]]. Khi do
wop(-2.7)=[|-2.7|]=[2.7] =2, we p(/3) = 1.
2.6. Dinh nghia 6. Cho song anh f: X =Y Ung voi mdi y thude ¥ ¢o

duy nhét mét x thudc X sao cho y=f{x). Tuong ung tir ¥ dén X nay duoc goi
1a anh xa nguoc cua /. Ky hidu

Fliysx
y x=f71(p)
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trong do y=/(x). Vi du, song dnh f: N —>{O,2,4,6,8, } dinh bd1 fin)=2n

¢6 4nh xa nguoc la £ :{0,2,4,6,8,..} > N, f1(p) = :ZE

Anh xa S iR —(0;+); y= f(x)=e*céd 4dnh xa nguoc Ia

i) 5 Ry x= Gy =Iny.
Anh xa I [% %J [—1;1]; y= f(x)=sinx cé anh xa nguoc 1a

! -11] — [ 2” ]21 x=fY(yp)=aresiny Theo dinh nghia anh xa

nguoc duoc mot sd két qua nhu
arcsin(0) = 0; arcsin(1) = g; aresin(—1) = %
Anhxa f:[0;z] »[-11]; p= f(x) =cosx c6 anh xa nguoc 13

f"l :[—1; 1_] —>[0; 75]; x= f_l(y)z arccos y  Theo dinh nghia anh xa
nguoce duge mot sb két qua nhu

arccos(0) = %; arccos(l) =0; arccos(-1) = 7r...

Anhxa f: [—%,g—] — R; y= f(x)=1gx cb anh xa ngwoc 13

f_1 'R —)[vg %J x=f (y) arctgy Theo dinh nghia anh xa nguoc
duoc mét sd két qua nhu arezg(0) =0; arcfg(1) = -';E; arcig(-1)= :4]5
Anhxa f: (0;7) > R; y = f(x)=cotgx c6 anh xa nguoe la

f_l 'R —)(O;Jz'); X = fkl(y) =arccofgy Theo dinh nghia anh xa nguoc
ir

duoc mot so két qua nhu arccorg(0) = +oo3 arctg(1) = %—, arcfg(-1) = i

2.7.Dinh Iy 1. Chohaidnhxa f:X —>V,g:¥Y > Z.Khidd
i) Néu f g don anh thi go fdon anh.
i) Néu £ g toan anh thi go f toan anh |
iii) Néu f, g song anh thi g° f song anh. Hon niia cac dnh xa ngurge

cia f, g déu 1a song 4nh va (ge, )_ =flog™!

BAI TAP
2.1. Xét xem cdc tuong (mg sau tuong Ung nao 13 4nh xa. Néu 14 anh xa hay
x¢t tinh don anh, toan dnh, song anh

a) fi{a,b,c,d} —{1,2,3,4,5) dinh béi fla)=fib)~fic)=fid)=1.
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b) g:{a,b,c,d} —{1,2} dinh boi gla)=g(b)=g(c)=1; g(c)=g(d)=2.
¢) h:Z —> N dinh bi h(m) 12 phan du cua phép chia m cho n (n Ia mét sb
nguyén cho trudc). .
d) j 1a mdt phép hoan vi ctia tép n phén tu.
1 X2 0

-1 x<0.

e) k:R—-R: xl—}{

f) 1:C — C (C 1a tap sé phirc) dinh b I(z) = 2* - 37+1

g) w:C — C dinh bdi w(z)=Yz

2.2. Cho hai tap X={1,2,3,4} va Y={1,2,3}. Hoi

a) C6 bao nhiéu 4nh xa ttir X dény ?

b) C6 bao nhiéu don anh tir X dén Y ?

¢) C6 bao nhiéu toan anh tr X dén Y ?

d) C6 bao nhiéu song anh tir X dén Y ?

2.3. Ching minh dinh ly muc 2.7 .

2.4, Nha toan hoc Rieman c6 phép biéu didn hinh hoc ctia s6 phirc nhu sau

f:C—)RZ: z=x+iy—=>(x,y)

2
g:RZ—>(S)={(x,y,z)/x2+y2+(z—~;—j %}

N(xp,yn) M(xpr,0015201) |
Trong dé M 1a giao diém cia mat cau (S) va dudng thang SN voi
S(0;0;1) (chu y N Iuc nay phai lay thém thanh phan cao d¢ z=0). Khi
—>
d6 sé phitc 7= x +iy cho turong Ung véi OM =(xXp7,Var>2n)
i) Anhxa go f chota diéu gi ?
1) Tim go f(1+i) va go f(1-2i).
i) go f(z) v6iz 1a sb phirc c6 modun tién ra v cling.
2.5.Cho anh xa f: [-1;1] — R dinh béi f{x)=arcsinx+arccosx.

a) Tinh /{0); f(-;—} .
b) Chitng o f(x) ludn 14 hang so.

2.6. Cho anh xa f :[—1;1] — R dinh bai f{x)=arcigxtarccoigx.

a) Tinh f10); f(1)
b) Chirng o f7x) ludn 1a hing sb.
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o CHUONG 2
PHEP TINH VI PHAN HAM MOT BIEN

BAI 1: GIOT HAN CUA DAY SO THUC.

1.1. Pinh nghia 1. Day s6 thyuc la énh xa (ham sb) tir tp sb tr nhién N
(hay tap con cua tip N ) vao rap 56 thi.rc R

. P e . 1 . .

Vi du: D@y s6 thuc cho boéi coéng thic a,=—. Khi d6
n

1 1,

l iy = D) —3 a3 = 3
e R P 2Vn>2 Khido uy =204 =35 15 =5; ug = 8;...

Vi day s6 1a mot ham sd nén cac khai niém nhu tang, giam, bi

chin,...giéng nhu cac khai niém cita ham sé.

....Diy sb xac dinh theo quy tic up=uy=1, va

1.2. Dinh nghia 2. Cho diy sb thuc ('a”), Sé thuc a duoc goi 14 gidi han
cua ddy (a,) néu véi moi £>0 tim dwoc sé tw nhién Ny, sao cho

vOimoi n = NU thi la" a|<:£ Ky hiéu lim a,,

Vay lim an -—a <:‘:\?f8>0 EINOEN

#—300

Lac nay day ( .} goi la co g101 han huu han

Vidu 1. Chimg minh rang lim 2ntl =2.

oo A—1

2n+1

-

<8<:>n>1+§ Khi d6 véi
-1 £

- Giai: Chu ¥ rang

2‘<s<:>

— 2.z - 3. \ Py ~ .
mot g > 0, ton tai sO ty nhién Ny =1 +[l+—:l ({x] l1a phan nguyén cia
£

2n+1

n—1

-2

X), vd val moi s6 tw nhién n lon hon Ny thi <& . Py la

diéu phai ching minh.

Vidu 2: Ching minh ring lim ¢” =0, trong d6 6 <q <1

1—oo

1 o
G Vild<g<lnén ->1=3a>0: 1 =1+a. Theo bat dang thirc
q q

1
1+ na

Do

- i1
Bernoulli LLJ =(1+a)' 21+na=g¢" <
q
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doVe > 0,3N, :'1+[l[l~1ﬂ:\7’nz Ny :>|q" —01 <E£
| a\ & i

1.3. Dinh Iy 1. Gi&i han néu ¢é cua mdt dady so a duy nhat.
Thit viy, ncu diy so (an) ¢O hai gidi han la a va b khac nhau. Khi

L 1 L _ N
do vail g=—[a—b|>0, ton tai Nye N:Vn> Ny :>!a,,~a[<€ dong
4

thdi  cing c¢6 AN, eN:Vez Ny = |a” éb‘ <g Néu chon
nzmax{Ny;N,) thi |a—b| £|a—a"\+ia” —b| <2¢. Tu diy suy ra

dicéu vo Iy. VAay gioi han ncu co ctia mot diy s6 1a duy nhat.

1.4. Dinh ly 2. Néu day s0 ¢ gidi han thi bi chdan. Nguoc lai co the khong
dang.
. . : 2n+1 . L . X , 5
Vi du: Diy s6 a, = e c6 gidi han 1a 2 nén br chin,
2

0(2;1—!—1

" <3,Vn>4 Day sé a, :(—1)" bi chin nhung khéng c¢o
n—
o . X . I \ . H
pi6i han, Vi néu lim (-1)" =« thi 3Ng: V2 Ny = ‘(#1) —u
B—res |
Ng+2

<1.

Vi (_1‘)N0+3

Khi d¢ (-1) cd gla ti d6i nhau nén

i(_l o2 (I)NQ+3; _ {((__I)Nou B a) N (a () )

Ng+12 Ng+3 Ao o . 3 4 a
< l(-l) oF —al +1a¥(—1) 0 L 141 =2. Két qia nay din dén mau

thuan.

1.5. Pinh 1y 3. Cho céc giéi han lim ¢, =a, lim fz,, =4 . Khi d6 1a c6:
H—yoo H—poo '
P lim {(a,+b,})=a+bh,
Fl—ow
i) lm ka, =ka, ke R,
o0
i) lim (a,b, ) =ub,

ntl
oo

.4, a L
v olim L =— b, #0:b#0
4 Al An] b,"i .b

Bang ciach van dung dinh Iy trén dé dang tinh dugc

>
] 457 -1 . } —-2;12 -+l -2 - ,
im - — =@ hoic lim —————=—— hay truc cin thire
oo gt 2+ 5 now 3+ Int+9 3
nhr
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/ ; N : — 5 T
Ity (%/::3 +2nr2 —Vnz +1 J: tin [\/3 113 %—2112 N i +]j

H—doa / H—res
e — . .
= lime k '%3 vt —n ]-+ lim [u T lj
o J oo
. 2n? : —1 2
- lim — — + lim ~ =3

Fl—>co ; 2 N —roa 2 3
#(1:3 + Zn:") v n® 4207 4+t [”+ N +1)

1.6. Pinh 1y 4. (I¥inh I¥ giéi han kep) Cho ba diy s6 (a,, ), (5, ), (¢, ) thoa
@, <b, <c, voi moin da 1on. Khi do n¢u lim ¢, = lim ¢, =« thi
7o 30

lim 6, =a.
>0

s8in !

Vidu: lim - =A)
oo gt k]
. i . mrsinn! n .
Vi —- < < -3 L,V va

>
nz+‘i n-+1 no+1
0 o) ) om0
liny | fﬁ-zmvﬁJ = Hm LZJ =0.
”—“’“k e +1 e L AN |

1.7. Binh nghia 2. Diy s {{1”,) duoc goi la tién duong vO cung ncu
VM >0,3ANy :Vn>Ng = a,, > M. Kyhicu lim a,, =+
H—reo
Day  sb (a”) duge g1 la tén dén am v6 cung néu
VAM > 0,dNg V> Ng = a, <M Kyhéu lim a, = .

Fl —p oy

, ~ A 2 T 4 3
Vidu:Daysé a,, =n" +2n — +oo vadaysd b, =—n" +4n - —oo .

1.8. Dinh 1y 5. Day sb tang, bi chan trén thi hdi tu. Day s giam, bi chin
cdurdi thi hdr ty.
~ F
Day $6 a, —[1+— 1a mot day 3 tang va b1 chin (rén (chimg
n
minh hot dai) nén theco dinh Iy trén ciy sb nay hoi tu, va £id1 han cua
day la e=2.71828 Tong quat: lim |1+ | =e%.
H—oe i
Trong thue (& ¢6 rai nhidu hién tuong thoa ¢idi han nay, sau day 1a
mot két qui.
1.9, Bai tean ldi ghép. Gia s co sb 1ién v dem goi o ngln hang vor [

suat s (rén mot khoan thoi gian nao dé. Néu ta chia khean thot gian nay ra
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lam n phin bing nhau thi & cudi khoan thoi gian thir nhét s tién ca vén lan

. . ¥ 3 A LA N Ry s s .
Hisgla L=Py+F—=58 (1 +—). Pem s0 tién ndy gdi tiép thi & cudi
n b4

~

khoan thei  gian  thod  hai s6  tiln ca  von lan 131 la

2
s 4 A o 3ho A . -
P, =P +P1£:PU [1 +—] . Tiép tuc qua trinh nay dCn hct khoan thoi
n n

n
. s LA £ iA 12 § - C A . s A oA
gian thi tong so tién la P, = Py (1 + —] . That tr nhién néu n 16n thi s6 tién
n

cé von 1an ldi cua nguoi goi la

el
P=lim P, =P, lim [1+ij = Pye’.

11— oo n
Cong thire trén goi la cong thire tinh 141 ghép lién tye.

BAI TAP.
1.1. Tinh cac gio1 han sau.
2n— -2 +
2) lim 11(11;—2)( n—23) b) lim (n - Y71 +5)
n—oo  p° +4n—2 n—oee g +Tn+8
3 —_—
c) lim mo—3nt2 d) lim ¢",(¢eR) .
Jt—>oo !’l+3 1 —ce

1.2. Tinh cac gi6t han sau.

a) lim [\[nz +3n-1 —\an +3) b) lim (n—\/g’ a2+ 3n* flj

n-—oo H—oe
An_ @2n—1 -5 "1
¢c) lim o8 d) lim ( )
n—yoo 6 +64n+1 n—ro0 41 +6.(__5)#1—1

1.3. Chimg minh cac dinh ly muc 1.4, 1.5, 1.6

_ ) 1y :
i.4. Ching minh day s6 4,, = (14——} ting va bi chin trén.
n

1.5. Tinh cac giol han sau.

C 142+.+n o122t n?
a) lim ———s— b) lim
-—es b H—00 n3
3 3 3
. 1I"+27+.+R
c) lim d)
n—o0 n?

lim (1 +q+q2 +.. +q"), trong d6 q la sé thuc cho trude.
H—>oe

| 6. Cho a 13 mot sb duong. Chimg minh tim %z =1
H—3o=

1.7 Chirng minh cac gi¢i han sau.
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/4

=0,trongdé ae R, p>0.

a) im ¥r=1 b) lim
H—>ce n—eo (1 n )"

1.8. Mot 6 tlen 50 triéu dong g01 & ngan hang véi 13i sudt 7% trén mot
nam. Hoi tong sb tién ca von 13n 1ai 1a bao nhicu néu:
a) Diu thang I ndm 2006 dem géi vi cu01 nam 2006 té1 nhén.
b) Diu thang 1 nim 2006 dem g6i va cudi ndm 2007 t61 nhan.
c) Diu thang 1 ndm 2006 dem 1 goi va cudi nim 2006 t&1 nhan, numg
tinh I3i cho méi ngay (tirc 14 méi n i y rit ra ca vén 1an 1i va géi lai).
d) Pau thang 1 nim 2006 dem g01 va cudi nam 2007 t61 nhan, nhung
tinh 13i cho mdi ngay (tic 1a mdi ngay rit ra ca vén Ian 13i va ghi lai).
¢) Ddu théng 1 nim 2006 dem goi va cudi nam 2006 t6i nhan, nhung

tinh 13i ghép lién tuc.
f) Dau thing 1 nim 2006 dem gdi vi cudi ndm 2007 t¢i nhan, nhung tinh

la1 ghép lién tuc,
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BAl 2: GIOI HAN VA LIEN TUC CUA HAM SO FHU(

2.1. Dinl ughia 1: :Cho ham s6 DB -8R v x0Tk, 56 thue «
duoc goi a gidi han cha f(x) Khi x tién dén xg néu:
Ve>0,d0>0:Vx,0< |.t'—x0i <O U'(x)—--u\ <L
Ky hi¢u Him f(x)=a«a

\'-3'.1")

Vidu: Cho f(x)= xsm— Taco lim f(x)=0
X

x—0

That viy, Ve > 0,30 =¢:Vx,0< ‘x — (}[ <& tacd

| f(x)—0= <lx|<5=-¢

.1
X SIn—
X

= |x|lsinl)

Cht y: x—xg|<d < xp-0<x<xy+d = xe (xp—8,x9+8) Ta goi

(xo —-d,xg+ 5] la mot [an cén cua xg

2.2. Dinh 1y 1: Cho ham 6 f:DCR—R vi xpeR. Khi do
lim f(t) a khl Vd ‘¢hi khi VO’l moi dav (x;,'),xn —> Xg (H— )
XXy L :
:>f(x )—ou (n->oo)
Ta cong nhin dmh ly trén.
Vidul: lim f(x)=1lim(4x-1)=3.

x—1 x—1

Thét vay, (x,),x, =1 = f(x,)=4x, -1 >4.1-1=3.

. . TP S L
Vidu 2: Gidi han him f(x) = lim sin— la khéng t6n tal.

x—0 x—0 X
That vay,
1 ’ I's 2 -
(X, )5 %, =— > 0(n —>o0); (x7,). x;; = ———=——0(11— ) trong khi
' nmw (dn+ 1)z

dé ta co f(x,)=0—0 va f(x,)=1—1 Viy theo dinh Iy 1 gi¢i han
khéng 16n tai.

2.3. Dinh nghia 2: Cho ham s6 f :[a,+e) > R. S4 A dugc goi 14 gidi han
ciia f(x) khix tién ra duong vé cing, néu
Ve>0,3M >0:Vx, x> M =|f(x)-A|<e.
Ky hidu  lim f(x)= 4.
X > too o

Tuong tu lim f(x)= B8 néuham f c6 mién xic dinh chia
X ——00

khéang (-wo,a) va Ve >0,IM >0:Vx,x<—M = | f(x)- B|<&. Ifon
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nita, ham f ¢é mién x4c dinh chira cac khodng (—ee,a) w(b,+oo) duoc goi 12
c6 giot han 1a C khi x tién ra vé clng, néu
VE>0,1M > 0:Vx,|x|> M = | f(x)-C|< &
3x+1

3.

Vidu: lim f(x)= lim

x—oe x—oo X—1

Thit vay,
V8>G,3M:I+£:Vx,{xf>ﬂ1 :>If(x)w3{:
£

X — x-1
2.4. Dinh 1y 2: Gi6i han néu ¢6 cua ham sé S (x) khi x tién dén xy hoic

vé cung 1a duy nhit,

Chirng minh.
Giasu trai lai Him f(x)=a va Hm J(x)=0b, b#a.Khidd vdi
.\:'——).\:ﬂ _\f*—>.,\'0
1 A \
‘9:5’“"5! >0 tén tai §y >0 sao cho Vx,fx—x0|<51 thi |f(x)kaf<£
va

0y >0 sao cho Vx, x—x0‘<52 thi ’f(x)-—b]<£ Chon
o =min{8,,8,} >0, khi d5 Vx, ‘x— xﬂl < & céc bit dang thire

S()—a|l<e; |f(x) —b| < € xay ra déng thoi. Tir do ta c6
]a—b|:]a—f(x)+f(x)—b|g;a—f(x)j+|f(x)—b[ <&+ e=2c=la-}|.
Mau thudn.(Chirng minh trong tir cho truong hop vo cling).
2.5.Dinh ly 3: Giasir lim f(x)=a . Khi dé tn tai sé duong M va

x——)xo
khoang J chia Xy sao cho 'f(x)l SM,Vxec J.
Néu lim f(x)=a thi tbn tai s6 duong M va N sao cho

G EY A7 Py

Ta chimg minh phan thtr hai clia dinh ly Vi lim f(x)=a nén
X oo

x> N =|f(x)-al<1 Laics
If(x)|:|f(x);a+a] S}f(x)*a‘ﬂaklﬂa]. Diat M=1+Jaf suy ra
(dpcn).

theo dinh nghfatacoge=1> 0,3IN > 0:Vx,

2.6.Dinh Iy 4: Gid st lim f(x)=a, tm g(x)=5.Khidotacs .

SX Xy IR S B 7 S

: i) Iilﬂ_ (f(x)_ +'g(7x))'-: fl+b , .

X2 .\,0

D) lime kf(x) =ka,keR, *
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trong d6 & >0du nho. Tire 1a gidi han clia tong, higu, tich, thuong bang
tong, hi¢u, tich, thuong cac giai han. Két giia twong ty cho truong hop x
tién dén vo clng.

Chirng minh. _

Ta chimg minh mdt cong thirc, chang han iii). V6i moi £ >0 cho trude, ta
c6 &y >0 va M >0 sao cho Vx:|x—x0|<51 thi |g(x)|SM Pong thoi

cd & >0 sao cho Vx:\x-—xﬂ]<52 thi lf(x)—alszi—l—, vd 03 >0 sao

cho  Vx:|x-xg|<dy  thi |g(x)—~b1£—;— Ty 46  chen
a

S = min{d,d,,03} >0 thi Vx :lx—x0|<5 cac bat ding thirc “g(x)ISM;

£ £ 2 .

xX)—a£——; -bl<= xiy ra déng thoi va ta co
[feo—dso— e - xiy g
£ (0)g(x)-ab| = | f(x)g(x)~ g(x)a+g(x)a—ab| <

S|f(x)—a lg(x)l+la||g(x)-b| <2_€A}—M +1a|?T;—1 =&

Céc két qua con lai chimg minh twong tu.

2.7. Dinh nghia 3: Cho ham s6 f:DcR—->R va xpeR Sé thuc a
duoc goi 12 gidi han bén phdi cua fx) khi x tién dén xg néu:
Tuong ty, sé thuc a duoc goi 1a gidi han bén trdi coa f(x) khi x tién
dén xp néu:
Ve>0,36>0
Ky hiéu - lim f(x)=a
Vidu him Y2P2XoL_
x—0* |x|
That vay, Ve>0,36=2>0:Vx,0<x-0<3 ,tacod
V1+2x -1 1-V1+2x
| x| Vit2x+1

1.

1 1

2
ﬁ'\/1+2x+1
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= 2x ‘ lle [xl< 5—523 £. (dpcm)

(izee1f| (101

V1+2x -1

Tuong trta clingcéd lim —— =~ " —
x—0" lxl
2.8. Dinh Iy 5: Ham sé f:DcR-SR, xpe R.
ITam s6 /'c6 gidi han tai x
khivachikhi lim f(x)= lim S(x)
;\.‘_>xO \,'—)xO

Chi cén dua vao dinh nghia 14 ta ¢6 két qua.

2.9. Binh ly 6: (Dmh ly gigi han kep) Cho ba'ham sof(r) g(A) fz(x).thoa
diéu kién g(x) = f(x) < h(x), Vxe J trong doé J la mol lan can

Khi d6 néu lim 0-(x)—~~ Iim ]:(.x) a thi- hm f(x) a
XTIXg L Xxoxg s o X—3xg

Clnmg minh: Vot mot £>0 cho trude. VI thco gia thlct Ilm g(x) a
X )

nén ton tai 01 >0 sao cho Vx, fx—xﬂl < §I'thi —€ < g(x)—a. Tuong tr co

Jy >0 sao cho Vx,|x - xg| < &, thi h(x)-a<g Vi

§=lnin{§1,§2} >0 taco

—£<g(xX)—a< f(x)-a<h(x)-a<¢g Day 1a dpem.
sin x

-

Vidu: lim =1 - T
x—=0 Xx C
Giai: Trén dudng tron luong gidc ta co

OC<Z§<AT —

( d6 dai doan OC, cung AB, doan AT)

B 5in 3

Tuong duong sinx < x < tanp x = fir d6
COS X
sin x o
COS X < <1 Tacd limcosx =Ilim ] =1
i) x—0
- . sinx
Vay lim =1
xr—0 X

2 10 Mot so glox han. co'ban

: X

, ' —-'1-.
1) hm e_ =
S x—=0 _x.'_
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=e¥ v&i lim f(r) = 00,
R x—)A s

.Q'.—(f

TR flfr)g(\) lim [j](x)g(l)]
) [1+f1(v)]f.u)

Hai dang sau thuong ding ¢ho dang v6 dinh 17
In{cos x)

Vidu I: Tinh gidt han lim 5

x—0 X
(iai:

In(cos x In(l+cosx—1 In{1+cosx~1) cosxy—1
Hm —(m——)—: lim ( )= lim ( ) =
x>0  x2 x—0 x2 x—0 cosx—1 2

—2sin? >
In(1+cosx—1) i SOSX—1_ . cosx—1 My

lim

25

= lim e e

x>0 cosx—1 x—=0 x x—0  x x—0 a2 2

§/cos 3x —x/COS 2x
3 .

Vidu 2: Tinh gid1 han lim,
) x—0 X
Gian:
§[c033x—\/c052x . \/5c053x—1+1—\/cos2x _

lim = lim

x—0 x2 x—0 x2

\/5c053x*1 R \/c052x \/1+c053x—1—1 cos3x—l+

= fim 5 + lim = lin . 5
x—0 X r—0 x x—)() cos3x—1 X

. 1—+/cos2x 1 cos3x—1 ] 1—-cos2x
lim = —. lim ———+ lim =

x—>0 xz 5 x—o0 x2 x—0 (1+\f(:052x)x

. 3Ix
—2 sz____ 2

— 2 4\im 2sin” x ——1{_—9}&:i
x?2 x->0(1+\}c052x)x2 502 10

VI du 3 Tmh glm han I_ = llm [-w———iw-il— )
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x*+x+1 ax+2 | _1 e
[__,_=1+—-.-—} =[[1+f1(x)]f1(x)J

xz—x—l xz——x——l

voi lim f(x)= lim —>*2 ¢
X—roa X x“ —x—-1
. 2x+2
lim [fl(x)g(x)] hm|: 2x+ .x]
Viy I =ex—= = lim =" Lx —x-1 1_g2,
X oo

2.11. Vo eung bé: '
2.11.1. Pinh nghia 4: Ham s a(x)dugc goi 1a vo cung bé (VCB) khi

X — Xy néu lim a(x)=0.
X—>Xp

Vi du: a(x)=x 13 VCB khi x >0, a(x)=sinx la VCB khi x>0,
a(x)=cosx la VCB khi x—>%

2.11.2. Pinh nghia 5:
a)Hai ham sb a(x), B(x)dugc goi 1la vd cing bé tuong duong khi
X —> X nédu lim a(x)= lim B(x)=0,va lim M—l
X=Xy X—>Xg XXy ﬁ(x)
Ky hiéu a(x) ~ B(x), x— x;.
byar(x) -goi la vo cliing bé bdc cao hon f(x) khi x — xy, néu
a(x)

lim -—_0 Ky hidu a(x)=0[B(x)], x> xp.
XX, ﬂ x

Vi du: x> g0l la v6 cung bé bac cac hon x2 khi x >0

Vi du: Dira vao mdt s6 gidi han co ban ta co
sinx ~-x, x—0;
gx~x, x—0;
Yl-x, x—o90;
Ind+x)~x, x—>0;

'x/’l—'rx—l—-—-l-x, x—0.

n
2.11.2. Pinh 1y 7: Cho cac v0 cung bé tuong duong u(x) ~a(x) x-— Xy
va v(x)~ B(x) x->xp.Khiddtacd N
i) u(x)v(x) ~ Ax)f(x) x— xq;

.. k k

ii) (u(x)) ~ (a'(x)) X — Xg,

iii) lim ulx) _ lim ax) .
x—x5 V(X)  x-x, f(X)
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Céc két qua nay duge suy ra tir dinh nghia. Ta xét moét vi du.

(,3/1 +1gx —1)(1 —€08 X)
lim
x—0 x2 (Q/l——;—l)

Giar: Ta co «3/1+tgx—l~%tgx~%x,x—>0; \5/1—x—1~%(—x),x——>0
T do

1
(13/1+tgx—1)(1—'cosx) Ex(l—cosx) -5 .. (l—cosx) -5

x—0 xZ(S 1;x_1) x50 21 3 x50 y? 6

X

2.12. Cac dai lwgng lwgng twong duong:
Téng quat hon dai lugng vo cung bé, ta dinh nghia dai lugng tuong dwong.

2.12.1. Dinh: nghia'?fj Hal ham sb f (x), g(x)¢ dugc xac dinh trén khoang
,_:'Ia___ not - f tu:cmg duong V()‘l g khl X Xg, néu

mo I chia’ xy.

tim L =1 Kyhicu f(«x) g0, x> Xo.

xox, g(x)

2.12.2. Dinh nghia : Hai ham s& f(x), g(x)duoc xac dinh trén khoang
mé& T = (e, +). Ta ndi f tuong duong véi g khi x — +ee, néu

lim f(‘ =1 Kyhi¢u f(x)=g(x), x-—>+co.

x—>too g(X)

2.12.3. Dinh nghia : Hai ham s§ f(x), g(x)duoc xic dinh trén khoang
m& I=(-e,a) Ta ndi f tuong dwong v6i g khi x->-oo, néu

lim L&)

X—3—>oe g(x

=1 Kyhiéu f(x)=g(x), x->—co.

-2 124 Hé¢ qua  Cho f = fl_yag g1 kh1 ;x—%xo - L
\ oo, hoac f f1 va g gl khl
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o Chu y, tong quat ta co: “lim [ f (x)_+ g(:": ]¢ llm_ [ fl(x)+ gl(x”

-:':5: x—)xo R

¢ .‘Nhu”fv‘ho f=fKr (Vi g~ gl khl x 3_.; va' f_ g'cung duang tro g
lan can gua_xy . khi do tacod: " ' G E

lim | F(x) g(.x)]_ lim [f](-l)'*“gl(x)]

X=X, _ ,x—)x“

Vi

a) f=x2+5zfl =x? va g:—x2+3==g1 =—x? khi X — oo nhung

lim [f(x)+g(x)]=820= lim [xzuxz]z lim [ £;(x)+ g (x)]

X—tea X —>toee X3
.2 2 2 . . : .
. sin“ x—x“cos” x . SInx+Xxcosx Sinx—Xxcos.x
b) lim 3 = lim . =
x—0 x“sin“ x x—0 x 3
] sinx —xcosx . CosSx—cosx+xsinx . sinx 2
= lim 2 3 =2 lim 3 =2 lim = —
x—0 X" x—0 3x x—0 3x 3

Cach lam sai:

. sin? x - x?2 cos? x . x? - x? cos? x ) 1—cos® x
lim = [im =lim ——— =
x—0 x2 siJn2 X x—30 x4 x—0 X

sin? x ; )
= lim =1 (do dung dinh 1y tuong duong vé giéi han téng

x—0 y

sin? x = xz)
2

. ln[l+sm (S.x)] . sin2(3x) 9

¢y lim 5 = lim G VR
x—0 tan” (Sx) x>0 tan” (5x) 25

. 1 1 )
d) Dua vao ket qua: Y1+x -1~—x (x — 0), ta cé thé chirng minh
n

F ik
(1+x)n “1~Zx (x5 0). That vay:
n

DE dang ta cé (1+x)m—1~mx (x—=0), me N

Fii

P 1 m i
lim (1+x)7 = lim [(1+x);} =lim [1+(1+x)n 1| =
x—0 x—0 x—0 L

(*)
= [im [1 +£]
x—0 n
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Fifi nt
2 — X _ X m
Vay: (1+x) n—1=|1+—| —1= [l-i—u]m —1l=mu=m.—=—x
n n n
2.13. Pinh nghia 6: Ham s6 f{x} ¢6 mi¢n xac dinh 1a D, dugce goi la lién tuc
tal xge Dnéu lim f(x)= f(x;).
Vidu 1. Ham s f(x)=sin x lién tuc tai moi xy € R, va noi chung ham
sb x4c dinh b.’fmg mot codng thie lién tuc trén mién xac dinh cta né.
Vidy 2: Cho ham s6
I
2
X x=1
Sx)= {

ax+1 x<1.
Tim a dé ham so lién tuc trén mién xac dinh cha nd.

2

Gidi: Véimor x >1 taco f(x)=x", nén f(x) lién tuc trtn mién x> 1.

Vormoi x <1 tacd f(x)=ax+1;alahang so, nén f{x) lién tuc trén mén

x<1.Tal x=1,tacof({)=1. lim f{(x)= lim x? =1,
x—o1t x—17
lim f(x)= lim (ax+1)=a+1. Viy dc ham s6 lién tuc tai x =1 ta pha
x—1 x—1

cd lim f(x)= lim f(x)= f({1).Suyra a=0.

x—1t x-—-1
BAI TAP.
2.1.Tinh cac gidt han sau day
3 2 4 2
—2 —14
a) lim =~ ”;x * b) lim = +Zx +ox 14
x—{0 3x© +4x x-—] x“+4x—5
4 2 ] F 7]
Y —_128 " —
¢y lim © 42X T2 d) lim ——2
x—-2 x+2 x—a x™ _ "
2.2.Tinh cac gi&i han sau day
C J1r3x 1  Trax Yaxti1acem
a) lim —————, b) lim ,
x—=0 4x° —5x x—2 x—2
1 #f_ n
¢) lim Vit5x -Y1+7x d) HLim Yx Na , véi a>0.
x—0/1+5x —Y1+2x x——m"’x_"\’/;
2.3.Tinh cac gi&i han sau day
. Sin2x-sin3x . I—cosxcos2xcos3x
a)y lim . b) lim > ,
x—0 X x—0 X
R
Ffid 2
¢) lim L—cc.t gzx d) lim [ﬁ)x
x—0 xz x—0\ X

2.4.Tinh cac gidi han sau day
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2
a) lim J4x'+2x+l, b) lim (J9x2+1-¥27x3+2x2),

X —oo X X—rtoo
1
2 3.3 yi COS X.Ig —
&) lim \/4x +2x+1 \/x +2x d) lim-——;—c—.
Koo * xémxln[l-k—]
X

2.5. Tinh cac gié¢i han sau day
(esinx —])tgx

, . In(1-7x)
a) lim , b) lim ————
x>0 1-cosx x—>0+/1+4+2x -1
X 2x . 2 tgzx
- | 1+
¢) lim —_2 3 d) lim 0gy(1+sin” x)
x—0 3% 42 x—0 x4
Y1+8x -1
.k _— xz0
2.6. Chohams6 f(x)= X
A x=>0

a) Tim mi¢n x4c dinh cua ham so6.
b) Tim A dé J lién tuc trén micn xac dinh.

2.7 Chimg munh ring ncu Hm f(x)=a >0 thi ton tai mdt lan cin cla
X—).\'O

xg sao cho f(x)>0 voi moi x thugc lan cin dé.
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BAI 3: PAO HAM VA VI PHAN HAM MQT BIEN.

3.1. Pinh nghia 1: Cho ham sb f+D—>R, X9 € D.Ham sb f duoc goi la

c6 dao ham tal x néu gidi han lim f(x)= J{xy) tdn tzi hiru han.
X—Xxy X — Xy
by
Ta viét: f (xo)* lim Sx) - f(xo)
- Ax—0 Ax. :
= lim él
Ax—0 Ax

Ax = x —x go1 la sd gia cua x tai xg, Ay = f(xy+Ax)— f(xy) goila sd
giacuaa ytai yg = f(xp)

Vi du 1: Tinh dao ham cta ham s6 f(x)=%¥1+2x tai x4 =0.

Giai:

f/(ﬂ): lim S (x-S (©) = lim ﬁ_”1+2x 1 :E_
x—0 x—-0 x>0 x-0 n
Vi du 2: Tinh dao ham cGa ham sb f(x)=sinx tai xg.
Giai:
f’(xo): lim f(xq +Ax)— f(xg) ~ lim sin(x + Ax)—sin(xg) _
Ax—0 Ax Ax —0 Ax
[ ‘ Ax] . Ax
2cos| xg +7 sin——
lim = COS X,
Ax—0 Ax

3. 2. Pinh ly 1: Hdm so f 6 dao ham tai’ xo thi- llen tuc tai xo Piéu nguorc_f:i;
lai c6 thé khonc dunCr BEE g |
Vidu: f(x)= lx| lién tuc tai xy =0, nhung khoéng ¢6 dao ham taixy =0.

That vay, llm f(x)=lim \xi =0= f(0) Trong khi do
x—0

» ‘
7@©y=tim L (x) f D _ Jim |x[-0_ lim Ixl . GiGi han niy khéng tdn

x—>0 x—0 r—0x—-0 x—0x

tai.

3.3. Quy tiic tmh dao hdm Cho u, v I cac hdm so 1) dao ham tai xo . Khi
dotaco % L . e T i _



32 Chucmg 2 Phc:p tmh vi phan ham mot blBI’]

. _z) (u+v) (xo) u (x0)+v (xo)

) ( )(xo) k! (xo)

(xO) ::;_'_."__"__-.-:
"_.-(;v(,)v(xo) u(xo")v (xg)
v (xo)

- v v 1 uvy—vu
Ta chirng minh 1v nhu sau: 0 - 0 LU
X — xO VVO X — xo
1 uvg —ugvg +tugvg—vig 1 | Vg (u - uo) 77 (v - "0)
X — X X - Xy

3T X — Xy vy
cho x — xg ta duge két qua. [
Vidu: Cho a, b, ¢, d, e 1a cdc sé thuc ta co
ax+b] alcx +d)— c(ax+b) ad —bec
(cx +d)? (cx +d)?

cx+d

4

ax? + bx +c] _ (2ax +b)(dx ﬁ1~e)ﬂri(avx2 +bx +c¢) _dax2+2aex+be—cd

dr +e (dx +e)> (dx +e)”
b b
T 0240 Y]] €
0 d 0 ¢ ld e
(dx 1+ e)?

Bang cich dung dinh nghia va cic quy tac tinh dao ham ta ¢6 bang
dao ham céc ham sd so cap sau.
3.4. Bang dao ham:

Ham sd y Dao ham y’
x",neN" nx"1
1 -1
x x2
x& ax® 1
COSX -sinx
e* e*
a ,a>0,a+1 a’ Ina
inx 1
X
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tex
& S = 1+ t‘gzx
cos™ x
cotgx ~1 )
5 =—(1+cotg®x)
sin” x
arcsinx 1
1-x2
arccosx —1
1-x2
arctgx 1
1+x2
arccotgx -1
1+x2

3.5. Pinh ly 2: (Dao ham cua ham hop) Cho ham b u:D— R, vi ham
f:Ecu(D)— R (véi u(D) i tap gid tri cha u). Khi d6é ndu [ ¢ dao
ham theo bién u taj 1y = u{xy) vad u c6 dao ham theo bién x tai Xg , thi him

hop f cu c6 dao hiim theo bién x tai xy Hon niia ta ¢é

(f ou) (xg)= f/ug)aixy).
Tong quit tacd: [=( g(h(k(®)))) = f; = fo -g4 1, K{

Vi du 1: Dao hium cua ham sb g(x)=sin(2x+1) 12 g (x)=2cos(2x +1).
Vi ham g la hop cua hai ham f(u)=sinu vad u(x)=2x +1, cho nén theo
cOng thic dao ham hop ta cé

@) =(fou) (x)= f(u)a'(x)= cos(u)x2

r

x=x({)=e¢e" cost

Vidu?2: Tinh yi.fx theo bién t vdi: .
y=y{t)= el sint

3V
/ / / (yx)
/oo /_Y /" 1Y 1y 1
yt=yxxt‘:’yx:"'€f:> yxx”:(yx) txz(yx) ;= /t
X t t x X
! t by
/
/ /" -
/ J’r/ e’ sint + ¢’ cost /f (J’x)r (J’xt) e
yx = ‘]- = P r . == yxx s / = 7 = 2 ) 3
X; e cost—e sinf Xy Xy (cost—smt)

3.6. Pinh Iy 3: (Daohamcua ham n_gugc_::)_jfgiiﬁl;;s&"_hﬁm_'l_'fy = f{x) cé dao
him tai xg 12 f'(xg)# 0. Néuhamfco ham nguge Ja x = f“l(y) li&n tuc

tai "yo =f (.x_‘O')' thi: x-—-f_l( y) cling c6 dao h_ilm tai yg vitacd
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’ - -1 ’ _ 1
SR i 0= 7 oo f(xp)
Chiing minh: :
A= f o) _x-x 11
¥y=Yo y=yo Y=Y  fl(xp)

X —Xp
Vi dul: Ta d3 biét ham y=sinx c6 ham nguoc 1a x=arcsiny véi y thudc [-

[,1]va xe (%,fj Khi d6 ta c6

’ )|

Vay {arcsiny ) =
Y ( ) \/1_7

-1
Tuong wr ta cot (arccosx)f =
\ll—x2
/ 1 / -
(arctgx) = 5 (arccotgx) = 5
1+x 1+x
. f:R"SR = LRT SR
Vidu2. ’
X y= x2 y x = J;

/ 1 1 1

X. = = fmd
Tyl o2y

fiR >R = fL.p" SR

Vidu3: .
x+—>y:ex y—>x=Iny
;1 1 1
ye e Y

3.7. Pao ham c:‘ip cao: Cho ham s& y = f(x). Dao ham c4p n cia f dugc
/
dinh nghia quy nap nhu sau y(") = (y(”_l))

Vidu: Him s6 y = x" ¢6 dao ham céc cap 1a
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n

y=x
y

y("} =n(-D—-2)...2.1=n!

35

3.8. Cong thac Leibnitz: Cho », v 1A cidc ham s6 ¢6 dao ham dén c_é"ip n.

L n
Khi d6 tac (uv ) = 3 ¢k k)
k=0 -
Vi dyl: Tinh dao ham cap n tai diém x=0 clia ham s6 y =e* sinx
n

) (n-k) i
k=0

k=0
(n
Khi x=0 thi (¢* sinx)
k=0
Cdc ¢dng thic dao ham cdp cao co bin:

(SiHX)(n) = Sin[x +n %J
(cosx)(") = cos(x + n%j

(m-—-n)

(x’?: )(") = m (m — 1)(m — 2)....(m —n+ 1)(x”' )

)(,,} ()" -1

n
X

(lnx

X (ll) X n
(a ) =a In"a, a>0
(10) 5 aom
Vi du?: Tinh [ex.(,xz +3x+l)] . Taco l:ex.(x +3x+1)} =

= (ex) ™ (243 e1) el fex) (22 13 1)

8 1 A7 i
vy () (w2 rax 1) wefy (o) (w2 o 3e 0] -
—C{ye* (x2 +3x +1)+C1108x (2x +3)+C12(,ex (2)+C13’Oex.0

=o* [ x? + 3 +1+10(2x +3)+90 | =¢* (x? +23x +121) u

) i . T
o=> ck sm(k;] =Cr—C2+C>-C] +.
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n '
Vidu3: Cho g(x)= (x2 —1) ;i€ N . Chiing minh:
a/ Véimoi k: 0<k <n thi gt (1)=0 va g (-1)=0

b/ Vdi k =n thi g(") (1) =2"n! va g(”) (-—1) = 2" (-1

Ta chifng minh hoan toidn bing qui nap:
n-1, , k)
&/ Vdimol k < n thi g(k)(x)=[(x2—l) (x“—l)} =

G R G

=()
1 k=2) 2
k-2 3 n-1 2 (2) . . .
+Cp ~ (x‘ —l) (x —1) , thé x=1, c6 3 s6 hang, s6 hang tha

(k-1)
(1
(x2 ~1) +

=0, s& hang thit hai bang 0 do gid thiét qui

x=1

nhat biing 0 do (xz —1)

nap k-l1<n-1, s4 hang thit ba biug 0 cling do gid thi€t qui nap k-2<n-1.
twong ty thé x=-1 ciing thé.

/ n-1
b/ Gia thiét dung véi n-1, dat h(x) = (x2 —1) ,JMEN

n-1 () P
thi g{")(x):|:(x2_1) (xz—l)} =|:h(x)(x2—1ﬂ( ):
(] (521t ot (2 -) s

_ 2 (2) . ) SN
+C}f z[h(x)](” 7)(x2—1) , thé€ x=1, s& hang th nhit bing 0 do

o,

n-2<n-1, chi ¢on s& hang thit hai theo gid thi€t qui nap ching bing
_ -1 (1) B
Ch 1[h(x)" 1] (xz’-l) =n><[2” 1(n—l)!]xel=.?,"n!. tuong

tyf thé x=-1. a
3.9. Dinh nghia 2: Cho him & o
f:D—R, x()ED Ax =x— xO,xOJr/_\.xeD Ham sb f dugc goi 1a 'kha

vi tal xg néu sb gia Ay co thc_: viét duoc dudi dang-

=0, s& hang thit ba biing 0 do gid thiét qui nap & phin a,

x=1
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Ay = flxg+ Ax)— f(xg) = AAx +O(Ax). Trong d6 A la sé thuc va
Ax—0  Ax C _
Biéu thuc AAx := df (xqy) duoc goi 1a vi phin cta f tai x;.

Vidu: Him sb y=f({x)= x? kha vi tai moi xg thudc R . That vy
Ay = fxg + Ax)— f(xg) = (xq + Ax)® — xp* = 2xpAx + (Ax)? = AAx + O(Ax)

2
. e O(Ax ) Ax .
Trong d6 2x5=A va lim ( ): lim (Ax) = lim (Ax)=0
Ax—0 Ax Ax—0 Ax Ax—0
Y nghia hinh hoc ciia vi phan: V& dé thi va ta c6 cdc két qua sau:

F'y

y
f(x)

f(Xo)

Ay =Af = f(x)— f(xg)=AC, dy=AB=igadx :fiu.dx

BC =0(Ax) Viy Af =A.Ax +0(Ax) = AC = AB+BC
khi Ax=(x—x,) >0 x — x,, thi AC gidm, kéo theo AB gidm theo
tuy€n tinh theo Ax (gidm tUr tf theo Ax), trong khi BC =0(Ax) 12 v6
cung b€ bidc cao hon Ax, nén né giim phi tuyé’n nhanh hon mét bac so
vdi sy giam cda Ax — 0,
3.10. Pinh nghia 3: Him s6 fc6 dao ham cdp n tai xy,.
Vi phan cAp n ctia frai xq 1a bidu thac d” f(xg) = f "™ (xg)dx".
3.11. Lién h¢ gida vi phén va dao ham: Ham s& £ kha vi tai x¢ khi va
chi kht fc6 dao ham tai xg. Khi d6 sb thuc A néi trong dinh nghia chinh la
f/(x()) .

BAI TAP ”
- 3.1. Ap dung dinh nghia tinh dao ham cdc ham sb sau tai diém x¢ da chi ra:

) f(x)=V4+5x%, x,=0; by f)=3x?, xp=0.

c) f(x)=2%%, x,=0.
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, In(1+x?)
3.2.Chohamsd f(x)={"
A x=0
a) Tim A dé ham sd lién tuc tai x=0.
b) V6i A vira tim duoc tinh dao ham tai x=0..
3.3. Chitng minh cédc dinh 1y 1, 2, 3, cong thirc Leibnitz.
3.4. Ching minh ham sé f dugc kha vi tai x; khi va chi khi fc6 dao ham

x#0

ta1 X
3.5. Tinh dao ham cép 1, 2 céc ham s sau day:
a) f(x):\,f51+5x6 b) f(x):cos2 2x
1 2
0) flx) =g d) flx)=e* .
x“+2x+1

3.6. Tinh vi phén c¢ip 1, 2 cdc ham s6 & bai 3.5.
3.7. Tinh dao ham cdp n cdc ham so®

ax

a. sinx b. Cosx; c. e d.

x+1
1

x2-3x+2
3.8. Chitng minh cOng thitc Leibnitz.

e. In(1+x) f.

(20)
3.9, Tinh: a/ [(x* +3x).sinx]“0m, b/ [E—J
X
3.10. Chitng minh: (HD:chia phéin s0 i *h+y— trirdc khi lz“l’y dao ham)
g 4
() .y gyl (m) L ml
(_l_) B n>2:| -2 G
l_u (1_u)n+1 l_u ( B £)H+1

2 (n) v\t 3 (n) ' n+l
1123:[1u :ELL._I)_ ,324{ u ] _ B ( 1)

1-u ( _u)n+1 ?

nZS:[ u? 1 —E;_(':_l)n_ﬂ [EH_FI_J(") =M
! 1

—u (1-—u)n+1
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BAI 4: NG DUNG CUA SULIEN TUC VA KHA VI

4.1 Dinh nghia :

xg goi 12 diém t6i han néu f'(xg) =0.

Xo goi 1a di€m cuc ti€u dia phuong, néu f (xg) <1 (x) ¥x trong ldn cén xq.
Xo g0i 13 di€m cuc dai dia phuong, n€u f (xg) = f (x) Vx trong ldn cdn xg.

4.2 Dinh ly(Fermat) (di¢u ki¢n cdn cuc tri):
ham f(x) dat cuc tri tai xo = X 12 di€m t&i han.

4.3 Pinh Iy (diéu ki¢n dui cuc tri ) :

xo 12 di€m téi han va f/( x) # 0, cu thé ta ¢6:
1/ 17( xp) > 0 thi ham f(x) dat cyc tiéu tai xo
2/ (%) < O thi him f(x) dat cuc dai tai xo.

4.4 Dinh [y: Cho ham s6 f: [a,b] >R lién tuc khi d6 f bi chan trén |a,b]
tic 1a AM>0; Vxe[abl, | f(x)|s M
4.5 DBinh Iy: Cho him s8 s6 £:{a,b] = R lién tuc khi d6 f dat gid tri [6n nhét
vd nhé nhit trén(a,b] wic 14: 3x, ;x.e[a,b):

f(x)=min{f(x)/xe[a,b]}=m

f(x2)=max{f(x)/xe[a,b]}=M
DOng thdi n€um< yy <M thi ludn tim duge ¢ € [a,b]: yo =f(c).

. L P 2 .
Vidul: Cic ham sO f(x)=tgx; cotgx xét trén doan: [E,EJ li€n tuc va dat

gid tri 16n nhat; nhd nhat.

a2 a T .. A A )
Tuy nhién néu x&ét trén (0,5) thi ching chi lién tuc ma khdng bi chan.

Vidyu 2:Xét ham s& f(x):x3 +25x xét f trén [0,2] thi f lién tuc va dat gié tri
I6n nhat; nhd nhat. Tuy nhién néu xét trén [0,+ ) thi f chi lién tuc ma
kh&ng bi chan trén. Ay
4.6 Dinh ly Rolle: Cho ham f:[a,b] >R
i/ t lién tuc trén :[a,b]
ii/ f khd vi trong (a,b)
i1/ f(a)= f(b).
Khidé tdn taic € (a,b): f’(¢)=0. ~

f(a)=f(b)
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4.7 Dinh Iy Lagrdnge:

Cho ham s6 f:[a,b] —R, thod hai diéu kién: ]
1/ £ lién tuc trén [a,b] f(b) -
1i/ f kha vi trong (a,b) ,
Khi d6 ton tai c €(a,b) : fa)y
Flo=l®-1@ )
b—a

Vidu 1. Cho f(x) = Inx trén [1,e]. im s8 ¢ d€ f lién tuc trén [1,e], khd vi

trong (1,e).
-1
Theo dinh Iy Lagrange 3 ce (1,e): f'(c) :L{()
¢ —
1 1
= — = Sce=e—1
c e—1

Vi du2: Cho ba s6 a,b.c thod : §+§+c —0

Ching minh phuong trinh béc hai ax’+bx+c=0 luén ¢6 nghiém thudc
(0,1).
3 2
Xétf(x):axT+%—+cx trén [0, 1]
Ta ¢é f lién tuc trén [0,1] ; kha vi trong (0,1)
1(0)=f(1)=0 nén theo dinh 1y Rolle 3 x; €(0,1)
sao cho f}(xU):O, hay ax02+bxo + ¢=0.

4.8 Pinh Iy Cauchy: Cho f,g:[a,b]>R, thod cdc di€u kién:

1/ f,g li€n tuc trén [a,b]

it/ f,g kha vi trong (a,b)

i/ g’ (x)#0 Vxe(a,b)
f®)-f@) _ f'(e)
g(b)y—gla) g'(c)

Ding dinh Iy Cauchy ¢6 thé€ d& dang khit mot s6 dang v6 dinh khi phai
tinh giGi han. Cu thé ta cé.

Khi d6 lubén tim duge ¢ €(a,b) sao cho :

4.9 Quy tdc L’Hospital:
Gid st cdc ham s6 f(x); g(x) thoa -



Chudng 2: Phép tinh vi phan ham mdt bién. 41

lim f(x)= lim g(x)=0 (hoac ) vi f(x); g(x) ¢6 dao ham tai nhiing

1
di€m gin x¢. Khi d6 ta ¢6:  lim —@: lim L—(i)
XXy g(x) X=X, g‘(x)
1
I
Vidu: lim In{l+x) lim —1+X
x—0 Igx x—071+ tgzx

4.10 Cong thiic Taylor: Cho ham f ¢6 dao ham dén cip n+1
tai xo ( dd gin x) ta c6 thé viét :

zn: f("c) (ﬁ}_)(
=0 k!
N€u x =0 ta cé cbng thitc Maclaurin

p :
0 4, 7"V
= k! (n+1)!

n+l

(n+1)
k +f——ﬂ(x—x0)

(n-i—l)!

x = xg)

f(x)=

Va1 ce (xg,x) hay (x,xg).

Vidu I: Ham f(x)=e" c6 khai trién Maclaurin:

x* i3 x" et il

+o +
2! 3! n! (n+1)!

Bang cdch diing céng thic & trén ta cé céc c6ng thitc khai trién co bén
sau:

2 =Y Il gE 4 E L oY g
o 1! 1r2 31 4!

o _1 N

3/ cosz= ( )z—=1—~z +z——z—+z——...+....—...; vV z
n—p (2n)! 2 4! 61 8!

- ca % 2r+3 3 5 7 9

4/ smz=z( )zh- :g'———z—+~z———z—-+£——....+... V 2
n—p f2n+1)! 1 3! 51 77 9!
oo 2 2 4 6 8

5/ coshz:Z z ='_!.+5—+z—+z—+iz--+...+....+...; VvV z



42 Chuong 2: Phép tinh vi phin ham mét bién.

oo 2n+1 3 5 7 9
6 sinhiz S o gL P It Vo2
S @n+1! 31 5! 7! 9!
oo n_2n+l 3 5 7 9
7 arctanz= S CDE B T E T I b <1
S, @u+npt 1 3 5 7T 9
oo i n n+l P 3 4 5
8 mep=3 CDE T T I I 4D tl<t

~ (n+)) 1 2 3 4 5
)2n+1zn+1

e et &
o Indd Z)“EO b X D

=2 2 - - —e—e 2] <1
1 2 3 4 5
oo _2n+1 3 5 7
10/ 1,,1_+£=2,Z z P I S SRR T B3 B
1-z aop(2Zn+1) Tt 3 5 7
11/ (1+x)a=1+ax+ggz—:—llx2+a(a_?'(a—2) x>+ e
+f:s(c.*:—1)....(::1!—-k+1) xk+~--; \x|<l

k!

oo o yynqntl
12 Im@s=ln@y=S EXL 1.1 1 1.1

n=0

st o — vt e —

(n+¥) 1 2 3 45
o ™2l 1 1.1 1 1

13/ arctan1=—7£= z A m— ettt ae T we T
4.2 @+t 1 3 5 79
U3 5 7 9 '
14/ tanx = >+ +2x_ +17x +62x oty |xf<1
1 15 315 2835
3 5 7 9
15/ arctanx=£-x + X _xl+x — et} |x|<1
1 3 5 7 9
3 5
16/ aresinx =5+ + 3% 40(x®);
1 o6 0 -
x=In{z+e)
Vi dn. 2: Cho ham y=y(x) dugc cho bdi: (*) 3 , hdy tim vO
y=1

cuing bé twdng dudng khi x->1.

x=In(t+e) 3 o _
T 3 :>y==(ex—e) , bay gid ta khai trién ham nay tai
y=t '

diém diém x=1. Ta c6:

y=(e" —e)3 =e* (¥ #1)3 — & (1+[x—1]4 1)} = (x-1)
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Trudng hgp tdng quat (*) khéng gidi dude theo t, thi phdi 1dm chin
phuong theo khai trién Taylor:

)yﬁﬁ(l)( )” m'(1)(36 )’ \

YD) =y (1) () (e 1)+ 200

cic dao ham (1) tinh qua ham fn t

Trong trudng hop trén ta ¢6 thé thit lai yx (I) 0= y (1) ym (1)=

4.11 Dung khai trién Taylor dé tinh cdc gidi han:
Chd y kki khai trién Taylor hodc Maclaurin, s6 hang
(n+1) . 0 R
ARG CI s o R, =0(x") => lim ﬂ:o
(n+1)! boxo0 X"
1gx — x '

Vidu: Tinh lim 3

x>0 x
Khai trién Maclaurin him f(x)=tgx d€n bic 3
f(x)=1+tg’x = f(0)=1
f(x)=2tgx(1+tg’x) = (0)=0
f’”(x)=2(1+tg2x)2+4tg2x(1+tg2x) = 7(0)=2

i
0 0
Nhur vy tgx:f(x)=f(0)+f (' ) + ZE )x2+f3—1()x3+0(x3)
. 2 3 3
Hay tgx—x+3*!x +0(x )
lim & = lim 3! = lim + =—,
x—0  x- x—0 x3 x—0| 3! x3 3

4.12 M@ rong dinh Iy diéu kién di d¢ ham s cé cuc tri:
Cho ham f ¢cé dao ham dén cip n tai xo (n>1) thoa:
f(x0)= f(x0)=.= £ V(xp)=0, FV(xo) # 0. Khi dé:

i/ N&u n 1&, f(x) khéng dat cyc tri tai x

i/ Néu n chin va ™ ( x4) > 0 thi f(x) dat cyc tiéu tai xg
iii/ Néu n chin va £ ( xq) < 0 thi f(x) dat cye dai tai X

Chd y: ta thudng sit dung dinh 1y nay véi n=2.
Binh 1y ndy ¢6 thé diing cong thic Taylor d€ chitng minh.
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S(X)=S%)= (x xp)
f(n) (x{l)

...+
n!

=0+0+..+

n!

Chudng 2: PhéD tinh vi phin him mot bién.

f(n) (%) (

f(l) f( ) xo)

x—xa)z +

f(rH-l) (C) ntl
W(x“xo) -

f(n+1) (C) )n+1

(x—xo

(xuxu)" +

x—xg) +
n! 0 (n+1)!

n+1

X—X (41 (o
:( 0) {f(n)( ) S ( )(x_xu)]

® Gi sit nchdn, £ (x4)>0

(n+1) .
vi lim S (C)(x—x0)=0
H—>oca n+1
(n+1)
nén c6 ving cin xo dé cé: {f(") (x0)+IT(cl(x*x0) } >0
n

Vay f(x) > f(xo) i.e Xp i diém cyc ti€u.

® Gid sit nchdn, £ (x9)<0,thily luin tuong ty.

Vay f(x) - f(xg) <0 i.e xola diém cuc tiéu.

®Giast nlé: Vi lim

C6 vung ¢in xg d€ c6: {f(") (xg)+

vai £
(xx—xp)",
tri.

f(n—i-l) (C)

AN S GV =0
11—>c0 n+1 (x xO)
f(n+])(c)

" (x—xp) j‘ cling dau

xg) Lic d6 diu cla [ £(x)— f(xy)] phu thudc vao diu ciia

nghia 13 né thay d8i dau khi qua xg, vy né khéng ¢6 cuc

BAI 5: UNG DUNG PAO HAM BE, KHAO SAT HAM
Trudce tién ta ¢é cac db thi cdc ham cd bdn sau:(sinh vién tu khdo sdt)
5.1 Cdc ham s6's0 cdp

1/ Ham hang :

y = f(x) = const ¥V x MXP . R

2/ Ham ldy thira cy =x* MXP : phu thudc vao a.
cé dé thi nhu sau:
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_4_
p{:oo
(H1)
a=12
3 a=1
J a~1
¥ 27 2
1 a=0
@ =—-3 a=-1
U i B
X
3/Ham mii .y=a", a>1l,az# 1 MXD" R, (H2)
Ham logarit log,x,a>1,a # 1. MXD: D=(0, + o0), (H2)
Haimmi :y=a" O<a<l,az 1 MXBD : R, (H15)
Ham logarit . log,x, O<a <l,a # 1. MXD: D=( 0, + o0), (H15)

Chi y: Cdc ham ngudce nhau d6i xitng qua dudng y=x.

1 l J |
d
]

B
)

3 2 / : a5 A 2
M
2
2
-4
|
B

(H2) (H3)

£ i

/|

(H4)

151 i

(H5) (H6)\ 7
05
45 DE 05 .17 s //h

4 G
0% 4 _3/ a0 ! y L 1 z 3 1 3
14 B A \
2

1(H15)
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4/ y =tgx, MXD'R\{x/x=(2k+l)7r/2}, (H3)
y = arctgx MXDb R, Y€ }—%,-{;{ (H3)
5/ y=cotgx, MXD . R\{x/x=kn} (H4)
y = arccotg x MXP : R ye ]0,7;[ (H4)
6/ y=sinx, MXP . R, (H5)
y = arcsinx MXD : [-1,1] , ye [—%ﬂ | (H5)
7/ y=cosx MXP R, | (H6)
y = arccos x MXD:[-1,1] ye[0,7] (H6)
8/ y=secx =—— MXD - R\{(Zk +1)£} Ham chdn (H7)
cos X 2

(H7) (H8)

A

Ham chin. P4 thi cé tung 46 dinh 12 y=1, (H7)
1

sin x

et _e*
10/ y=sinhx =“——%— MXP: R, ham Ié (H9)

9/ y=csex = MXD: R\{kx}, Him & (H8)
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X X

e’ +e

11/y = coshx = 5 MXP : R, ham chan (H10)
. X _ X
12/y = tanhx = ShX e —e MXP - R, ham 1& (H11)
coshx X 4Lo7%
X -X
13/y = cothx =S9BX _ €7 +€ "~ \ivp  R\(0), ham 18 (H12)
sinhx %X —¢~
10
084
06 (H11) (H12)
0.41
0.2
o)
x| 2 1 ol 1 2 3 1 3 3
41
086
.84
1 2 N ~
14/ y=sec h{x) = = , MXDP R, ham chan (H13)
coshx % 4e7*
10
(H13) (H14)
3 1 2 3
3 2 i 1 2 3
1 2 .12
15/ y=csch(x) = = , MXDP - R\{0}, ham le (H14)

sinhx X _¢

5.2 Cdac duong y =y(x) -
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e Trudc hét ta hiy tim chu k¥ ham s néu ¢6, tim cdc di€m d6i xitng cla
dudng bicu dién va suy ra khodng cAn khio sét.

» Diu clia clia dao ham y’ s& chi chiéu bi&n thién cda y. daoc ham y' cling
[ d6 doc cla ti€p tuy€n vdi dugng bi€u dién, d6 doc nay sé ting hay
gidm tiy vao dau cia y”.

Néu y">0, do ddc ting, dudng biéu dién c¢6 bé 16m hudng v& phia trén.
Néu y” <0, 46 doc gidm, dudng bi€u didn c6 bé 16m hudng vé phia dusi.
NEuy” =0, d6 d6c qua cuc tri, dudng bi€u dién c6 1 diém udn.

* Ta ¢6 thé ding cong thitc Taylor d€ khio st dudng bi€u difn gin diém
Po(xo, o). Tung d6 clia diém P gidn Py 2 .

2
(x_x ) »

Y =yp+(x—x9)¥g +——2'0 Yot e

A P

m
R, i
£
-

— (x—x0)2 ” ol —_— . TN
mpP :Tyo +.o. vAy néu y" # 0, mP cé cing dau véi né (y"),
dudng bi€u din & trén hay & dudi ti€p tuyén tity theo y” duong hay dm.

3
(x—x)
2!
theo (x-x¢) va dudng bi€u dién sé vugt qua tiép tuyén tai Py. Piém nay 1a
di¢m udn (udn [én hay udn xudng ty theo v duong hay am).

2
, v . S f , 3x“-12
Vidul: Khao sdt cubic bac ba y:3x2(x~6), y = a a 7

B[xz(xmli)]g

» Trudng hgp y” =0, mP tuong dudgng véi Yo » 06 sé thay ddu

ddu 1a ddu x(x-4).

* Diém & vo cye: x vd v <ing hudng vé v6 cue, coi tf 5§ L biang cdch
X

. - 1 ‘A . - + A7 ) n
khai tri€n theo —, tiém cin xién 12 g=x-2, do ta khai trién & vo cyc:
X
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1
ﬁz(]_£]3 =1—£—i+...., nhu viy £4 hwdng vé 1 va phudng tiém
x x x  y2 x

A i a4 " R 4
cin l4 phan gidc th nhat . Ta cling ¢é thé vi€t y=x—-2——-...,suy ra
X

khi X — +oo, dudng tiém cin & trén dudng bi€u dién, va nguge lai khi x
—3 oo, dudng ti€m cin § dudi dudng bi€u dién.

. . ) 0 s ” N
e Biém § géc O y' ¢6 dang v6 dinh 0’ ta hdy xét gidi han cua i, 1
X
bidu thic trén d& dang thiy 2 — -eo, khi x - 0%, vi £ — +oo, khi
x b
x = 07, diém O goi 14 di€m Li.
Bang bién thién va dé thi:
X -o0 0 4 6
y + - 0+
0
y < 0
-m/ 234 A
Vidu2: Tim gid tri cda m: phuong trinh sau ¢6 2 nghiém phan biét:
f(l) =Yrx +2x +2¥6-x+2V6—x=m
Giai:
Patham: g(u)= 44 +Vu ham duong ting nghiém cdch, theo bién u

1 1 » A
duong, c6 dao ham: g/ (u) =—7+—7 12 mét ham giam nghiém cdch
4uA ZIIA

{xem hinh)

f(x):g(Zx)+2g(6—x):>f/(x)=2g/ (2x)—2g/ (6-x)=0

=g (2x)=g' (6-x)=2>2x=6~-x=>x=2
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trong khodng tir {0,2] ta ¢6 (2x) < (6—x)

:>g/(2x)>g/ (G—x)::-j'/(x):: Zg/ (2x)—2g/(§—x)>0

X 0 p) 6
7! (x) + 0 -
[ (x) - 3g(4-
/'
22(6) =8.02 ) 2(12)=5.32

Yéu cdu bai todn ==> 2g(6) = 2(%:+x/€) <m <3g(4) = 3(%—%\/1)

5.3 Cdc duong y = y(t), x = x(1) ;
e Diu cha dao ham y’', x’ sé& ¢chi chiéu bi€n thién cta y va x. Cac dai
lugng v/, x' cing 13 hé s8 tidp tuyén. Pd ddc cia HEp tuyén 1a

dy- ) ' / A y}{' - - . N
oS =Yy =, P& doc ady s€ ting hay giam (khn x ting } tuy

4
F*x 7
dx x;.

RV LT A 4
. Xy - ypa: . . . 2
theo dao ham [:}f;] =Xy VA duong hay am. Nhu viy dudng biéu
x $%
{x)
dién s& hudng bé 16m vé phia tré:n khi xp”— yx” >0 va vé phia dudi khi
xy”—yx” < 0. Khi xp”—yx" =0, dudng biéu dién cé mét di€ém udn.

e Ta ciing ¢6 th€ 1y ludn ph'r sau - gin di€m Py(Xo.yo), ta khai trién

2
(Z-1)" -, (1

_Y=XO+([#1‘0)X(,)+*—"2' g T e
Taylor. (*)P = ] 5
B U Y
y=yo+{ —f) gy Yo (2)

B6 chinh 14 toa do cda di€ m P gin Py trén dudng bi€u dié&n. néu

Xg. ¥p khong cung triét tiéu (diém Py la diém thudng), PyP c6 thanh
phin twong dudng véi (£--£5)xy, (f—13)¥g.ta thiy rang x3, ygy 12 hé
s& chi phuong cta ti€p tayén tai di€m thudng Po. Néu xp=0, y{=0 va
xg. Yo khéng cing trié t tiéu thi FJ}T’ cé thanh phin tuong ducng véi

(t-tﬂ)z ” (t—t(])z - - » LY PN ) . - At ~
T——xu , —?#yg . va xy, yy la hé s6 chi phudng cua ti€p tuyén

tai diém bdt thudng Py. &y xy, yg cung triét tidu ta s& phdi dung dén

dao ham k& tiép.Bay gid <ét vi tri cita di€m P v&i ti€p tuyén P tai Pg.
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o P,la diém thudng: tiép tuyén T tai Py .
- yg (x-xo)+ x5 (y-y0)=0.
P s& & phia nay hay phia kia clia T tuy theo bi€u thifc:

_yb{(t—to)xa—k( _;:]) ...}i—xb [(t—to)y6+( —2?) }

2
_{t—1)
Y
e N&u (xjyp—¥oxs) # 0 két qiia c6 mot ddu nhit dinh va vi thé dudng

(xg¥ya — YoXxq)---- duong hay am.

bidu di®n chi c6 thé & mot phia d6i vdi T (thudng gip & céc ham so cdp).
e s e e -

e N&u (xgyg ~¥oxg) = O ta phdi dung dén s hang chda 3 sO

hang nay d6i diu theo t-to va dudng bi€u dién xuyén qua T & Py (Po 12

diém udn, thudng gap & cdc him so cap). Po 12 di€m bit thudng

(x4 =0, yp=0):ti€p tuyén T tai Py (do (*)): - g x-xp)+ xg (y-yo)=0

Ly ludn tuong t nhu trén, ta thiy 14 dudng bi€u dién xuyén qua T néu

(xpy8 - ¥oxi)#0. Va & mot phia d6i véi T néu  (xpyg — yoxg)=0.

Mat khdc xét vi tri cia P d&i véi bt k¥ dudng thing D nio qua Po
khdc T, khong cit dudng biéu dién & di€m nao cd ngoii Py, ta ciing thay
[3 P chi c6 thé & mot phia d&i véi né. Pudng biéu dién do d6 phai cé mot
dang 10i & Py thy theo (xgqyg— ¥4xg) khdc 0 hay bing O ta s€ c6 diém Ibi
loai 1 hay loai 2 nhu néu & hinh dudi diy.

A
P P.
T T
5 £
»
Vidul:
;s N : x=R(6—sind
Khdo sit dudng2 cycloid cé phudng trinh ( )
= R(1-cos8)
. Xét x, y, thiy rang d6i 6 thanh 9+2n x déi thanh x+27R, trong

khi y khong d6i, vay ta chi cdn khio sdt trong mot khodng 27, rdi bd tic
bdi nhitng phép tinh ti€n 2knR theo Ox. Ngoai ra khi d6i @ thanh -0 ta
thdy x ddi thanh -x, trong khi y khéng ddi, vdy ta ¢d thé khdo sdt trong
khodng 0 d€n =, rdi bd tic bdi d61 xdng vdi Oy, sau do bd tic toan thé
biing tinh ti&n.
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x'=R(1-cos@)

» Pao ham {

y = Rsin@
g 0 T
¥ 10 + e
0 / T
y |0 / T
y |0 + T
1
. That ra vian d€ v& qui dao cia 1 di€m P & trén vong tron bdn kinh

R, khi vong tron nay lin khéng trugt, géc € nhu hinh v&, chiéu

OP =OI +IP trén Ox va Oy ta thu dugc phuong trinh (**) qiii dao cda P.
Nhu hinh vé dudi day:

O™

U 10

Vi dul2:

Sinh vién hay khao sat 5 nhdanh ham
sau, ching s& tao thinh dé thi nhu hinh bén: (H1)
x=2sin37, y=3cos 2t

Cllﬁ_—ESISO,OStSE
2 X 2,
. Cu Ch
1 3 1 . 3
C2:<x=ZCOSt+Z,y:ZSlnt+E
0<s<2x
1
Cy: xﬁzcost——,y——smt+—
0<r<2ré o
Cy: xzzcost,yzzsint 257 (H2)
0<t<2x@ 4 '
1 1.5
Cs: ﬁzcost,yﬁ~smt+— 1
0<r<2x 95
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Vidu3:
Sinh vién hdy khdo sdt 3 nhdnh ham sau,
chiing s& tao thanh d6 thi chit A nhu hinh trén: (H2)

x =tant, y=3tant x=1+tan¢, y=3—-3tant¢
Cy iy , Cy:
Plo<e<Z 2 0<e<”
4

1+tant 3
xXxX=—-— . = —
2 Y 2

C3:
105:535
4
xlpt =g
5.4 Cdac duwomgr=r(0): y=y(x)< y x y
tg@=—, cos@=—, sinf==—
x r r

Chu v ham r(0) cé gid tr1 dal s& chit khong phai gid tri hinh hoc
nhu ta vAn thudng hi€u. Ciing nhu trén bit dau ta vin khdo sdt nhiing tinh
chat nhyu * chu ky, d8i xing..... V& d&it xing, néu d8i 8 thanh -0 ma r van
khong d8i i.e 6 d6i xiing vai Ox, cdn néu r ddi ddu thi lai c6 doi xing
véi Oy. Néu ddi 0 thanh 7-6 ma r khong d6i 1a do6i xiéng vdi Oy, con néu
r déi diu thi lai c6 d6i xing v6i Ox. Néu r(n-8) = -1(0) --> ddi xifng qua
Ox. Né&u déi 0 thanh /2 -6 ma r khéng ddi la d&i xdng vdi phin gidc thd
nhat, néu r ddi ddu thi d6i xdng vdi phin gidc thif hai. .., tr d6 suy ra mot
khodng khao sét thich nghi. Trong toa dé cuc ta ki hi€u M(r, 0), minh hoa
cdc toa do nhu hinh dudi day.

. Chiéu bi€n thién ciia r s& dinh bdi ddu ', ¥ ciing c6 th€ ding dé
dinh ti€p tuy&n nhu sau:

4]

ta ciing ¢6 thé thu dude két glia mot cdch khdc: nhu hinh vé
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Y _(rsin@)y _ rcos@+r'sind

V=0-6, v 1gx =

x' (rcos@) —rsin@+r'cos@
Sau mdt vai phép tinh th€ g8 = nz, {ga nhu trén va ta ¢6
cos
Igo-—-1g0
gy - R0 _ _r
1+go.tgf r

* Biy gi xét vin dé bé Iom, diém udn, d6 doc cha tiép tuyén d6i vdi
truc Ox c6 dinh, bi€n thién clia zga=1g(V’ +6), vi dao ham nay la:

Yo =(tga) = [tg(V + 9)]/ = ——#!— , nhung theo trén ta cé
cos“(V +6)
/
r
p N, [?) o
Vi=(arctg—) = =
r 2

r r2+r2
1+ —
r

viy dao ham trén ¢6 dau cia :

2 2
, F°+2re—rr’ . R ,
Vi+l= Jiecla r2+2r2 _pr”.
/2 2
ro+4r

»

N&u r2+272 1”50 bé 16m hudng v€ phia trén.

NEu r24+2r?-rr"<0 bé& I6m hudng vé phia dudi va néu

r2 1292 — 41" =0 ta c6 di€m udn. DE yla:

i 2 » 2 2 ”
1 1 2r - — + - -,
(_] +[_J:_rn_r.r_+-l—:r 2r rr . Viy néu r >0, dau cia

r r 3 r 3

i '
/ » ~ 1N ~ kd 1 l =~ - =, -
rt 212y ciing 14 dau caa (—J +(—] va ta c6 thé dung téng nay

thay th€ cho tong s0 trén d€ dinh bé 16m. Néu r < O ta vin c6 thé ding
tong s& iy mién 13 d8i ddu nd va 18y k€t qui ngugc lai. Pi€m uén ciing

/f
dudc dinh bdi [—1-] +[1)
r r

Vidu: Khdo sit spiral-loga (xodn &c loga).
Piy la phuong trinh qui dao

phéng phi thuyén chi€u phing,
ma trong c¢d hoc thién thé di duoc
thi€t Iap 6 phuong trinh r=a e™, a0,
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trong d6 m 12 hiing s&. Spiral-loga khong co déi xdng nio, vdy ta cin

khio sdt O tit - eo d&n oo, r 5& d0ng bién tr 0 dén +oo. Cé tiém cdn &
cyc O, vir chi triét tiéu khi @ — - oo, =2 khi 6 =0, spiral cat Ox tai diém
Ay.

& moi diém tgV=m khong a6i, vay ti€p tuy€n ludn hop véi bdn
kinh vectd twong ¥ng mot géc kKhong ddi. d6 13 mot diac tinh quan trong
ciia spiral loga. Mot dic tinh khac ma spiral loga (s& hi€u r6 hon § chudng
tich phan) c6 dugc 12 dé dai cuc O dén diém P bat ky tf 1& véi doan TP, T
13 giao diém cha ti€p tuyén véi truc thing géc véi OP (xem hinh). That

vay cung nho ciia spiral 1a

ds =J;1r2 +rld6® =\/1+m2 ae™%de

) o f 2
cung(OP) = _[ ds =1+ m? I aem9d0=—lﬂz—aem9
n
Mat khac : TP = d \'1+ tng r= \/1+m2 aeme, vay cung (OP)

coslV’

P
=—T— , dac biét khi m=1 cung(OP)=TP.
m

Vidu:
P4 thi trong toa dd cuc clia 4 ham sau
H1: r1=2cos2¢, r2=1+co0sQ, H2: r3=-cos®, r4=-sin@

H1 H2
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Biéu thic tgV d€ xdc dinh géc V, 1a géc giita ctia bdn kinh truc va ti€p

tuyén tai di€m do6. Gidp ta v& dd cong tai di€m mudn khio sit chinh x4c
hon trong toa dd cuc.

* Bing bién thién him r, =2¢0s2¢, c6 chuky 13 7, g6m 4 nhénh hoa, ta
chi khdo sdt mot nhanh.

=z 0 z =z
¢ 4 4 2
2
n =2cos2gp 6/ pN 0 -2 ,
V= 0e0 SPAN 0630 ocoir ™
r 2 2

thit ty nhdnh va chi€unhuHI. 1525354 -55-6-37 1. Sinh
vién t ki€m chitng céc géc V trén dd thi H1.

n(-@)=rn(g) --> d61 xlng qua Ox.
n(z-@)=2cos(27- 2p)=2cos(2¢) =n (@) --> déi xing qua Oy,

n [% — (0] =2cos{7-2¢)=-2cos(2¢) = —r, {@) --> d6i xiing qua phan
gidc tha 2.

n [zzr—+cp] =-n (zr—(a) --> d01 x(ng qua phén glac thi 1.

e Bdng bi€n thién haim r, =1+cosp= rzl =—sing

3

0 -
¢ 2
1

N

2

z
2
ry =1+cosgp 2 1 2

th:%(—)V PN _1<_>_—4_7: 00 1% w0 ¢ X

! 2 4 2

Sinh vién t ki€m ching cdc géc V trén dé thi HI.
ry(—@)=1+cos (~@)=1+cos(p)=r, (@) --> d6i xdng qua Ox.

* 3dng bién thién ham I3 =-CosQ < x? +y2 +x=0
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¢ 4 2 4

-1 1
ry = —€os -1 — 0 —= 1,

3 Q \/E \E
th=ri<-—>V wisl 16T 060 1of ool
,-é’ 2 4 4 2

thi? tu nhdnh va chiéu nhuH2. Sinh vién tr kiém chitng cdc géc V. trén
db thi H2.
ry(—@)=—cos{-@)=—cos{@)=r; (@)  -->d0iximg qua Ox.

e Bing bi€n thién ham ry = -sinQ < x? +y2 +y=90

0 z * 3z i1
¢ 4 2 4
-1 -1
ry = -sin 0 — -1 — 0
4 Q \[5 \/5
w = Ly looo 1ol oo 162 g0
,‘i 4 2 4
Sinh vién ty ki€m chitng cdc géc V trén db thi H2.
r4(—@) = —sin(-@) =sin (@) =-r(p) --> déi xing qua Oy.
s H
Vidu: Tim: I= lim (1+—]
n—3o0 n
Gidi:
\ B - 3
[1+i] qinSy n(n l)[i} n(n 1)(n 2) i} .
n . n ' |n n
5t 1], 27, 3
—1+S+-——[1——} [1——}[ = 1-2 -2+
2! n n | n n

4
2 ) ‘
Cho n ti€n v& co thi 1 ti&n vé: :1+s+-—+—+—+...:e5
20 31 41
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CHUOGNG 3

TiCH PHAN
BAI 1: NGUYEN HAM VA TICH PHAN BAT PINH

Vidu: F(x) = 4){3 1a nguyen ham cia f(x) 12x
vi F (x) = 12x2 = f(x), ¥x € R.

3 X3 x 2

e F(x) = —, -3—-—5, ?+C la cdc nguyén ham cda f(x)=x°, vi

355

1.2 Pinh Iy: NEu F (4 nguyén ham cida f trén D thi
F + C ciing 12 nguyén ham cta f (v8i moi C € R).
Chung minh:

(F(x)+¢) =(F(x)) = x) =

1.3 Pinh nghia: Ta goi tit cd cdc nguyén ham cia f [a tich phin bit dinh
chia T va ky hiéu: ff(x)dx.
Vay néu F 14 mét nguyén ham cia f ta cé:
f(x)dx = F(x) + C

1.4 Cdc tinh chdt cua tich phdn bét dinh:

1) [F(x) + g(x)]dx = ff(x)dx + fe(x)dx

ii) fkfeodx = k. ff(x)dx, k = const.
Ching minh ¢6 thé suy tif tinh chit ciia dao ham.

1.5 Bang tich phdn co ban: Dya vao két qui dao ham ciia cdc ham s8 ta
¢6 bing sau: ¢é thé ki€m chitng cdc cong thiic phifc tap bang cic phuong
phap da hoc 16p 12.

fldx=kdx=x+C

x%dx = 1 lx‘”‘ +C (o -1)
o+

x'dx = Iﬂ = Inlx| + C
X

de

1+x

7 = arctgx + C = -arccotgx + C
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dx

J‘\il — xz
le*Xdx =e*+ C
fcosxdx = Sinx + C
{sinxdx = -Cosx + C
fdx/sin“x = -Cotgx + C
Jdx/Cos’x =tgx + C

J-sec(x)dx = ln|sec(x) + tgxl = ln(tg(i{ +~§)) +C

= arcsinx +C = —arccosx +C

Isecz(x)dx =tgx+ C, Icscz(x)dx =—cotgx +C
Icsc(x)dx = lnlcsc(x) —cot gx| =lIn [tg(g)) + C
_[sinh(x)tix =coshx + C

J-sinhz(x)dx = %sinh 2x —§+ C

[cosh(x)dx = sinh x + C

J'coshz(x)it = %sinh 2x +§ + C

Iln(x)dx =xlnx —x+ C

Ixexdx = xe~ —e* +C

ax
_[e"xsinbxdx=%(asinbx—bcosbx)+C
a” +b
ax
Je** cos bxdx = 5 (acos bx + bsin bx) + C
a“+b
(.2
_[eaxxzdxze"x X —2;.:4-23 +C
\ 4 a a
(.3 2
Ie‘fxx:,’d_x:eax X —3'); +6’§—i + C
U a” a a

dx 1 x
jﬁ=;arctg-a—+c
X a
J- dx :1 In]x-—a
x2_4g2 2a |x+a

+C, xZ > a?

dx 1 x+a
J‘ = in +C, x?* <a?
at—x% 2a x—a
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dx 1 x—a| 1 x—b|
J- = 7 = In + C
(x—aY(x—b) a-b x~b| b—a x—al
j—dx——— :arcsin£+C(*)

az_xz a
\/— x+\/x + b+ C (*%),
(dodatt=x+\}x2+b, dr=(1+\/_)dx tdx)
J‘\/x +adx = — \/x +a+;1n x+Vx2+al+C
2
f a? —x%dx=2at - x? +£~arcsin£+C
2 2 a

Hai cong thifc ndy do tich phén titng phin va 4p dung (*) va (**), ta s& xét
& phén sau.

_ftan hx dx =In(coshx)+ C

_[cotg hx dx =In(sinhx}+ C

_[sec hx dx = arctg (sinh x) + C

Vidul:
J(3sinx — 7x2)dx = [Bsinxdx - f7x?dx = -3cosx — 7/3x> + C.
Vidu2: du2

E —5xd - 4347 f[x Cse 24 8’;*9}&:

x% +1 x“+1

3 2
:-x—-————sx —2x+4_[ zxdx 9!

3 2 x xZ+1

3 2

5

=x__i—2x+4ln(x2+1)+9arctgx+C.

3 2
Vidu3

sin xdx rgxdx g *x
== =I 2x—jtgx.d((gx)=——2—+c

ftgzxdx = j(tg2x+l—-l)dx =(gx—-x+C
Vidu5-
jtgsxcbc = j(tgsx + tg3x - tgsx +I1gx — tgx)dx =
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= Itg3x(tg2x+l)dx— Itgx(tg2x+l)dx+ Irgxdx=

4 2
g x x—ln‘cosx|+C.
4 2

1.6 Phiiong phap doz Inen sO “trong tich phan bdt dinh:
Neu hdm $O X = (p(_\_
t=@'(x). Khido: [F(x)dx = F(o0).¢"(0dt

Vidu I: Tinh j%
X“ +a
Datx = at = @(t) = dx = adt va t =x/a.
| 2dx 2=j adt __1 2dt :larctgt+Czlarctgi+C
x“+a aZt2 a2 A t*+1 a a a
Vidu2: 1= dx3 dat t=9x
x/_(1+f)
5 2
- ;_S’ﬂd%:ﬂ_td_;zﬁ[;(l_ ! )dt}ﬁt_mgt .
BSa+t2) T+t 1+t2
Vidu3:

nlx -+ x2+b +C

dx
——=
J‘sz +b

Do dat t=x+\/x2+b, dt:(1+-—x—)dx: wdx )
x2+h I-x

,—{bc = (t_x)dtzn +C =lnlx+Vx? +
f = “I;(r—x) inlt| C_—I' v b

Vidud: du4 :

J o B aresin[ £ )i
P o

1.7 Pku‘o‘ng phap tich phan tiing phan
Gid situ, v 1a hal ham s6. c6 dao ham hen tuc Al
Jﬁdv = uv. - fvdu gt
Vi du: Tinh Jx arctgx dx

+ (.

61

é: dao ham’ hen tuc va ¢é ham ngu’dc la -
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. du= ! 5 dx
u=arctgx

xdx=dv
v=ix2

2
2arctgx—lj = 2dx=
1+x

[xarctgxdx = ;— X

1 2 1
=—x“arctgx —— {(1—
5 g 2!(

1 1
! 2 )dx= 1 xzarctgx-— X+ —arctgx+C
1+x 2 2 2

Phin k§ thuat ldy tich phén, sinh vién da quen cdc phuong phdp

15y tich phan nhu phucng phap d8i bién, phuong phdp tich phan tirng phén
G 18p 12 trung hoc. d day ta khong ban sdu cdc phudng phdp, k¥ thuait 13y

tich phan bat dinh.

BAI2: TICH PHAN XAC PINH

2.1 Bai todn tinh dién tich hinh thang cong:
Cho ham s6 f lién tuc (rén [a,b]; f(x) =20 Vx € [a,b].
Hiy tinh dién tich hinh thang cong gidi han bdi dd thi ham s6 f, dudng

thang x = a, x =b va truc ox.

Y a

y=f(x

X

.

X,=b

Xp—a él X é X9 . X3

Mot cdch ty nhién chiing ta s& gidi bai todn nay nhu sau: Chia doan
[a,b] thang n phin bdi cic di€m chia:
A= X< X < X3 < oo < Xnoy < X = b. Trén mdi doan [xi.1, Xil,
i = 1,n, ta chon mat diém: & nao d6. Tinh gid trj f(&;). Dién tich cda hinh
chit nhit 1a f(&§).Ax; v Ax| = X; — Xj.1- Téng tht cd dién tich cdc hinh chif
nhit nay gin bang dJién tich cia hinh thang cong néu n di 1dn, ta ky hi€u -
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n
Sn = 2 f(§;)-Ax4
1=
pat d = max{iAxj} i=1,2,.,n}. Chod -2 0, tic 1a phép chia vo
cung nhd, khi dé dién tich hinh thang cong c6 thé€ coi bang tong dién tich
cfia hinh chit nhit & trén.

S = llm z f(E;)AX;
d — 0j=1

2.2 B;nh nghm. Cho hﬁrn f [a b] --) R Xet tong
: Sn = z (&) Axl :

'Neu tén ta1 g1(jl han hu’u han :dllm S —S va gldl han nay khong Qh

thubdc vao cach chla doan [a: b] khong Dhu thudc VAo céch chon _dlem E.,_
thi S.dudgc g01 14 tich phan xdc, dmh cua f trén doan [a,b]. Khl'ihdm- f co

tich phdn XAC dmh trén doan [a, b] ta noéi- f khﬁ tich tren [a, b]
b

Ki hiéu: S= _[f(X)dX 101
a

3 ¢

Vidul: Ding dinh nghia tinh S = | x2dx

1
Ta phin hoach doan [1,3]: 4

54

a
Vi du2: Dung dinh nghia tinh Se= [sinxdx
0

Ta phin hoach doan [0,a]: xg = 0,xy =10 ... ,x; =i—,
£ n

a y a
X, =n—=a, dith=—
n n
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Sp = Z f(&;).Ax; —hz f(x;)=~h Z sin ik

i=0

n
Nhéan hai vé& cho 2sin% , ta co ZSiI)g—SI;l :[Zsingjk > sinih=
i=0

n .., o h n 1 . 1 .
=h > 2sinihsin—=h 3 cos| ——i |h—cos| —+i |h=
i=0 2 i=0 2 2

I e g

Day 1a téng ¢6 cdc s8 hzmg lién ti€p triét tiéu nhau, nén cudi cung chi con
s& hang diu trir cho s hang cubi. Viy ching bing

or(§)-enlee)]

= eenn =h| cos| — |—cos| —+a

| 2 2

Vay ZsinESn:k cos A - €08 £+a , nén
2 2 2

h h h
—2‘ COS 5 —COS '5+a
Sp = h-0 cos0—cos(0+a)=1—cosa.

sin —
2

2.3 Y nghia kinh t& ctia tich phan:

Ta goi I(t) 12 cudng d6 dau tu tai thdi diém t. (Cudng do didu tu 1a s§ tién
ta dau tu trén mo6t don vi thdi gian xét tai thdi di€m t). Téng 6 1ién ma ta
diu tu tai thai di€m ti., dén thai diém ti ¢6 thé xap xi b’mg 1(E)AL. Trong
dé AL =t~ ti.y. Va & e [t., t]. Vay tOng s6 tién ta ddu tw tir thdi diém

a =ty d€n thoi di€m b = t,.

VOl to <t <tr <..<t, C6ihé tinh xap xi bang:

n
Z I(éi).Ati
i=1

D€ bi€t dugc gdn chinh xdc s6 tién ddu tu ta cho d = max IAtl tién dén O,

Viy téng s6 tién diu tu 1a .

K= lim 3 I(Z).At

d—0i=1
b
Theo dinh nghia tich phan tacé : K= [I(t)dt
‘ a

2.4 Cdc tinh chdt ciia tich phén xdc dinh.
Ta c6 cdc tinh chi't sau, phin chitng xem nhur bai tap.
) Neu f(x) lién tuc [a,5] thi f kha tich trén [a,b].
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i) N&u f(x) bichan trén [@,5] va £ c6 mdts§ hitu han trén [a,b] (gidn

doan loai 1, khdng ¢é6 gidi han v6 cuc ) thi f kha tich trén [a,b].

i) jf Jdx =0

iv) jf(x)dx:—ajf(x)dx
a b
v) fmdx=(b—a)m, m=const

a
V(’ii f, g kha tich trén [a b] ta c6:

vi) j[f x)t g(x ]dxm_[f x)dx+jg

Vii) Neu a = <c2 <cn < b thi
c, b
_[kf jf Ydx+ [ f(x)dx+.+ [ f(x)dx
€1 Cn
b b
viii) N&u f(x) < g(x),Vxela,b] thi [f(x)dx< [g(x)dx
a a

ix) DBinh ly gid iri trung binh:
Néu f(x) lién tuc [a,b] thi 3ce [a,5] sao cho:

b
If(x)dx =(b-a)f(c).
thn xét: Cd lién quan den dinh 1y Lagrange

If ax f{b)—-z«i(') '(€)(b-a)= £ (c) (b-a)

x)  Né&u f(x) liéntuc [a,b] thi g(x)= jf(z)dt kha vi trén [a,b].
“ i
/

I A
Va ¢’(x)_“f(z)dt] = f(x).
i X

x1) Coéng thnitc Newton — Leibnitz (N-L)

Cho f: [a,b] -> R lién tus va F 12 mot nguyén ham ctia f khi d6:

b DT
[f(x)dx = F(b) - F(a)
a IS
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xii) Tir cong thitc (N-L) ta md rong tinh chit x) & trén:

Lo k()

X

X

Vidu I: Tinh j 1+t2dt | =- j 1+t2dt | =—2xvi+x?
X x x
2
X
| sin\/i_:dt
Vidu2: Tinh I= lim -0 .
Xx-—0 X
/
2
2 X
x v
sin+/tdt
| sin\/;dt J \/_
0 0 2xsin\}x2
lim ; = lim X = gim SN
x—0" X x—0" 3x x—0" 3Ix
i i 2
Viy 7= Lim —2—“-‘?:3, twong tw 7= lim ﬁ;—’l‘-:——
x—0t 3x x—0" 3x 3

I'r hai phuong phdp & tich phin bat dinh ta ciing c6 hai phudng phdp &
ich phan xdc dinh dé 14 phuong phdp d6i bi€n s6 vd phuong phdp tich
ohén titng phén.

2.5 Phuong phdp ot bién so.
Ta c6 ha1 dmh ly ve phu’dng phap c‘;‘_o_1 bwn so nhu’ sau:_




Chudng 3: Tich _phﬁ_n.

2.4 Cdc vi du

7

Vidul: Tinh | Sln x dx (H1)

0
% é 1- Cos2x
0’

| SinZx dx = =
0 2
Tt T T
=— ] (1-Cos2x) dx =—| | dx— [ Cos2xdx |=—| =——=Sin2x|/2 =
2o 2l o 0 2 0
: 1 E
1 1
dx :
Vidu2: Tinh | :
0\}4—){ !
} dx 1 1[ —1
0Va-x? 29 1_(3)2 :
2
Pat x/2 =t = dx =2dt XxX=0>=2t=0, x=1 = t=1/2
1
12 2dt /
I=— —ﬁ=—arcsmt 1 x.arccot g(x)
2, \/1—42 0 6 .
1 0.81
Vidu 3: Tinh I= [x.arccotgxdx . as;

0

0.4

024

D2 04 05 08 {1 12 14 1§ 18 2
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-1 I
Ju = arccotgx 1+ x
Pat: =
| xdx = dv x2

V="r
2

2

1 1 x2
— [ vdu = ——arecotgx
0o 0 2

1
:E+l [1___1_2}dx=£+[£—-l—arctgx)
0 1+x 8 2 2

1 11 2
+o
0 201+x

dx

I=uv

2

1

It

oolil:l
ba | =
v T
b | -

0

, . I dx
Vidu 4: Tinh I= _[ 3

1x" —2xcosa+1

1 1
= J- . dx _ dx

O<a<rm.

J1x"—2xcosatl (x—cosa)z +sin” o

Pat u=(x-cosa)=du=dx
x=—l1l=u=-1-cos; x=1Du=1—-cosx

1- _

(1-cos &) du " " (1-cos &)
I= = arctg =

Wl +sinf o sina sin (—1-cos &)

(—I —cos a')
1 | 1-cosa -1—-cosa
= arctg ———— —arcig—————— |=
sina | sin o sin o

. 2 o
1 Zsmz# 2(:052 —

=-——"| arcig Z_ arctg =

. X o R 1 o

2sin —cos— 2sin—cos—
2 2 2

i 2
1 [ o) @
=— arctg| tg— |\tarctg| cotg — | |=
sina | [ 2 J [ 2 j:i

T T
=+ e — | =
2 2} 2sina

o
sing| 2

Vidu 5: Tinh gidi han lim [ 1 + 1 + et 1 )
n—eo\n+1 n+2 n+n .
Xét ham s6 {(x) = 1/(14x) trén [0,1], haim f ¢6 tich phin trén [0,1]. Chia
doan [0,1] ra n doan bdi cic diém chia:
0<1l/n<?2/n<.<(n-1)n<n/n=1
Khi d6 t8ng S, chinh 1a téng tich phéin cua f trén (0,1] trong d6
Ci=1/n ; Ax; = 1/n. Viy:
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1
lim §_ = - —In2.
lim S, ({f(x)dx In|1+x| J=In2

Vidu 6: Gid st mdt doanh nghi¢p bd s6 von diu tu viro sdn xudt tudn theo
quy luat I(t) =¢° — 3% + 1, bi€n t1a thoi di€m diu tu, vdi t e [0,100].
Tinh s6 vén mii doanh nghiép bo ra tir thoi diém =0 ; d&€n t=10. Téng s6

10 4

. 10
vBn 1a: K = jI(t)dt-_ j( 3—-3t2+1)dt=7—t3+t o =150 @vw.

2.6 Phuong pkap tich phdn titng phén:
Cho w=u(x), v=v(x) la hai ham kh3 vi vd ¢6 dao ham lién tuc trén

la,b]. Khi d6: | fudv=uv| - [vdu

Vidu7: Cho g(x)= (x —1) ,a€ N . Chitng minh:
al Voimoik: Ok <nthi g (1)=0 va g (-1)=0

b/ Véi k = n thi g(") (1) 2"11' vi g(") (—1) 2" (1"

:.:‘..;'-.:..-.;': '1 . k -
¢/ Vi moi O<k < n, jg(")(x)d_x';—'-:_ _f—d——z»,:(xz*l) ]dx 0
-1 =1 dx ol .

M
d/ Vi moi m:0<m < n, Ixmg(")(x)dx I n dn[(xz—l)n}fx=0
dx
1 a1

cdu a, b di chitng minh & chuong 2. Gid ta ching minh cho céu ¢, d.
¢/ Vi moi O<k < n, chi y: d[g(k) (x)] = glk+D) (x)dx

1 L&D
| ]

-1 -1
1 —4

= 0-0 (cdu a, do k-1<n). Nhung Ig(o) (x)dx = I(x2 —l)dx = ?

-1 -1
d/ Ta ldp lai ¢6ny thitc tich phan tirng phin lién iép d€ gidm bic va chi y
k€t quai ciu a, dao ham tai 2 ¢4n bang 0,... d€ cudi cliing bing 0:

1 1
e o e ;xmd[gm-n(x)rw :
—1 -1 =1

1 1_ —_— 1

Ig“%x)ir— J [ 2% (x)] = D ()

—1

Tl
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Chd y: Cau d téng qudt hon ciu ¢, vi khi m=0, thi véi n>0=m ta cé

| ( . T d" 2 n .
Ign)(x)dxz(].Ngerta goi ham j,,(x)—zn o (x _1) 1a

0
) .
o=ty = (1) o) (e 2) (x5
Hayn=5,H2=(—1)5_2‘} (x 1)(x 3)(x 4)(x S)dx-%g
0
H5-2=H3=(_1)2;[ x(x-1)(x-2)(x- 4)(x_5)dx_11225

2.7 Cdac vidu
e Biy gid chiing ta s& ching minh cdng thifc Walliss quan trong sau day,
cong thifc nay ¢ rdt nhiéu ung dung trong k¥ thuit:

_1\N
/2 (r '1') nle
I = sin™ xdx = cos” xdx = e
n I E{ (m-D' x
b n chan
n!! 2
vidua 711=7.5.3.1, R811=8.6.4.2
n-1

Dung tich phin tiing phin ;u=sin"""x , dv=sinxdx tacé

- z/2 R
I, =-sin™!xcosx + _[;”2 (n-1)sin" 2 x cos® xdx .
/2. n-2 /2, n
= I =0+(n-+1)|:_|:; sin xdx—ﬁ sin xdx] (n— 1)[ 1,1
-1 n—-1 n-3

= (n-1I,, =1, (n-1+1) =1 —TI _y = )

n n-2
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(n—1!! n le
_ —3).... 1"
=1, = (n 1)(112 3).. _ nl"
n(n—2)... (n- )"E 1 chan
n!! 2
2 . 2.0 T
I, = sinxdx =11, = sin xdx = —
=5 o=k .

e Diing céng thitc Walliss va ddi bi&n ta thu duge cdc k&t qia tidng tv nhu
sau :

J.z T os xd — 4 * Waliss,nchan ’
0 0, nle
: fo nle :
Iz sm xdx ;
0 L 4*Wahss 'y n chan _
4 47:
8 xWalliss, h
Isin"xdx— jcos"xdx= arss, - mchan
o 0, n lIe
Vidul :
2 . 4.2 ) ) 4.2
Lﬂ sin® xdy = ——_ 3 L” sin® xdx = 2waliss = 2.——
5.3.1 5.3.1
2 .1,
L”Sinsxdx =0 ; ﬁxsin‘;xdx =4, >3.1.7 = S7 ;
6.4.2.2 8

e
[ sinbxax =82 % _g2X3X1 %
6!!2 6x4x2 2

Tudng ty ta c6 thé ching minh cbng thic Wallis tha 2 (Wallis/ ) nhu sau:

-

(n—1H nle >1
x (rn+m)!t— (m+1)’
2 _1h1t
J.sinmx.cus"xdxz«; (m — 1)1 jule >1 ,
0 (n-i—m)”—->(n+1)

n-DIxm-D)! =«

—yn,m chan >0
(n+m)!! 2

R Y e o om A s T s
cong thifc nay ciing theo qui luit trén, nghia la néu thay > bang m, 21

hay 4= thi k&t qua s& 12 2xWallis’, 4xWallis’, 8xWallis’ .
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_7[ K
n Y=3 ar)
Vidu2: [eos®xdx = [ sin®y(-ay)=2 [ sin® ydy =2xWallis
0 =F_y = F y=0
2 2

GMEWr_, 353 z_3=
(4+6)!1! 2 108.6422 256

T
Vidu 3: Jsin4 ,\c.cos6 xdx =12

0
/2
”_[ sin’ x.cos’ xdx = (7-D!! _ 6.4.2 _ 6.4.2 _
0 ' G+ —(G+1) 12.108.(5+1) 12.10.8.6
1 G-DU 4x2 1

T120 5+ —(7+1) 12x10x8 120
BAI 3: UNG DUNG TIiCH PHAN XA C BPINH
3.1 Dién tich hinh thang cong

Cho hai ham f(x), g(x) lién tuc trén [a,b], di€n tich hinh thang cong gidi
han bdi f(x), g(x), x=a,x=b la

tich phan dudc x4c dinh Ya £(x)
g(x)
!
O ‘a ;b > X

Néu f va g dude cho »6i phuong trinh tham s&, x(t=n)=a, x(t=m)=b :
{x = x(t) {u == u(t)
f: g:
Y

te In,m], thi
y =y(t) v(t)

L. .

Vi du. Tinh dién tich gidi han bdi cic dudng
y2 =2px, x2=2py, p > 0.

3.2 Dién tich hinh quat cong
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S =

b | =

7[@? @) |dp
o

» X

Dién tich gidi han bd&i 2 phudng trinh r, (@) va n (@) trong toa dd cyc,
do cdch tinh tam suit, dién tich hinh quat chin géc ¢ trong mdt vong tron.

Vi du: Tinh dién tich gidi han bdi dudng cardioid r =a(1l+cos¢), hinh
nay déi x\ng qua truc cuc.
17 5 2 2
S=2 Ejr dp |=a” [(1+cosp)*de=
0 0

3_.2
=— dvdt).
2:rta(v )

3.3 D¢ dai cung :

e N&u cung AB ¢6 phudng trinh tham s& {

b
cung AB : L= J-\/l +IF (0] dx

e Néu cung AB c6 phuong trinh toa d6 cuc r =r (¢), ¢ [, BI, thi d6 dai

p
cung AB: L= J\/r(qa)z +[r' (@) ]quo

ra Fd »
X = rcos x =r'cos@-—rsin ,
Do ) gp::- ? ¢):>x/2+_y/2:r2+r2
y=rsing

y =r'sing+rcosgp
3.4 Thé tich tron xooy :
Thé tich vat th€ gidi han bdi duding y=~f(x), y
truc Ox, x=a, x=b, xoay quanh Ox Tm
cho bdi céng thire - b x

b
V =z [f2(xdx
a
3.5 Dién tich mdr trin xoay :
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e N&u cung AB c6 phucng trinh tham s& °

x = x(¢

{ Et; ,te [a,pl, y(t)=0 trén [o, B, khi d6 dién tich mit tron xoay
Y=Yy

cho bdi cdc cdng thic: (cdc cong thuc nay dé kiém ching nhd cic cdng

thitc do dai vi phan cung § trén ).

B
1/ Xoay quanh truc Ox : S=2n ﬂy(t)N[;' O] +Iy’ (D) dt

2/ Xoay quanh truc Oy :

o
e Néu cung AB c6 phuong trinh y=f(x), xe[a,b], xoay quanh tryc Ox, thi:

b
S= 2n J'f(x)\/l + [0 dx .

a

3.6 Cdc vidu:

Vi du 1: Dién tich gidi han bdi dudng cong y=x2 , y= x2 /2, y=2x
Gidi:

giao di€m (0,0), (2,4), (4,8) (H6)

oo o e Tl har=(-2)

x=0 Xx=

16 4
= =4

Vidu 2: Dién tich gidi han bgi dudng cong y=x’/3, y= 4-2x%13
Gidi:
Giao di€m (-2, 4/3). (2,4/3), (H7)

x=2 2 2 x=2 3
= T [ 2 e ] 1) a2

x=—2 x=—2

X=2 32

x=-2

Vidu 3: Dién tich gidi han bdi cung cycloid
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x=2(t—sinz) _
t=0,27
y=2(1-cosr)
Gidi: . 20 A 2na
f=m t=2r 1=2r
S= J'(yxf—vul{)dt: | (yx;—())dtz [ 2(1—cosz)2(1-cost)dr=
f=n =0 =0

=2
=4 .[”(1—2_(:ost+cosz t)dt :4(27c+0+4 > 2) 127 .

Trong khi dién tich hinh chi¥ nhét bao R=a=2 [a - 212. 2.2=16m.
Vidu 4: Tinh do dai gidi han bdi cung cycloid & trén.
Gidi:

p 27
L= | \/[x’ OP +Iy'®Pdt= | \/Zt[l-cost]z +4sin’rdt=

a 0
2z ¢
=4 _[sin—dt:16.
pi
0
2 2 2
Vidu 5: Tinh do dai gidi han bdi cung astroide: X3+ y3 =a3
Gidi:
) P — %
L
.V/ :“11_’ vdy —= _[ 1+1y (x)] dx = I 1+y—2wdx_
a / 029 .
I / dx— 5 ¢ — L=6a o’ (H1
Vi dg_@ Tinh dién tich gidi han bdi cung (H1) 9 N\_
r=a cos 2¢, a>0, -m/4 << n/4 o
Gidi:
Piat 2¢ =u ==> 2d¢ =du
1 e=rl4 p=r/4
S:E I (rz)dgv: I (rz)dqoz
@=-7m/4 =0
u=m/2
_1 f [(acosu)z}du =
2 u=0

u=x/2 2
:—1-a2 j [(cos u)z:lduza—ﬂ:
2 0=0 8
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Vidu 7: Tinh dién tich gidi han bdi cung (H2) (H2)
r=a sin 2¢, a>0, 0L =2
Gidi: ue
1 ¢=7Z/2 1 U= ) 2 . 04
dat 2¢ =u, S—-E _[ ( ) _Z I [asmu) :|du— .
@:0 =

Y u=n o) o [i¥] G4 06
2 _[ [(sin u)z }fu =2z

4 - 8

u=>0 .

Vi du 8:  Tinh th€ tich hinh xuyén tao bdi suw quay cia hinh trdn
x? +(y—b)2 =a?,b>0, quay quanh tryc x.
Gidl:

.V1=b—\fa2—x2, y2=b+\/az—x2
2 2
V:x‘]{[b+\/a2—x2j —(b- az—xzj }1,:

—a
V=4brr [Va® - xPdx=27%a’b
—da

Vidu 9: Thé tich tron xoay cia Axtroide

2 2 2 3 p

= 5 = X = @ cos
x3+y3 =ad3 o s ,0<r<27 quanh Ox

y=asin” ¢

Gidi:

Cdch 1. Vi hinh 12 d8i xitng qua ox, oy nén thé€ tich
quay quanh ca hai la nhu nhau.

Vi dé&i xiing qua oy:

T z
o 2 2 2 2
V= ZXIEszdy =2 J(a cos” t) d (a sin” t) =2r j(acos3 t) (3a sin2 fcos tdt) =
0 0 0
z z
z 2 6.42 8.6.4.2
=67ra3 Jcos-’r 1‘.sin2 tdr = 672:a3 j( 037 ! —Cos t)dt = 6Jra — =
7.53 9.7.53
0 0
_ 327ra3
105
Cach 2:

m
==

x=a 2 2
C6 thé tinh V=27 | yz(x)dx‘=27r [ |(asin’7) d(acos’s)l=
x=0 =0
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T
2 2 ra
= 67m3 J‘cos2 t.sin7 e = 327a
0 105
= = 3
x=a x=a 2 2 32 3
x=0 x=0

Vi du 10: Tinh dién tich tron xoay do cycloide quay quanh truc Ox, Oy.

{x:Z(t—sint)

y=2{1—cost)

:2_
1 5—
T 2a
Gidi: 0.5 7

t=0,27

LS i = = a = =
+ Khi quay truc Ox: S=27x J y(t)\/xfz +y;2dt = (do hinh dé1 xﬁ'ngaiza”
=0
t=x
=47z I a (1—cost)a \/(l—ccust')2 +sin?dt =
=0

t=rx
=4z f a’ (l—cost)JZ(l—cost)dt =
=0

t=r =
=47 j a’ (1—cos 1‘)\f2.25in2 (%)dt = 87w J‘n—az (l—cost)sin(-%)dt =
=0 ¢=0

5

t=x =5 )

=164 [ sin®(L)de=167a” | sin’u(2du)=327a" % =452
=0 =0

+ Khi quay truc Oy: sinh vién ty lam DS S= 167* a”.

Vi du 11: Tinh dién tich gach chéo nhir hinh sau, ma dé thi dugce biéu dién
trong toa dd cyc r=a8, 0<0<27, a>0,.
Gidi:

o=4
s—2 | [R@-r©))do- 10
2,
=
19727 2 2.2
== a0+ 27m) —a?(O) }15@:
2 @--1
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Vi du 12: Tinh dién tich tron xoay cia dé thi r= e% , 0< 68 < khi xoay
quanh truc OX.

e N&u cung AB c6 phuong trinh
r=r(8), 0¢ [a,b], xoay quanh truc Ox,

b
thi: S= 2n [fY 1+ dx =

g=b a=>5b
=2z | yds=2m | rsinéds.
g=a f=ua

FTT

2
) e

| G=x | g=
S=2rx _[ rsin@ds =2mw jxegz smé{—e/}ie—

=0 =0
g=r O=x .
=57 [ %sin6de - 5w (¢ [sin6 —cos ol) = -Q(e’f ~1)
~ 6=0 2
a=0
BAI TAP
1/ Cho f tudn hoan v&i chu ky T Chifng minh:
a+T

T
2{ f(x)dx= jf(x)dx

100n

Ap dung: Tinh Vv1-— costdx

2/ Tinh gidt han

. 1 2 n—1
a/ lim —2+—+...+_

2

pJ 2
b/ Tim 1 —.i-2 + ot
In—oo n3
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x dt
3/ Tinh dao hAim cda ham s6: f(x) = [ ———.
xz 1+ t4

4/ Tinh cdc tich phin sau day:

+2 2
a/ [[|x+1-|]x-1]dx b/ [max (1,x2)dx
=2 -1
4 4
o/ fmin(x2,5x-4) de & [|x* ~7x+6] ax
0

5/ Ching minh cdc tich phdn sau day:
{7 xf(sinx)dx = %jo” f(sinx) dx , f lién tuc trén R,

Ap dung tinh 1= [7 ;s%%x—dx
+4C08 X

6/ V&1 ham £(x) 14 chdn, chiing minh tich phén sau day:
= .[ :: f(x) dx _ I:f(x) dx
P a¥+1
7/ Tinh dién tich cdc hinh phang gidi han bdi cac dudng sau ddy:
al y=-2x"+3x+6; y=xX+2.
b/ r=a cos30.
c/ y=2%, y=2, x=0.
d/ y=2t-t*;  y=2t*-t’
x = 2(t-sint)
e/
y = 2(1-cost)

8/ Tinh thé tich do cdc hinh ¢6é phuong trinh sau day :

2 2
y

a/ X—+— =1 , xoay quanh truc Ox.
a? bzl
b/ x*+(y-b)*=a®, xoay quanh truc Ox, b>a >0
¢/ y=2x-x%; y=0, xoay quanh truc Ox, Oy.
9/ Tinh d6 dai cung c¢6 phuong trinh sau day
2 2 2

a/ x3 +y§ = a3 (astroide).

,Ste [0,271']

b/ r=a(l+cos 0) (cycloide)
¢/ x*+y*=r*
10/ Tinh dién tich cdc mat ¢6 phuong trinh sau day:
XZ y2
a/ —+<==1 , khi quay quanh Ox,Oy.
a’ b?

79
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b/ { X = a(t-sint)
y=a(l—cosr)

€ [0,271’] , khi quay quanh Oy, y=2a.

11/ Tinh thé tich giao bdi 2 mat:

xz+y‘7‘+z2 < 5q°2

va Jc2+y2—z2 < a?

y
X
—£,t <0 X
12/Cho f(¢)=4 ~_ ,timhams(x)= |
1,20 35 E
x=—2
e
tim ham g(u) = 'f s(x)dx, DS g(u)=
x=0 L2u+—,u>0
BAI 4: TICH PHAN SUY RONG
Trong phin nay ta xét:
. Tich phdn trén mét khodang vé han.
. Tich phén trén [a,b] vi ham co diém gidn doan trén [a,b].
4.1 Pinh nghia: Cho ham s8 f xdc dinh trén [a, +r>o) kha tlch tlen moi
too
doan [a, b], v6ib > a. Ta dinh nghia: j f(x)dx 11m j f(x)dx

S sk A
¢ NE&u gidi han bén phdi 1a hitu han ta noi t1ch phan suy rong

j f(x)dx hditu (HT). Negudc lai ta néi tich phdn nay phan ky (PK).
[74
e Tudng tit nhu vy néu f x4c dinh trén (- oo, b ] va kha tich vdi
mo1i [ ab]—oo<a<b o | |
b N P L b - 3 oL
ta cling dinh nghia J' f(x)(lx: = lnn Ij (x)dx
e Né&ufxidc dinh trén R = (- o, + oo) vi kha tich tren moi doan [a, b},
-oo g <b <+ oo

oo 0 teo
Khi dé dinhnghia | f(x)dx= [ f(x)dx+ [ f(x)dx
oo _oa 0
Tich phan & v& trdi héi tu n€u ¢i hai tich phan & v& phdi héi tu
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oo

Vi du I: Xét sy hoi tu ciia tich phan | ¢ “dx
0
+oe b
[ e *dx= lim je Xgx = lim [—e_x] = lim [1—e”]=1
0 b—>too g b—s+oo 0 bt
oo
Viy tich phin I e ~dx hoituva _[ e “dx=1
0
dx
Vidu 2: Xét su hdi tu cia tich phan J.
1+ x>

o e Y o T oax

0 1+x

—o —o0

= Iim [arctgr]0+ lim [arctgx]b
a—>—oo bh—+oe

Vi du 3: Xét sit hdi ty cua tich pha

1 -
That viy: Jﬂzgxl &

NEul-00>0 o<l Khidéb 4o thib!™® — 4o tird6 tich
phan phin ky. Ngugc lai o> 1ta cé tich phin hoi .
b

Connéua =1, j—= lim _[E— lim lnx]i’ = [lim [lnb]:

X b—~)+oo1 X h—o+eo b—4eo
Tich phan phén ky.

+oo
Vxe [a,+ee) va _[ g(x)dx

/1

4.2 Pinh ly: Cho |0 < f(x) < g(x)

[

oo
hoi tu. Khido: | f(x)dx  hoitu.

+oo
2
Vi dy: Xét sy hdi tu cla tich phan | e dx
0
+co

tee 1, L2
Do jexdxzje"dx-e-jexdx
0
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1 2

Ie“x dx 1a tich phin xdc dinh, ham dudi dau tich phan lién tuc nén
0 _

1 2

_[e"x dx hitu han.
0

Vx =21, x2 2x:>—x2 <—x=e F <e ¥, 0<e X <e*
too . foo 5
D3 biét: I e “dx hbitunén I e ™ dx héitu.
1 1
Tu 46 tich phin da cho hdi .
4.3 Pinh I§: Cho f, g lién tuc va ludn dudng |[(f > 0,2 > 0)|, trén [a, +oo).

fO_

Gia st : lim
x—+oo g(X)
+oo +oo
1. NéuO<K<+eo thi | f(x)dx ; [ g(x)dx c6 cing tinh chit ho:
a a
ty hodc phéin ky.
2. N&uK=0
+oo +oo
Tir I £(x)dx hoi tu thi suy ra _[ f(x)dx hoity. Hay
a a '
+o0 +eo
Tit | f(x)dx PK thisuyra g(x)dx PK.
a a
3. NEuK=+o
“+oo o0
Tit | g(x)dx phanky thi suyra | f(x)dx phanky. Hay
a [7§
+oo +eo
Ty [ f(x)dx HT thi suyra [ g(x)dx HT.
a a
Chung minh:
1. Neu 0 < K < +eo |
2. VE>0,E|M>0:x>M:>K"—8<£<K+E
N 4

Lﬁ’yg=§ thi 0<%g<f <3—;{—g, nhd dinh 1y 4.2, ta suy ra dpcm.

Ly ludn tuong ty nhu vidy cho k=0 va k= +oo._ u
iy dx

Vidu 1: Xét sy hdi tu cia tich phan 3
0 1+ x4+ x

3
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Xét g(x) = L >0 trén [1, +o0), f(x)>0 14 ham dugi ddu tich phan. Ta ¢cé

x3
+oo 1 Foo 1
[ fQodx= [f(x)dx+ [ f(x)dx, [f(x)dx hituhan.
0 0 1 0
3
im L m — X
x—to0 B(X) x>t ] x% 4+ x7
+o0 oo Toa

ma | g(x)dx hoity nén | f(x)dx 1oi tu. Tir d6 | F(x)dx hoitu.
1 1 0
+oo
Vidu2: | dx
0 .
Chi ¥ ham duéi ddu tich phin duong vdi moi x khdng am.

+ee dx oo 1 oo
'[ x+sinx+1: ({f(x)dx:gf(x)dx+ i[ f(x)dx

x+sinx+1

0
1

Tich phian [ f(x)dx hitu han, xét g(x) _1
X

. f(x) - a T N
im =1 ma | g(x)dx phanky = [ f(x)dx phanky
1 1

oo

= [ f(x)dx phanky.
0

doo 2 2
e~ } e ™ 1

Vidu3: | ———dx hoi tu, f(x)= >0. Xét ham- g(x) =— >0.
X X X

SO im0k,

2

Tacoé lim

X—>+oo g(x) X—>+oo ex

+oo
a _[ g(x)dx hoi ty nén tich phin cida f(x) da cho cling hdi tu.
1
1+cos? x 1+cos? x >0, g(x)—l >0

dx, f(x)=
r\fx +2x—1 " \!x +2x—1

Tacéd x +2x—-l_>0,‘v’xe(1,oo)

Vidu4:

f(x) 1+cosZ x x

lim

= lim
X gx) x_’+°°\/x +2x - 11 xo+eo [x? 4 2x l




84 Chuong 3: Tich phén.
oo
ma | g(x)dx PK, nén tich phin ciia f(x) da cho ciing PK.
1

~+oa
Viduls: I= J' dx

e x\/lna’_2 X

_ T du
Pat u=In(x) ==> I = I

héi ty khi ndo ?

-2
HT <==> _crz >l a>4

u2

+oco +oo
4.4 Dinh ly: N&u [|f(x)|dx hoi tu thi [ f(x)dx hditu.
a

a

Chii y: Di€u ngudc lai khdng diing.

oo
Vi du: I e ¥ sin xdx

Xétham f(x)=¢ *sinx tacé: |f(x) =’e"x sin xi <e ¥ = g(x)
oo
hai ham [f(x)]; g(x) déu du’dng trén [0, 4o} va I g(x)dx hoi tu nén
0

+oo +oo
j | £(x)|dx hdi tu tit d6 [ F)dx haiw.
0
4 5 B;nh nghm _Cho f xac)’\dmh tren_ [a, b)_\kha _t1:f"‘;g
5b’<b h

trén moi dogn [a,b’] ;

Neu f (a b)—->R kha thh tren moi doan [a ,b’ ] a<a <b <b

b
Ta dinh nghia: _[f(x)dx = j'f(X)dx-!r [f(x)dx v6i a<c<b
a a c
1
Vidul: | dx
0 1—x2
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1 ax - b
[—= = lim arcsinx| =
0vV1-x2 b—>10 1-x2 b—1
= lim arcsinb =
b—1 2
b dx
Vi du 2: Xét s hdi ty cha tich phan |
a (b- X)
c ¢ B e
voicsb: - = [(p—x) %dx="1(b-x)' "% =
a(b'X)a a 1-a

== [(b Ol=® _(b—a)l~ “}

lim cj—-dx -1 lim [(b—c)l_a—(bva)l_a}

a-1 —

¢—b " a (b-x)¥ c—b
. Néul-oo>0<=a<l
c —
im |9 = Lpoale
csb a0 el

. Neu l o< Doz l, Gldl han tren khong ton tai.

Tu’dng tLr nhu’ ha1mdlnh ly ph’m tlch phan cé can vd cung ta cling co:
4.6 Pinh ly: Cho [0< f(x)s g(x)] Vxe [ab)
b b
va {g(x)dxhoitu khidé §f(x)dxhoi tu.
a

0<f (x),g <g (x) ‘v’x e [a b) ..i_-(ﬂz

AT LA



Chuong 3: Tich phéan.

R

S S
v dinh ¥ cdc

Chitng minh twong t nh

o laic | 2 HT a>1  1%e 1 - a<1
Tom lai: _[—dx = va | |—=dx; T
” x& PK o<1 S a_>. 1
Vidul: Xét sy hdi t cia tich phan. [——dx
o Sinx

1

f(x) = \/; =20; g(x) = L fg(x)dx hdi tu.
N 0
1
lim E:Q: lim .X =1 Suyra: | \/; dx hoi tu.
x—08(X) x—0sinx o SInX
, . - .. . 7sinx "

Vidu2: Xét sy hdi tu cda tich phén: f dx . héi tu.

0

i ” R { .
Vi tim 2 1 chon f(x)=1 chang han. Lim 1% = lim S
x—0 X x—08(X) x—0sinx
Manh hon nita, trong giai tich Fourier ta ¢é: ] Slnxdx _z
0 X
lq 1
Vidu3: |——dx hoéity. Xétham g(x)=——.
0 e%/; -1 %/3—5
1
7 oo
Ta cé lim FACI tim € =1 _ fjm % =1 ma Ig(x)dx hdi ty
x—=0g(x) x—o0 1 u—0 % 1 1

%/;

nén tich phin da cho hoi tu.

Cédch khic: O dau ra ham g(x)= L 2. Do ta dya vao khai trién Taylor:

Ix

1 2 3
%/;—lz xlé +xf—+xé +...+..>x%.

e




Chuong 3: Tich phén,

1 1
1 1
Nén j—_dx< j—m (HT).
3
1
Yidud4: dx , f(x)=———— Xétham g(x)=
I\M x? \/ V2-x
“_x__
y) 5
Ta c6 lim S _ i Y42 iy 2 32 16 (hitu han )
x—2 g(x) x-2 1 x-2J2+x 2
Vv2-x

2 q i
dx = I—du co a-5<1 nén hoi tu.

maj\/r

Nén tich phan da cho hoi tuy.

1/x(l X)
1
1
dx —dx
\/x(l X) '[Jx(l x) +1}‘211x(l—x)

Vidus: _[

1/2
Ta coé: I

87

Hai tich phan suy rong sau 12 hoi tu nén tich phéin da cho hoi tu. Thit vay:

1/2
1 1

I— dx, = = 7=

J‘q/x(l x) J(x) Jx(1—-x) §(x) \/;
. S(x) . 1 -
e o Ty han)

1/2 1 1/2 1
> - = - dx HT.
ma {J)"J;dxa 2<1 HT, nén I, = IJx(l >

1

L= {—-—'—dx: f(x)= f—"—sg(x): ’
lim ACS )= lim —L=1=k(hfruhan)

x—1 g(x) x-—1

. 1 .
ma J dx,0=—<1 HT,nén I; = I

1
» ¥ = (Ix HT
172Vl—x 2 12 vx(1—x)
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a oo
Chi y: Trong cd 2 dang I = Iig%dx va J = J.g-(ai)dx néu g(x) xdc
g0 X X

dinh , lién tyc trén [0, a] hay [a, <} vd g(x) bi chdn, thi lic d6 ta chi

“dx ™ dx
xét sy HT hay PK ciia I va J duéi dang: I = j—d va J = J“E
Ox

a

1 38
Vidu6: I — X

- . -2
J.—————ix' héi tu n€u va chi néu g>—
0Y12x - x3 9
Vi miu \/12x x> =¥x \./12-—.3\:2 blcu thic \}12 x2 hoan toan xéc

-2
dinh, vay ta chi can xét J.\/_a[x I——dx 3 3,B<1<:>ﬂ>?
&
X

0
1 B _
Vidu 7: I = I x 1 dx hoéi tu néu va chi néu g > 1
0\/(x2+1)sinx 2
N A . 1 . . 1 1 . . ]
Thanh phan hai: chi xét - ~—.nén HT vi a=3
\/(xz +1)sinx VSIRLX - x2
. . B
Con thanh phin nhat: ad chi xét x = 11 ,
(x +1)smx Sm x (5—’6]
x
viy dé HT ta phdi cé: ﬁ—ﬁ<1@ﬂ> 21

Vidu8: I= f dx thiludn PK do thanh phin thd hai PK

\)x sin x

Vidu9: I = fln [2 sin E]dx Khong xdc dinh tai cdn 0.
0

L&y tich phan tirg phin, ta cé:
n n

x
3 x=F 3 xcos=
jln[zsinﬁ]dx:xln[mni] SR [—
2 2 . X
xX=£ € 2sin—

£



Chugng 3: Tich phin.

F: 3
£ 3 xcos
= 81n(25in—j+ _[—zdx ta dung Lopital d€ chitng minh:
2 £ 2sm5

1 (2sm 2)
xln[z sin %:-J = =— — 0, cOn tich phin cudi s& tién tGi

Wy

z
-3

vi dat g(x)zcos%,f(x-):—i, Ig(x)dx Icos—z-dx HT
0 0

= * 51

)
) 2sin£
2

s oo S(x
va lim
x—0 g(x
b b
4.8 Pinh Iy: N€u |[|f(x)|dx hoi tu thi [f(x)dx ciing hoi tu.
a a

+
, o . sinx
Vi du: Xét su héi tu cua tich phin : ——=dx =~/2m =2.5066

0"\/_

' I i 1 ginx +°° ginx 1

Py o (o o

sinx
dx . Dé thdy J - eh hoi tu,

x/x

sinx S(x)  sinx

do F(x)=S% 9= L X 1
TSR g Cox

g(x) «x
+ Slnx
1 x‘\/;

1 +
hd1 tu, nén

Xét tich phan

sinx

xJ_

SIDX!

x\/—l_é

T°° sinx
Suyra: | J—dx hoi tu. Tir ddy suy ra tich phin da cho hoi tu.
X

1
4.9 Ham GAMMA:

Ta cé: dx hdi tu

89



_Ch_u’dng 3 Tich phén.

ot

dinh.

6

4.

l 2

4 2 4

-2

D4 thi ham gamma “
1 " A P | HT a>1

a/ Ta nhd lai: x §vo cuc (x>1) , _[——dxz
o x% PK «a<1

HT a<l1

a
x 3 zero (O<x<1) , ‘[de=
5 x% PK a21

Ta chia ra 2 cin tudng Ung vdi 2 ham khong xdc dinh tai cdc cdn d6

1

(a-1 d,
1-a) :

Tai cian O: oj'x )dx=?
0 0 x(

Ho6i tu néu 1-a <1 ==> a>0 ( hién nhién ).

co a—1
Tai cin oo: _[x“_le_xdx: Hoitu vi x¥ le™> = d — 0
0 e
Khi x ti€n dén v cuc. N
b/ T(1)= fe ¥dx=-e*| =1
0 0
¢/T(a+1)= LJc_“Je_xdx =—x%¢"*| +a Ix“—le_xdt =0+al'(a)=al(a)
0 u dv 0 0




Chuong 3: Tich phan.
- A . 1 .. 1
d/ Ta chp nhéan, khi a= Ethl suy ra — I‘(E) =Jr |

Vidu: Dwvavao I'(n+1)=nl'(n),nec Z, Tinh:

r(—lﬂ, r_(—%), r(—%}, r(0), T(-1), T(-2)

Trusng hop tdng quit: néu n 14 s8 nguyén duong hay biang O thi:

(3 GE)GE)

Gidi:
i) te2)=rf
—2\5:1‘[ -;:]——ér —% :>r[—§-]=i«/2

2
tarer( )3 3)or( 557

1=T(1)=0.1(0) = | (0) =~ =

NIH

PN

oo =T'(8) = —1.T(-1) = [T (-1) = -

oo =T(—1)=—2.0(-2) = T(-2) = o0eceee. = [[(—n) = o=|.

) ) (e RE )

F[n+ ) (2n+1)(2n-1)(2n-3)..(1)
2 B

2n+1

Ta di bict: |C()T

3 ) S .
dat z=n+5:>1—-z=—n—5,vay co:

LA Py L P z - id -
I‘(n ZJI{ 2) Sin[nq-%)ﬂ: sin[(2n+l)%+x}

- [(2:1 1);’] ) (::;n = (-1)"*"!
==> r[_"_%)z(_l)nﬂ " (Zn+1)(2n 2:;1(2” 3)..(1) \/_

21



92 Chudng 3: Tich phin.

=

4.10 Ham Beiu:
Dlnh ly; ]Imn b( ta, a> 0, b>0

1
Be(a,b)‘"" j (e
KU

("‘"l)”+l EEEE 2
135 2n+1-/x

Chling‘ ntinhs:
Ta chia ra 2 ¢in wrong L’l’ng v@3i 2 ham khdéng xac dinh tai cdc cdn doé

Tai cin O: j\(“ Dipx = I—l—-—dx
(1-a)
0x
H6itu néu 1-a <! ==> a>0 ( hi€n nhién ).
! (1), 1
Taicdn 1. _[('lmx) dx = f (1-5) dx
0 0(1—x)
Hoi ty néu 1-b <1 ==> b>0 ( hi€n nhién). L
Vidul: Chdng minh:
1 IFTR
i, ., = jx"’(l ) dx = mlin! I'(mm+1)1(n +1)
’ 0 (m+n+1)! I'(m+n+2)
Gidi:

T diém (m,n) chon hudng di xudéng — (m+1,n-1)—
(m+2,n-2) —(m+2,n-3) —....— (m+n,0), nhu sau:

1
_ 1 n
I, = f(=x)" x’"dx—o+j A-—x)""Txm gy = L1 1
M v 0
_n n-1 ___n n—1 n——Z_-
m 42 MTn-2 m+lm+2m+3 m+n,0°
1
Im+n,0 = _[x!’!+’!dx= L
o m+nun+1
_n n—1 n-2 1 _ m!n!  T(m+DI(m+1)
R o+l m+2m+3 min+l (m+n—i—1)! I'(m+n+2)
Vidu2 : V3&i vidu trén thi ham beta sé€ la:
1
_ T r
B("hn)z.l'xmkl(l__x)n 1dx= (ﬂt) (n)
0 I'(rm+n)

Do ¢ong thic doi xing véi m, n: nén cdong thic nay cdn ¢6 dang:



. Chu’dng 3: TICh phén.
B (myn)— B(n,m)'__, fx- (1= )""_1 & r('”{?i)f;r_(")
e '0 o I'(m+n)
Vidu 3. Chﬁ'ng minh:
_Jér_
0 21"(m +n)
Do c¢6ng thitc d61 xting v&i m, n: nén cdng thic trén con ¢6 dang:
Z
2
J'COSZm—l gsin.?.n——-l 846 = lB(Jﬂ,n) - F(m)r(n)
0 2 2 (m +n)
Gidi:
1
TY B(m,n)= Ixm_l (l—x)n_l dx = L (m)C(n) . ta dit x =sinZ @
0 F(m+n)
P4
2
= E-’(m,n)=2_[sin‘2""_1 fcos?1 9d9=r(m)r(n) |
0 T(m+n)

T

2 ¥
Vidu 4: Tinh: a) [sin® @cos® 840 , b) [cos* 46,
0

d)

Sy

0

Gidi:

T
sin> @cos’ 0d6 , €) Isin4 6 cos® 0do ,
0

b3

b
2

c) jtanm% ode
0

2
1) fsin4 B cos” OdO

0

Hay so sanh cdc céng thitc § 2.7 bai 2 véi cdc cong thic & day.

7[

a) _[sm O cos® fd@, 2m-1=4, 2n-1=6 zm—g n:%

0

3 7 3.1 1

ﬂ ) st
2

Isin46c0s69d9=r(m)r(n)= 2 2 _2 2 2 2 2
h 2T (m +n) 21 (6) 2x5x4x3x2x1
_ 37

512

I

z 2
b) _fcos4 9d9=2jsin4 xdx do dat 6:%_
0

0
2m-1=4, 2n-1=0 ::>m—§ n=

1

X

93



94 Chudng 3: Tich phin.

; (S}
. 4 2) 371:
ZIsm xdx =2
0 21°(3) 2x1 8
: : ()
2 hadl
_[an /9d9 Ism /Gcos/é'de— 4 =1 i =‘T'€\2/E
i B e RC e =S
7 1 2
3 r(3)r(3)
2
I /ng Ism /Gcos/ @de = 3 3 :1 r _7
0 2T (1) 2, % 3

%
d) [sin®@cos” 846, 2m-1=5,2n-1=7 =>m=3,n=4
0

x

f 4) T 4 ]
ISin59c0579d0—r(3)r( ) (3)r( ) 2x1e3x2x1 1
0 21.“(3+4) 21 (7) T 2x6x5x4x3x2x1 120

m
e)l= J-Sil'l49(3056 6de, do dat 6=£2€—x , ta coO:
0

L L
¢ 4 6 z 4 6 2 4 6
I = J'sin B.cos” 8d6 = Icos X.sin xdszIcos x.sin” xdx =
0

2
. 5 7
Ta céd: 2m-1=4, 2n-1=6 = m :E,n ==

2
{5 7 3 1 1
T = |T| = ARy P
=2F(m)r‘(n)= [2j [2)=2 2( 2X2x2 P 4 3z
20 (m +n) T'(6) Sx4x3x2x1 256
T

2
DI= Isin49coss 8dg, 2m-1=4, 2n-1=5 :>mm§,n=3
0
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5
_r(m)r(,,)_F(Jm)_ JoNEx

2T (m +n) 21,[121] zx2x3x§ 3 1\/— 315

2 2 2 2
BAITAP
1/ Xét sy hdi ty cda tich phin va tim tri hdi tu néu c6
et b Jeosste of [ ae o |2
al | xe*dx b/ |cosxdx ¢ dx df dx
—on 0 —oo(x2+l)2 0V4—x?

1 2 1,.2 2
0

0y x(1-x) o (x=1)? 2

_zx -'1
2/ Xét sy hoi tu cua tich phin sau:

+°° —x? +o0 2
1
a/ JM b/ J‘ dx c/ J‘(l cos—)dx d/ J‘M
X 3
1 I 1 X
e | = jt — ¢ [—= jsmx
0eV* -1  oi8xTX 03/(1-x") o -1



96 Chuong 4: Haim nhiéu bién.
CHUONG 4
HAM NHIEU BIEN
BAI 1: CAC KHAI NIEM CO BAN

1.1 Dink nghia kam nhxeu bzen
Dmh nghza i .

ki hleu zZ= z(x y); hayz’ ;;;:f(x,yj‘.iiD goi 12 midn, xéc dmh cua ham z

Vi du J: z=z(x,y) =x>+y> tacé D=R’

Vidu2: z=
\/4—x2—y2

tacé D =4{(xy)/x*+y><4 }chinh li hinh tréon tdm (0 ;0) ban kinh 2,
khéng k& bién.

2 2
Vidu3: 1=—; zx 4 ; ta c6: D = R2\4(0:0) }
x“y T+ (x—y) X

Vi du 4: z=+Jxlny

z xdc dinh khi x.Iny 2 0
<=>{(x20vay=1)
hay (x <0OvalO<y< 1)

Viy
D= {(x. yye R*/x20, y21}ul(x, y)e R?/x<0, 0<y<1}

1.2 Gidi han

Pinh ngh:a L . - : _
- Ham z = z(x y) X4c dmh tal Vung lan can: dlem Mg':-(xo Yo ), 'co the:
khéng x4c dmh tai diém Mo, duge goi 12 ¢6 gldl han la A t ‘I;Mo khl [
(x Y) —> ‘Mo(xo, Yo) khi v _ch1 khi : i .

‘v‘s:>0 36 >0:. VM:,_RZ": d(M, Mo) |MMOl L

:\ﬁx—xg) +(y—y0) <o :>|z(x,y) A|<8

Ki hiéu: lim z(x,y)= lim W(x,y)=A
M—M, (x,y)—=(xg,¥4)
Chii y:

1) M—o>Mp <= d(M, Myg)—0
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2) Gidi han lap: néu xét thu t 14y clia gidi han thi téng qudt ta cd:

lim ( lim z(x,y)) = lim ( lim z(x,y))
Y—yy Xy X=X, Y

3) Né&u cd gi6i han thi gidi han dé khang phu thude vio hudng tién ciia
di€m M(x,y) dén di€m Mo(xg.yo).
4) z(x,y) ¢6 gidi han tai (xo,yo) thi gidi han nay la duy nhit va cé:

— lim Z(x, )= lim ( lim z{(x,p))= lim ( lim z(x, )}
(x,)—=>(xg,09) Y=Yy XXy XX Yy

5) Khdi niém gidi han v6 han cing v6i cdc dinh 1y v& ¢idi han cla tdng,
hi€u, tich, thugng cia ham mdot bi€n cling ding véi him hai bién.
6) DBinh 1y gidi han kep vin con ding trong trudng hop hai bién,

Vidu l. lim (Zx+3y)=8
(x.,y)—(1,2)

Xem € >0 cho trude, vi ham 2x ¢6 gidi han 1a 2 khi x — 1, twdng ty ham
3y ¢6 gidi han la 6 khi y — 2, nén thco dinh nghia vé& gidi han cia tirng

“ ~ £ E .
ham, ta s& tim dugc o, :Z>O, o, = E>0 tudng tng sao cho:

£ £ e €
Ix -1 < e, =Z:>’2x—2[<5, y-2|<a, = =3y -6 =y
Chon 5=min(§,§)=§, lic dé vdéi tim _-’i'f“(i;z), vt moi diém

- . N ~ . . . . &£ . .
M (x,y) nam trong vong tron tAm Mgy (1,2), hin Linh & = ia c6 hai
canh géc vudng [x—1| va |- 2| déu nhd har canh huyén |M A, nén:

‘x—-]’<!/ﬂuﬂd’<§:£<§-_—.a_\_ :>!2x-—2! r_‘i‘
6 4 b

et

.l’_2[<’-M(]J'W‘ <§=§:a)_, ZI>I3y—6'quf‘-

va

viy |2x+3y—3[gJ2x~2|+l3y—-6[<—§+§—

Xt y?
Vidu2: Tim lim SR V(x, yp)#(0,0)
(%, 0)—=(0,0) x +y2

Pat x =Ky, véiKlahangsd, v —0 = x->0
x2~—y2 _ Kz—l_
x? +y2 - 1+ K2 B
Gidi han nay phu thudc vao K, nén giéi han khong tdn tai.

Chang han K =0 thi lim A4 =-1, K=1/2 thi limA =-3/5
(x,3)—(0,0) (x,¥)—(0,0)

Ta co A
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Vi du 3:
2 2
1 + 0
lim jT—y—(l —cosy) Codang —
(x,y)—{0,0) Ny 0
2 2
1 . 1+x™+
lim —+—x—y—(1—cos v)= lim —J‘Ty—z (sin v)
(x,3)—(0,0) y (e )00 y© T2
4
, . .1
Vidud: lim xsin-—
(x,3)—(0,8) y
. .1 . . .1
Ta co: xsin— S|x| Vi thé lim xsin—=10
(x,y)—(0,0) y
Vidu: lim xarctg;y—zﬁ
(x,5)—(0,0 X
Vi xarcrgl’ :| X | arctgl S| x|.£
X X 2

_ 3y~
Vidub6: f(x,y)zsx Y 6 lim | lim TV =3
x+Sy x—0\ y=>0x+3y

lim(lim 3x Y ]z—l,nhu’ng im  2X=Y khong tBn tai vi

p—o0 x =0 Xx+3Sy 5 (x,9)—(0,0) X +5¥
1 1 21
(xna.}f'n):(";a;)*%(ﬁ’o)’ (x;ln.}’ft) [n’n} (0 0)
2 5
Y 1 /AN

f(xn’.Vn):g/; 3 f(xirayir)*% 7

1.3 Lién tuc
Pinh nghia 1:
Ham z = z(x,y) lién tuc tai diém Mo(Xo,y0)

= lim  z(x, )= z(My) = 2(xg,¥g)
MM,

Dinh nghia 2:
Ham z = z(x,y) lién tuc trén mién D < R* khi n6 lién tuc VM € D

BAI 2 DA() HAM V1 PHAN UNG DUNG
2 i qu ham neng S T S
Coz ham 7= z(x,y) xéc dmh va. l1en tuc ta1 Mo(xo,yg) néu 1 cho blen :
y yg khong dm luc nay ham Z(X,Y) 1a ham 1 b1en theo X va ta co the
14y dao ham 1 bi€n(da biét) theo bién X : T R



Chudng 4: Ham nhleu blen _ 99

z(xo ‘H\x yo) 2(xq530)

= zx(xﬁsyﬂ)

VA ta ki higu % =92 dao ham rleng theo blen x.

Tlrdncr tu’ 1a dmh nghla dao ham riéng theo hlen y:

Vzdu z—xy +x* = z’x—2xy +4x° zy=3xy

2.2 Pao ham riéng bdc cao:

a) Bao ham hdn hop
LAy dao ham theo bi€n x clia ham 2/,(x,y), ta duge z”,, 14 dao ham 2 14n
theo bi€n y trudc rdi téi bién x sau. Viy thi giita 275, va 2"
nhau khéng ?

yx €O khdc

Pinh I¥ (Schwarz):
Gia stit 7}, z.f.Y z’

% C s 1ea « o2 M s 1"
xytontaiva iéntuc thicd z'yx va z', =72

Vidu: t=xy*+x*  => fll=6xy’ = [, =6xy’

b) Tuong wr ta ¢6 thé 14y dao ham cip n theo bién x, cip m theo bién y

ki higula £ va c6 it ca —(n+m)' cdch biéu dién f("+m)
xym nlm! g
2.3 Dao ham hop:
xe R"
g” Nz

Xem sd db bén:
re R —>  Zog— ze R!

t=(t,ty )€ R", x=(x1,.,x, )€ R", z=2(x)=2(X],0y, X, )E R,

R™ 3t x=x(t)=g(f})e R", ta 6 dao ham hop clia zog(¢)nhu sau:

ot / / / /
2, =2y (x; )11 +z, (x5 )’1 Foee kT (x )1‘1

/ / / / /
2, =y (X )z +zf‘Cz (xZ)rz + vana ot zin (x, )fz

ro_ ! / / ! /
zrm B zx] (x] )tm + zx2 (xz )tm +""+2'xn (xn )tm

Ta c6 thé viét dao ham hgp cia zog(r) dudi dang ma trin nhu sau:
(ta s& thdy ré hon & todn C2)
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Jf"flx.'.if! BV(zog) =V(z)><V(g)€ Mlxn XMnxm = M]xm

/ ! . /
(x1 ),l (1 ),2 o (x )tm
/ / . /
[Z: z;‘ Z;{ ]:{z/\_ z/‘, zli_ j| (xz )tl (xz )tl . (xz )’m
1 2 " i | 2 *h : : : .
/ / /
_(x" );1 (xn);z (x, );m ]

Tinh 2/, 2
i 2
/ /
Ty PR i / / (A’l )fl (".l )12 2 3 th
S !::Lz\, . J f ) =[2x1 —3x2} X
[ | X | ~2 £
(J'fz),l (x2 ),2 2y 44
L W/ N e L a2 —
) X (.’{'] )J"] +z-‘72’ (.\2 )f| —--2.\1 x3 i‘( 3..\2 ))(2(1 =
2
=184 + 603 ~ 61 (1] +13 )
o / / N a2 3
(;!2 = Lxl (.Vl )?2 -+ z'\_z (.7\2)12 = 2.1’1 thl i‘( 3.¥2)X41‘2 =

, 2
=4(30 -+ t_f)tz —12(;,?' +t‘2‘] 3

) N _ o x =x(1,v)
I'a thudng gap: 7= z{x,y) vi Lx,y) = (x(u,v),y(u,v)) =
- ¥ =y(u,v)

P R A | Y B rf
Xy T8 Ves Ty T8N T 3,0,

: . = 48 e " /
sinh vién suy nght dé tinh: z,, =7, z{,’:, =7, z,fv =7

/ v
N A A A A
Sy T (-zxxn + zy.}'u) = (z.t"u)
u 7

P
lic d6: z;, =z

NAVAY a6
+(25 Ve u,trong 6t

/ ,
A N LY A r ivor
("'_\-'\ 1 )“ = L NNy T X T g VuXu, e

Chi_ §: Cidc coéng thic vé cdc dao ham bédc cao hén hop nhu

A /H H

Ly
viu v

7y 5z ,..rdtkhé biéu didn bang céng thic t8ng qudt (cdng thic

it phitc tap va khé nhd), nhung trong titng bai todn cy thé ta ¢6 th€ tinh
ching dé dang, bang cdch chuyén tdt cd bién x, y vé€ bi€n u, v, sau d6 ta

14y dao ham theo hai bién u, v binh thudng nhu vi duy sau:
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Vi du 2- zzz(x,y)zxzy, (x,y):[fiu—v,u] Tinh zu, ZL, z’!”
o v

Iu—
x,ﬁ =3,.. zf, :z_';xi +zj,yf, =2xy.3+x2126(3u—v)£+( “=v)
v v 12
2
................ 1dy dao him thém lin nita, cudi cung ta co: sz = —27”—2+1
p
Vidu 3. Ching mmh
b(t)
jMd +K{b(r),t}——K{ (:),:}
j at
a(‘) | : -
Goi F(u,r) la nguyen ham cia K(u,t) theo bién u, tu c6:
,,(u,t)=K(u,t) (*).
Véy ta ¢o:
. / /
b(r) b(r) ;
J. K(u,t)du = F(u,t) :[F(b(t),t)-F(a(t),t)lz
alr) , a(r) )

= F/ (b(t),¢) + F{ (b(t),1).5] —[F;’ (a(t),t)+ F/ (a(z),r).a;'J=
=[Fz’(b(t),t)-F,f(a(r),t)J {Fb(b(t),t) by ~ F/ (a(1),2).a } (%)

Tir (*) ta c6: Fy (b(2),1) = K (b(),1), wiong ty: F! (a(2),t) = K (a(@),)
b(’)

Ciling tr (*) ta ¢6: F,/ (b(£),1) - F, (a(r) t .[ K’r (u,t)du, diéu nay chi
a(t)

’f -3 ol . o Y
dudc néu [th(u,r)} =K;(u,t), diéu nay hién nhién vi 14y dao ham
H

theo bién t hai v€& cda (*) va chi ¥: F,”/u (n,0) = F,ﬁ’:, (u,t) = K{(u,t)
b(#)
Vay & (**)= [ K] (u t)du+K{b(t),t}——— K{a(r),t dt “m
a(i)
2.3 Pao ham én:
Van dé 13 ta tim duoc dao bam 4n ma khéng cin gidi phuong trinh dé

tim ra ham tudng minh.
a/ Xét phuong trinh F(x,y) = 0, trong d6 ham chta mét ham y theo x, lic
d6 ta 14y dao ham theo x hai v& ta cé:
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/ /o / —F!
Fx-l-Fy.yxﬁO ::.ysz_/x
¥

»/ Tudng tu phuong trinh F(x,y,z) = O trong d6 z = z(x,y) 12 an ham hién
hitu ta cdé:

r; _F'::
Zx-'z
Fl+F!.z. =0 F]
/ /i = /
Fy+Fz.zy=0 ., _—Fy
Zy = £
L z

Vidu: x*+y +2°=1
Cdch_I: 4p dung cdng thic trén ta ¢o

/ —F_,i -2x —x
Ty = =

Fz’“# 2z z

Cdch 2: z==% 1*—Jr":*—y2

/ —-2x —X
zx = —_

241~ x?2 —y2 <
. . F(x,y,u,v)=0
c/ M3 rong ta ¢6 hé phuong trinh:
G(x,y,u,v)=0
trong hé nay cé chifa hai 4n ham u = u(x,y) vd v = v(x,y) vd1 | s& diéu
kién ndo d6, dac ham theo x ta ¢o:
F, + Fo.ou,+ .. vie=0
G+ G v+ G V=0
giai hé phudng bang Cramer ta ¢6:
/ / / /
F, F, F, Fy
/ /
;_ {Gx Gyl_ 1 D(F,G) __lei G4 __1 b6

i = —_— y v’ =
x J J D(x,v) * J J D(u,x)

/ /
,_DF,G) _|Fu F
D(u,v) G,’; G’f,

d/ Md rong nita bing qui nap hinh thic ta ¢c6 hé phuong trinh:
F(x,y,u,v,w)=10

vJi

G(x,p,u,v,w)=10

H(x,y,u,v,w)=10
trong hé nay ¢6 chita ba 4n ham u = u(x,y), v = v(x.y) va w = w(x.y).
Tim u/,._‘ v!),, w/y ?
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| . IDWF,GH) , _ 1DWF,GH)  __1DUF,GH)

“x . ! y * R
J D(x,v,w) J D(u, y,w) J D(u,v,y)

/ / /
Fu Fv FH«'
trong d6 J:D(F’G’H)= G, ¢\ G, |;
D(u,v,w) p p p
", H! H!
/ / /
F, F, Fy
D(F,G,H) ]t /
D6l 6l G
D(u,v, y) , / /
H., .H| H|

F (x, p(x),u(x)) =0
G (x, p(x),u(x)) =0
trong hé nay cé chita ba 4n him y = y(x), va u = u{x,y).
Tim u’x , y/x ? tudng tu nhu trén, xem nhu bai tip.

2.4 Dao ham ngupc:
Gi6ng nhu ham 1 bi€n, y=f(x) diéu ki&én ham f(x) d€ ¢é ham ngudc va khi

e/ M3 rong wa ¢6 hé phudng trinh: {

vi, ldc d6 dao ham nguge 1a: x’ (y):—T, tuong tw ham 2 bién phép bién

Yx
ddi: F (x,y)¢> (u,v) ddi héi phdi cé phép bién ddi ngwoc va kha vi, trude
khi c6 dao ham ngugc theo nghid nhu sau:

D(x,y) 1 (D(u,v) J“l

D(u,v)  D(wv) |\ D(x,p)

D(x,y) |
_ / /1
D(u,v) Hy "J’;{.
Lyl

V3i ham 3 bié€n ta ciing ¢6:

trong do:

/ / /

g uy W,

D{(x, y,z) 1 D(u,v, w) D(u,v,w) / / /
= = » o L |V Yy Vg
D(u,v,w)  D(u,v,w) D(x, y,z) D(x,y,z) ;
D(x, y,7) Wy W Wil

2.5 Viphan:
2.51Viphdncap 1=
Dinh nghia ham khd vi:
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(xo,yo) e D cho cic so gla Ax, Ay sao cho (xo + Ax yo + Ay) € D Ta néi
him.z = f(x, y) kha vitai (xo,yo) neu so gia toan phan '

Af = f(xo. + AX, yo + Ay) - f(xo,yo) S : :

Cé thé bleu chen duge & dang Af A Ax + B. A + B(Ax Ay) g
ﬁTIong a6 A B 151 hal 56 thu’c G(Ax Ay) la VO cung be de cao hon

Ax? +Ay nghla la llm G(Ax Ay )

Ay—}O

tic G(Ax Ay) 9('.&2 +Ay ]—-—90 kh1

Khi d6 td g01 da1 lugng A Ax: + B Ay la vi phd; cua ham t tdl (xo,yo)
ki hi€u: 7 df(xg,¥0) = AAX + BAy - a o :

Vi du: Cho f(x,y) = x* + y* Khi d6 ta c6:
Af(X0,¥0) = f(Xp + AX, yo + Ay) — f(x0,¥0) =
= (xo + AX)* + (yo + Ay)’ — X" — Yo'
= 2X0.AX + 2yoAy + Ax® + Ay’
EitA=2x0 ;B=2yo s B(AX,Ay) = Ax? + Ay2

' 2 2 —
lim —Qgg’—f—\glr-— lim Ax +Ay_ = lim Jsz +Ay2 =

- "y ] y
Av—0) \[Aa’ Ayt A0 /Ax2+Ay2 Ax—0

Ayp—0 Ar—0 Ay—0

Vay ham { khd v t21 (Xg,¥0).

Pinh ¥ (DK cin vd L vi) = :

z = f(x,v) }\.:1\ vi tat My(Xg,yo) thi ]\1{} ton tar . ft_\.. hidu thic
A, B chinh 1a: A= ['(Mqg) va B= (M) va
Az =Ty Ax+1. Ay & dz=1,dx + fydy.

E)ﬁy':lz‘ifi@.hg vi phin bic mot: df = fidxﬁ- f;dy <> di= zidxﬁ- z;,dy

#

Dink ¥ (DK dii vé khé vi) - L
oz =1f(x,y)c6 Ty T v.ithemf" f” hent
céc bién ddc 1ap thi fkhi vi tai M(x,y) : - :
V1 du sau diy s& ching t8- rang mot ham £ cé_thc cé céc ddo hdm"
rleng tzu (xo,yn) khong chac khd vitai (xo,yo) - '

Vi du: f(x y)= \/[:,1[ khéng khft vi tai (0,0)

That vay, ncu { khé vi tai (0,0) thi ta c6:
O(Ax,Ay) = f(Ax,Ay) - f(0,0)— A.Ax— B.Ay

M‘(x,-y);-—; Dr vay lfév
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= lim —=0; Bu (0,0)=0
A‘c——«)() Ax Ax—0 Ax

105

Suy ra:
O(Ax, Ay) = /| Ax llm O(Ax,Ay) _ lim \/_A;\Ayl

=0 iyt A0 LT

Ap—0

Ay—)O
G161 han nay khéng ti€n dé€n 0, vi néu chon:

11
Axnzl—at} ;Aynzl—AO.Thi lim nn -::—-}-—;t()
n n n->o00 ml_ _1_ \/5
n? n?

Diu nay din dé&n f khéng khi vi tai (0,0).

2.5.2 Viphdn cdp n. o

Gidng vi phin bic mot ham mot bién: f = f(x ):> daf = fx
Viphincdp 1: df = f;dx+ f}’;dy S dz= zidx + zydy

Vi phén cdap 2:

d’f= d(df) d( fxdx+ f;dy) f” dx2 +2 f d.\dy-&- f” dy

Vi phan c¢ép 3'
& f = f(g) 3 437D
x“y

, ta ¢o:

aldy+3f | avaytay® g3
X ¥ ¥

Vi phan (,ap i | |

d 3 _

dnf (_“*dr'i“gj-;dy) (f) Z C‘ f(:')" 4 dx d n l

Vidu: z=x"+y" - 4x%y? Tinh d’z

Cdch I: &ap clun;:, vi phan cap 2 ta c6 ngay:

d’z =( 12x% - 8y )dx” — 32>\ydxdy+ (12y ~ 8x7)dy?
Cdch 2:  dz =4x’dx + 4y“dy 4(2xy dx + 2yx dy)
Viy d’z = d(dz) = 12x%dx’ + 12y*dy” — 8dx( ydx + 2yxdy )
- 8dy(x* dy + 2xydx )
Rit gon ta cé: &z = (12x* - 8y ydx* — 32xydxdy + ( 12y — 8x* )dy
2.6 Cong thic Taylor cho ham hai bién.
2.6.1 Dinh Iy Taylor
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Ham f: R2 :)D—)R co dao ham_neng cap 11en’; tuc tren D le
(x y)e D va (k k)e R2 sao chog":

Kh1 as ton ta1 96 (0 1) sao ch

| — df ) s
f(x+hy+k)= 2 . +
i—0 ! n!
Ay
Chd y: T(x,y):f(x,y)
Vi du:
Gifng nhu Taylor 1 bién:
f(0+x)_f(0)+fi(0)x+ L@ 2 SO
- 1! 21 T Al
i
 f(0+x,0+y)= f(o,0)+(f;;x+ fJ’,y)+ ;( X2 fh xy+f_g,y2)+
1
+§( i X +3fi'ﬂ X y+3f£};{y fz'.ff )

1 4
ﬂ POt rar Dy res @ xtytearBs f(4>y4]+

o f(x+h,y+k)= f(x,y)+(f;'h+ fjjk)+ _21—'( It 2k £ kz)

1 i .3 i 2 o2 M3
+§( M 3 fL R+ 3 f U f )+

+i[f(j)h4 +4f(‘j) Wk+6f, m*kr + 4N nid + f(;‘)k“]+
41\ 7 x x”y x"y Xy ¥

Tuong tu cdc khai trién cu thé va md rong cho 3 bién nhu sau:
o £(0+x,0+y,0+2)= £(0,0,00+( fix+ f3¥+ f 2)+
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1
+;(f_{.ix +f;fz2+f ¥y +2f"_;,xy+2f xz+2f -yz)

1
{;// 3+f"”z3+f”"y +3[f"” Xy +f”" vz +f’wzy z2}+
x y?

13 f/f x y +f/1’! xzz + //! yzz +6fm’xyz +
x“yp Xz

1 4! .
+ = ¥ = ,f(:)b ) x“y”zc Vi (_a,b,c:o,4)+
4! ipre—qatblcl xyz

2.0. 2 Tr,nh gan dung B

_ﬂhlf

Vidul: Tinh gan ding A= J(I.OZ)S +(1.97)°

Pat f(x,y) =Jx>+y>, xo=1,y0=2, Ax =002, Ay=-0.03
Ta co:

A= £(Xg + AX, yotAy) =1(1, 2)+f,(1,2)0.02 + ',(1,2)(-0.03)
= 3+ 0.5x{(0.02) - 2x(0.03) = 2.95
Vi du2: Khaitri€n Taylor ham s§ f{(x,y)=y" = MY trong lan cdn

diém (1,1) d&n bac 2, va tinh gin ddng gid tri clia bidu thic 1.2101

f(l,i_)=1
£ (err) =y iny= L1 =0

/ x ! x-1 /
fy(x,):)z(y )y:x:v = f,(L1)=1

!/ x{X.y)= y*mm?ty= fl (1,1)=0

xy(x,y)=y-“ Hxlny+1)= 50, (1,1)=1

/
Fy () =) = e 7 = ()0

Viy:

y“:,=f(x.,y):f(1+[x—1],1+[y—1]):1+(y—1)+(x—1)(y—1)+R2
3 .

R,_:d?’{ (1+6(x=-1),1+6(y~1)), hoa lim - =0

ol Jx-1 + (1)
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Suyra: 1280 =14 (p—1)+(x-1)(y-1) =1+ 0.2+ 0.01x0.2 =1.202

2.7 Ung dung dao ham.

Dinh nghia:

® Xétz=1(X,y) c6 My(xp,y0) 12 cuc dai dia phudng néu va chi né€u;
Mo # VM(x,y) € ldn cidn nao do cliia Mg: (M) < f{Mg)
Tuodng ty ta dinh nghia cho cuc tiéu la f(M) = f(Myp).

® Diém dirng (t6i han) My(xo,yo ) 12 di€ém thod:

Srlxg,¥0) = f}/w(x[)s.vi)) =0

2.7.1 Cue tri tut do ham 2 bién.
Bai rodn: Tim cuc tri cia ham hal bien z= f(x y)
Dinh Iy ve dteu kzen Ccm s : :
z= f(x,y) cé cu’c tri dia phLEdngt;t

= MQ(Xg,yo) 12 diém ding: ‘

éjcéc dao him riéng ton tai

Dmh lv ve dzeu kién di; Néu M(}(X{),}"g ) la d1em du’ng, thi chua chac ;"
Mo(xo,yo ) Ia C’uem cire tri, ma can phzu co them Ilhl.fng dleu kién cu thc

vé& dao ham bAc hai nhit phuong phdp sau:

oo Neu A >0, A> O “'> ham so dat cuc: tleu tal' Mg (xo,yo)
A>0,A<0 =>ham sO dat cu’c dat ta1 M{) (xo,yo) R

2 N&us A <0 => M, khong la cuc tri, Mo con goi-la dxem yen ngu’a ij'

3 Neu'._;:-;_:Af-% 0 diing truc ti€p dinh nghia dé€ xét cuctri - ' :

Chd y: cyc tri phdt bi€u toan bd chudng nay, theo ngh1a cu’c tri dla

phuong, nghii la cuce tri trong mét 14an cdn cha diém My (X0, Vo).

Chitng minh:

Duang cong thuc Taylor

F(xg+hyyo +K)= f(xp,¥0)+ (f;;h+ f;’,k)+

+%( ;j;hz+2f""hk+f”k2)+0(h2+k2)
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chi y f{(xg,¥9)=f)(xg,¥p) =0 Nén
Slxg+h,yg+ k)= f(x9,¥9)=

Ly y,2 I 12 2,2
__!( Jon? 2 £k + f R )+0(h +#2) (1)

Chi. y:{ flh? +2 fiyhk+ fiyk? )= AR® +2Bhic+ Ck* 12 um thic bic

hai d6i xing theo h va k. Ta xét 3 trudng hgp sau:

/!
yy

Néu: A >0, nghia la: £, fp, > (f;;, )2 >0, nén ca hai £/ va
phdi khdc 0 va cliing diu, d&i xitng, Liic nay cé thé viét lai (1) nhu
sau: f(xg+h,yo+k)— f(xg,¥9)=

1
2
16n han hon O, véi h, k dd nhd va k=0, con néu k=0 chon A Viy

2
[( ;;‘;h+ j;g.k) +k2A}+0(kZ+k2)thi diu cia ngoac [.] 1a

v& trdi chi phy thude vao diu cia £/ . Nén néu:
*A= sz (X0,yo)>0 thi f(xg +h, yg +k)> f(xg,¥0)» Mo(xo,y0) CT.
¢A= f;; (X0,y0)<O thl f(xg + /1, g + k) < f(xg,¥g) Mo(xo,yo ) CI.

Néu: A < 0, ta xét mdt dudng nhinh dac biét: k= h.t thi (1) viet lai
nhir sau:

.f(x[) +ha Yo +k)"f(x0ay0)= (2)
1 .20 12 17 7 2,22
=k S+ 2h 00+ fl |+ 0B+ 126

Ham theo t: F(t) = [f;;,tz +2f_g,t+ f{’;}, cd biét thuc:

2
(£4) = fifip=—5>0, nghia 1a T()=0 c6 nghim, tée F(1) ¢6 dilu

am va duong, nén vE& trai (2) cling ¢o6 diu Am va dudng vdi h di nhaé,
do doé khéng co6 cuc tri.
Ta ¢é thé 1y ludn theo cdch khdc: Gia st vé1 Az=0 >0
(4h+Bk)* +&2(4C - B?)
A
A
Chon (h,k) d&€ (Ah+Bk)=0 va k=0 thi @ (k)< 0.
Mat khac: chon (A,k) d€ h= 0 va k=0 tn @{i,k)> 0.
Vay @(h,k) khong xdc dinh dfu. Tuodng tu Asz( <0,

@(hk)= Ah? +2Bkh+ Ck? =

Tuong tu v81 C+0 >0, C:0 <0, ta dong:
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(Bh+Ck) +n*(AC-B?)
C

@(hk)= Ah® + 2Bkh+Ck* =

Con A=C=0 thi @(hk)=Ak* +2Bkh+Ck®=2Bkh cang khong xdc

dinh dau.

e NE&uwA=AC-B? =0, trudng hdp nay la suy bi€n. That vay:
¢ N&u A=C=0 ==> B=0, ta phai xét ti€p vi phin cip 3.....
¢ N&u A va C khong dong thdi bang 0, ta xét:

-Né&u A = 0.

A A
DTP suy bién, chon nhédnh (h,k) sao cho: Ah= -Bk thi
AR? +2Bkh+ Ck?=0. Tidc f(xg+h,yp+k)= f(xg,30),
nghia 14 Mg khoéng 1a cuc tri.

-Néu C = 0.

NS AC“‘BZ) AR+ BKY
AI:2+ZBkir+Ck2=A[h+ZkJ N ( _ )

AC-B*)  (Ck+ BhY

, diy la

2 hz
An? apineckt =l e+ B & ( =
C C C

diy 1a DTP suy bién, chon nhdnh (h,k) sao cho: Ck= -Bh thi
AR? +2BEkh+ CE? =0. Thc f(xg + i, yg+k)= f(xg:¥0)
nghia la My khong la cyc tri.

Nhdn xét: Vi cd hai £, va fJ} 1a d6i xing, nén h¢ s& A, B c6 thé thay

d&i vai trd che nhau trong dinh Iy.

Vidu - Cuyc ti€u c¢ha ham
2

SN ho

z=z(x,y)=+x + y?

la diém (0,0) nhung ngay ci z’ (0,0)
va zi, (0,0) ciing khong ton tai,

phuong chi né 1a diém dimg!
Vi du nay gidng haim mot bién

y :‘\/xz :|x| , khéng ¢é dao ham tai

- = N . .
x=0, nhung né vin la diém cuc tiéu.

Vidu /: Tim cuyctri ¢tia ham
Z=x" 4+ y° = 3xy
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e Tim tip cdc di€ém dimg:
72y =3x*-3y=0
z’y=3y2—3x=0
Gidi hé nay ta ¢ 2 di€ém dirng 12
M, (1,1) va M3(0,0)
7

s Ta co: z/”2 =6X, Z'xy=-3, 7', =0y
X

*TaiM tac6A=AC-B*=36-9>0,
A =6>0 né&n M,la diém cuc tiéu,
% Tai Ms ta ¢c6 A =-9 <0, nén M khéng 1a diém cuc tri

n n n n

Thit vidy: n d1 18n ta c6: z[l,lj <0 va z(l,—l] >0,Vn

Vidu2: Timcuctriclia ham z= 1—-x? —y2

e Tim tip di€m dimg:

Ly = T ¥

e Tim dugc duy nhat diém dimg O(0,0), ta tinh ti€p cdc dao hiam bic 2
tai O(0,0)ta dudgc A=-1, B=0, C=-1.

2t = y' 1 7 Ty = x* 1 7 Ty = —F
( 2 yz)ﬁ (l_xz_yz)A (1

1—x" —
ViyA=AC-B’=1>0, A< 0takétluin O la diém cuc dai.

)%

_x?oy?

Vi du 3: Phin tich s§ duong a thanh téng 3 s& duong sao cho tich cia
chiing 14 16n nhat
e Goi3sdduong lax, y,a—x—y, dé ham z = xy(a — x — y ) dat cuc
dai, vt diéu kién:
O«<x<a;, O<y<a; O<a-x—-y<a
e Tacé: zfx:ay~2xy_y2:0
Z,=ax - 2xy —-x*=0
Gidi hé nay ta ¢6 4 diém dirng 1i:
M,(0,0), M>(0,a), Ma(a,0), My(a/3, a/3).
Ba di€m diu khéng thda diéu kién trén, nén chi con xét My:

/ /f

e Tacod: z”z =-2y, Z [xy =a—-2x -2y, z,=-2x
X ¥

s Tai My ta cd: A:~_2a , B::‘i , C:i‘i
3 3 3
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a2

Viy: A=AC-B’= 5 >0 véA<0nénM4(%,% y 1a diém cuc

dai, didu pay ta c6 thé suy ngay tir bat déng thitc Cauchy trong todn so

cap.
Vidu-d:
2

a/ Tim cyc tri ham: f(x,y)=x +yt -y —2xy
&/ Thn cue tri ham: g ()= f(ht,kt), v6ih, k12 tham s&, h#0

Giai:
o fl=2x—2pr =0, s =4y —5y% —4xy =0 = (0,0) duy nhit mot

2

diém dung.

=C=0, f,=—4y=>B=0
(0,0)

A= fle=2, fiy=12y7-20y°-

A=AC-BY=0,Do f(e%,6)=—€" <0, f(£0)= £2>0
= (0,0) khong la cuc ui.

bf g(t)= flt k)= 2%+ k4 — k50 —2mk20

g (1)=20 e+t 5554 _6hk?t? =0 =t =0, xét tai =0.

=2h% >0 h=z0
=0

(1) cuc tidu tai t=0, g(0)= £(0,0)cyc ti€u, c6 gt mau thuiin khoéng?

g (1)=(20® +12k** —2065¢ ~121k* )

2.7.2 Cuc tri ¢ diéu kign (vudng):
Bei todn md ddu:

Tim cyc tri cua ham gz = 1-x?2 _y2 vudng trén mat phang P cho trudc

Ly - =4
Giii theo 181 1dp 12 ta vin lam. Ta co:

J 2l — X — z=-ﬁ\}x—xz 0<x<1

'\/T?t‘ l'fzx 1 - -~ ~ 2 - A
Lo o —=0 <> Xx :—i xét diu dao ham ta c6 diém

H

. 1 1 N LT . " “ ~ - 4 - el ~ P
\% | (',; ,;) 1a diém cyc dai cda ham z trén mat phang cat P nua hinh ciu

tain O bdn kinh R:l

Bai rodn tOREe quidls . - A O __\_';_::-: o _
Ta cdn tim cye tri ¢ da him z = z(x y) vu’dng bm dleu kjen mat q)(x y) ==
Ta 18y y tudng cda bai todn md dau G trén. (i e) ta gid st ¢o cdc dleu
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kién du manh de c6 thé glﬁl dirge ra ham 4n, ch1 nhat tl:u cung theo nghja
dia phu’dng Ldc d6 z -.f(x y(x) ) 14 ham 1 bién vil ta tlm cu’c tn theo
'nghla th do cua muc tm‘éc da blet lay dao ham theo x ta cé ETR

Véi ham 3 bién L(x,y, A) = f(x,y) + A. ¢ (X,y).

Piy 14 hé 3 phuong trinh, 3 dancantimlax, y, A dé tim cuc tri M(x,y).
M43 rong cho bii todn: Tim cuc tri cia ham f(x,y,z) viudng bdi

p(x,y, 2y =0ta cung dan de he phu’dng trinh:

rf +4 ng—O o

‘VL=0 v6i ham 4 bi€n

L(x y yA ?\.) = f(x,y,z) + ?L (p (x,y Z)
Pay 1a hé 4 phuong trinh, 4 dnx, y, z, A d€ tim di€m
cuc tri ( X,¥,Z).

T6m lai: VGi ham hai bién: ta can tim cuyc tri cia ham z = {(x,y) vudng
didu kién: ¢ (x,y) = 0. Trong dé f(x,y), @ (x,y) ¢6 cdc dao ham riéng
lién tuc, q}’ x (Xo0.y0) = 0, q)'}. (x0,¥0) = 0. Ta chuyén vé tim cuc tn wy do
cta ham Lagrange nhu sau:
Lix,y) = f(x,y) + A @ (x,y)

nghia la gidi hé phudng trinh VL =0, tim cdc diém dirng, sau d6 két hgp
diéu kién @(x,y)=0 d€ lam ti€p cdc budc di néu cia phuong phdp tim
cuc tri t do.

Phuone phap: (Nhdan tit Lagrange)




114 Chudng 4: Ham nhiéu bién.
batham L{x,y, A) = f(x,y) + A @ {x,y)
Tim diém dirng (Xo,yo)

* Tatinh ¢'L=r7, dc+2 L] dxdy + I, dy" (%)

e Chiiy: @) dx+@) dy=0, dx*+dy>>0
s Neéu; d*L(Xp,y0) > 0 thi (xo,yo) 12 diém cuc tiéu.
d’L(X0,yo) <O thi (xo,y0) 12 di€m cuc dai.
d*L(x0,y0) =0 thi (x,y0) khéng la diém cuc tri.
e Thucra L 1a ham 3 bién, nén dang vi phan bac 2 phdi & dang 3 bién:
d*L= L7, dx* + 2L/ dxdy + ", dy*+
i g

X
+( L’z 2 A% + 2 L 5 dxdr+ 2 L) dhdy).

Bié€u thic trong cap ngoac triét tiéu do
L, =0, Ly =g (%), Ly;=9), (x.y) vi @l dx+ g, dy=0.
Do d6 d°L ciing chi con 2 bi&n nhu (*) khing dinh.
e Tuong tw him 3 bi€n: L(x,y,z, A) = f(X,y,2) + A @ (X,¥,7)
Thi d’L= L‘i , dx? + L’:: , dy*+ ng dz*+2( L, dxdy+ Ly, dxdz+ L}, dydz)
Vidu I:_ Tim cuc tri haim z = xy Thda
O(x,y) = (x-1° +y? = 1 =0 <==> x? + y* =2x

+ Pat: L=z+A @o=xy+A[(x-1)*+y°— 1]

+ Diém dimg thay ngay la: O(x=0,y=0). A

Gidi hé:

(Ll = p+20 (x-1)=0 Lf;z =2 ? S S
(L, =x+20 p=0 = L’;zzﬂt,

L =(x-12+p?-1=0 £ =1 O\

loai nghiém Mg(x=0,y=0,A:khéng x4c dinh)
==>z =L =0, khéng 1a cuc tri?
Y nghia hinh hoc nhu trén hinh vé. D6 la dién tich hinh chir nhat
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ODAC =xy, va bang dién tich tam gidc cAn OAB tai O, Viy dién tich 16n
nhit trong cdc tam gidc ndi ti€p trong vong tron cho trude, chinh 1a tam
gidc déu OAB nhu hinh v&,

Tim dudc A = X tai 2 diém dimg Ml(i,ﬁ,ﬁ.::[%-) va
2y 27 2 2
3 —\/5 \/5 .. 2 i 2 /! 7t 2
Mz(*-z—,T, /1=T). Tacé: dL= sz dx™ + 2 Ly, dxdy + Lyzdy
+TaiM1(%,?,A:§) —> d’L = —J/3(dx? +dy?)+2dxdy <0
2

dx 2 3
VidL = —\/3[ dy——] ——=dx® <0

J3 J3
=>ham s& dat cuc dai tai M. Lop= %
+ Tai Mz(—z—,é, ,%:g) =>d’L = 3(dx? +dy?)+2dxdy>0

2
Vi d’L = ﬁ[ dy +%} +%de >0
33

== ham s6 dat cuc tiéu tai My. Zcr= e

Chd y: tai M(x=0,y=0,A=0), xét 2 diém

ME[E,-\H—(E—I)Z), Mé[f;‘,"— 1—(6—1)2],&1 cd
z(ME)zafl—(é‘—J)z >0, trong khi z(Mi.):m{;‘\/l—(sml)z <0

hon nita: d2L = 0dx? + 2dxdy + 0dy* = 2dxdy , c6 thé am hay dudng.

Cdch 2: Jgf—>max:>(xy)2 =x2(2x—x2)=x3 (2—x) — max

::bif-{(Z—x)—}max, theo BBT Cauchy:

333
"x x x 1[x x x 4 3
#——(Z—x)S — —+~—+—+(2—x) < -, chi bang khi
333 413 3 3 24 .
ic*=£=-)£=(2—x)::>x=§
3 3 3 2

Vidu 2. Tudng ty tim cuc tri ham z = Xy,
diéu kién: @(x,y)=3x +2y-5=0
+ bat L=z+A @=xy+A. (3x +2y—-5)
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[y+31L=0
+ Gidihé: i x+2A =0
Ix+2y—-5=0
<=>l=j . x:—s- ’ y:é
12 6 4

Ta tinh vi phan bac 2: L= L7, dx® + 2L dxdy + I/, ay?,
X y
Tacé: I, =0=L’;2, L7, =1 va3dx+2dy =0

==>d*L = 3dx? <0

. 25
—= hj & it 55 =2
=> ham s6 dat cuc dai tai M (6 7y) Zcp oy
.2 5 5 w s 7 " D VT GEY  EE7 ) A
I'huc ra diem M (2,2) 14 di€m dac biétvi: I/, =17 =0
6 4 e yz

Y nghia hinh hoc: M 1a trung di€m cda AB. P6 chinh 1a dién tich 16n nhAt
ndi ti€p trong tam gidc vudne DAB.

N

Cdch khdc: z = xtﬁ_;xJﬁ zi =*;‘(—6x+5),z;£x =-3<0==>CP

Vidu 3: Liy vidu trudc: Tim cyc tri ham z =+1—x2 — 32 | diéu kién:
PxX,y)=x+y-1=0

+ Pat L=z+l.(p=\f1—x2—y2 +Ah(x+y-1)

—X

L, = +A=0
/I_xz_yz
: - 1 1 1
+ Gigihe: { I, = Y tA=0 <=>T ' M(x=—, y=o, A= )
- y T H
\/l_xz_yz 2 2 V2

Li=x+y-1=0

N y:-1 _ -3
2 T Axx T -
* (l_xz yz)% v2
Tai M:
I S x*—1 _ -3
: T tyy T 3/
¥ V2
(l_xz_yz)/z
P —xy -1
Xy =t 74NN Y
(l_xz_yz)/z

Ta tinh vi phin bic 2 tai M:
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d’L = L7, ax® + 2 L/ dxdy + L’; ,dy?,

X

3 dx

2 2 3 ]
==>d"L = \/_dx J_dy I dy = J_[J+ ’ \[ x?

. . 1 1
=> ham s8 dat cuc dai tait M(x ZE . ¥ :E)

BAI 3: TONG QUAT VE CUC TR
3.1 Cuc tri tu do ham nhiéu bién
Riéng phin nay, sinh vién sé& hi€u ihdu ddo hon khi di hoc dang toan
phuong 3 hoc phin sau.
Pinh Iy vé didu kién cdn ciia cuc tri dia phuwong tong qudt:
Pinh 1y vé didu kién cin v& ham nhiéu bi€n tdng quat vin wrong tu cho
trudng hop 2 bién di khio sat & wén. Nghia 1a Xgla cuc tri thi X, 1a

di€m dimg, tic cdc dao ham riéng tai X triét tiéu.

Pinh Iy vé didu kién di ciia circ tri dio phusong 10ng g,

f(X1,X2,X3,.....Xn ): R™ — R, gid st f c6 cdc dao ham riéng cip 2 ton tai va

lién tuc trong lan cin cha diém dilng Xy = (x{),xg,..., xg)

Xét dang toan phuong khéng suy bi€n (dinh thifc ma trin DTP khédc 0)

d’f(Xg)= X {f,ﬁ‘;x

i j=1 7| X,

a/ La xéc dinh duong {d? £ (Xg)>0) thi f dat cyc tiu tai Xo

]dx,—dxi tai X, co 3 trudng hgp:

b/ LA xdc dinh 4m (dz £(Xg)<0) dhi f dat cuc dai tai Xo

c/ (d2 f(Xp)= 0) thi tai X chua cé k&t luan. Phii xét vi phan cdp 3...

Vidu 1: Ldy vidu trude: Tim cuc tii him z =/1— x% — y*

Ta da tim duge duy nhit diém dimg O(0,0), ta tinh ti€p cdc dao ham
bic 2 tai My (0,0) ta dugc.
"o_ ¥ -1 " _ x? -1 7 —Xy
Tox = y , =
(1 - x?‘ —yz) 2

(lﬁxz_}z)%’ a {l_xz_yz)%

Tal My(0.0) ta xétvi ph&n bic 2:
d* (Mo) Zn dx* +2 dxdy-h. 2dy 1dx1 +d.y1)<“
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ta k&t ludn My(0,0) 1a dié€m cuc dai.

Vidu2: Khiosat cuctri ciaham z=x"+ y3 — 3xy tai M,(1,1)

X

e Ta co: z”2 = 6X, z”xy:-fi, z"/2 = 6y
¥y

e Tai M;(1,1) ta xét vi phin béc 2:
s (My) = ax? + 2 dedy + 2y ay® = 6(ax® —dxdy + ay” ) =

2
=6[[dx—d?y) +%] >0, nén M (1,1) 12 diém cuc tiéu,

Khai trién cu thé ciia dinh 1y vé diéu kién di.

f(x1,%2,X3,.... %0 ) R” > R

. o az A . -~ . = -
Gid sur S ton tai va lién tuc tai diém dung X, = (x?,xg,..., xﬂ) ,
ax,axj
_ a2 f s 3
dat aj;; =—— (Xo)= f , va dinh nghia:
dx;0x ; Xiti 1 X
a1 412 - A
_ ) a a © dgp L .
Pinh thac: H = ?l ?l ) 2_“ 3k =1,n , Itic do ta co:
agy @gy G A

1/ Né&u Hy >0 (dudng ca) Vk =1,n = f dat cuc ti€u tai Xo.

2/ Néu (-1)" Hy >0 (dan dau) Vk=1,n = f dat cuc dai tai Xo.

3/ Néu ke {1,2,3,---,:1—2} sao cho Hy. Hy, <0 = fkhdng dat cuc
tri tai Xg.

4/ Né&u Tksaocho Hy <0 = fkhong datcyctri tai Xo.

Chu v

s Cic bt dang thifc 12 nghiém cdch, khéng thé bing 0.

e Dinh 1¥ nay chi cé6 mét chiéu, nghid 1a c6 thé f dat cuc ti€u tai Xo.

nhung khéng ¢é Hy >0 (khéng duong cid) Vi =1,n tai X,

2/ Néu (-1)H, >0 (dan dfi) Vi =12 = dat cue dai tai Xo
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Nghidla:! >0
f xy
Vidu2: VG&in=3, ta phin tich:
+ H,, H»,, H3>0 (dudng ca) — fdat cyc tiéu tai Xo.
+ H,<0, Hy> 0, Hj3<O0(dan diau) — fdat cyc dai tai Xo.
+ H>< 0 —> f khéng dat cuc tri tai Xo.
+ H,.H3<0O — f khong dat cyc tri tai Xo.
Nghia 12 c¢6 hai trudng hgp sau: o
e H,<0, H3>0 — fkhéng dat cuc tri tai Xo.

-H|>O H3<0 = fkhﬁ_n_g dgt curc tri tai Xo.

. Cu’c tlﬁ’;’h jt_iu’d’ng ca) '

3.2 Cuc tri viudng (c6 diéu kign) ham nhiéu bién:
Ham f(X(,X2,X3,.....Xp ), thda diéu kién rang budc:
gl(xl,xz,x3,---,x")-—— 0
gz(xl,xz,x:,,,---,xn) =0

, m <n (nhd hin)

1

X1 = hl(xn1+1 s Xy 25 Xm 435" Xp)

e X, = hy(x x X iy Xy )
+ Cdch 1: Gia st ta gidi dugc: 7 2 =M Xmr > X203 Rl

..................

L X = hm(xm+19xm+2’xm+3=°"’xn)

ldc 6 him z trd thanh z=f(Xms1Xm+2:Xma3seero-Xn } €O 11- bién ddc 1ap va
ta cé th& tim cuc tri t do nhu phan trén da noi.
+ Cdch 2:
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j=m
Bf.it ¢(x]stS"'sxnsﬂ']a/lz""’;!m):f(X)+ Z /ljg_;(X)r

J=1

¢ (X) goi la ham Lagrange.

Dinh Iy cdn: Gid sitf, gy, go, g3,....., £m, ¢6 dao ham riéng tai X, va f dat
cuc tri tar Xg, thi

= { I4,45,45,--- 4, sao cho: a_gfi@:gj(Xo):O va
]

99 oVk=Tm }(*)
axk

Nghia la Xo 12 di€m diing. Viy d€ tim tip di€m dirng:
Ta gidi hé 2 phuong trinh cia (*). Néu bo (x}),xg,---,xg,lf',ﬂ?,---,/1,?,)
la nghiém ciia hé (*) thi X =(xy,%3,x5,--x0) goi 12 di€m dimng va

bd (/T,P,J,P,---,/?.,{,’,)goi 1a nhan t¥ Lagrange.

Dinh Iy did: Gid st Xo 12 di€m dimg va f, g, g2,23......8m, ¢6 dao ham

. . ’r . I
riéng tai Xp, va ~ i lién tye tai Xo dng voi bd Ay =(41, 4,45, - A)
OX ;

J
va mot 56 diéu kién cu thé sau day, thi f dat cuc tri. Cu thé:
. o%g og; _ I
Néu dit: la.. = Xa, , | By ==L = Xpll,
it:|a,; ax,-ax,-( 0>40 )| | by ax; ,q..xj( 0)

Ta ludn cé: ‘”j{.-»’»- =0{, dac biét m=1 thi |g{, =0
7

Xét dinh thifc khdi: gdm 2 khdi 1éch bén Ia chit nhit,
0 0 0| By by b3 i By
o ¢ 01 by by by3 @ by
0 0 0|5, b, 2 b3 - b,

o - by by by | @y @y a3y i ey,
k= N
b2 byy by | @y @y ayy 1 oay,

b3 Dby | a3y a3y azy 1 oay,

bik b bi | ap1 agy ayy o ay
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Hai khdi 1éch nay 1a chuyén vi cda nhau. Con 2 khéi trén dudng chéo
chinh la vudng, chéo chinh & trén bang 0.
Ta xét cac dinh thic:
I/ Né&u (-1)" Hy >0 Yk =m+1,n = f dat cuc tiéu tai X,.
2/ N&u (-1)*Hy >0 Vk=m+1,n —=1dat cyc dai tai Xo.

E

Chu v:

e Cic bAt ding thidc 12 nghiém cdch, khéng thé bang 0.

e Dinh 1y ndy chi ¢6 mo6t chiéu, nghia 1a cé thé f dat cuc ti€u tai X,.
nhung khéng ¢6 (-1)".Hy >0 Vk=m+1,n tai Xq.....

» Khi m=1 ta cé: ¢j{A =

Phin tich dinh 1y: Dang cac dinh thitc H; nhy sau:

Vidul: Vdin=4, m=1,tacé: Vhk=m+1,n =2,4 , xét3 dinh thic:
i/  H> <0, Hz <0, Hy <0 = thi f dat cuc ti€u. Vim=1, (-1)" =-1 < 0.
11/ H> >0, H3z <0, Hy >0 = thi f dat cuc dai.

Vidu2: Vi n=3, m=1,tacé: Vk=m+1,n =2,3 , xét 2 dinh thatc:
i/ Hi <0, H; < 0= thi fdatcuc tiu. Vim=1i, (-1)™=-1<0.

ii/ H» >0, Hq <0 = thi f dat cuc dai

Vi n=2 m=1, ta co' Vk m+1l,n = 2 2 , chi xet 1 dinb Hm’c.
il H2<0:> thl fdatcu'ctléu.Vim—l (1) =1 <0

iil H2>B:> thl fdat cue dai. '
| 0| 2% ) 7 y "
dxy oxyl | Az | %3, P,

‘ ; ag ) \ | T, 7 7
Trong_.dt_)j_-.Hz = E ayy  apy ¢‘1x-1' ¢xl PO
Lo . /" "/ /"

A Xy X3 X x5 A
/ I/ v i)
¢M ¢/’|’.xl ¢/1 Xy ¢x, Xj ¢.\.’. Xa ¢xl j
_ i /i N i 1
iy = ¢ixl ¢xlx1 ¢xl x| ¢x-, x‘ ¢x2 Xy ¢x22

H i H

Cé thé ching minh:

|
Bang cdch d6i lién tiép 2 1dn hang 1-->hing 3, sau d6 lai déi lién tiép 2
13n ¢t 1-->cot 3, thi dinh thic khong thay ddi dau. Vi mdi lin hodn vi 2
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dong (cot) thi dinh thic ddi ddu, va nhu viy d8i dfu 2 lan thi dinh
thidc hoan lai ddu cdng. Mot vii sach khdc ding ¢ dang thd hai.

e Ta xét cdc dang khdc:

0 dg dg dg
o ox dx /! 17 i i
- ] 2 3 i ¢)~x1 ¢/lx2 ¢Zx3
¢4
— | a a H 1 i 1t
ox 1 12 13 ¢}{x ¢’x X ¢x X ¢x x
HaA = 1 _ 1 1 %2 1X3
3= -
og 7 i i /i
E ayy Q23 433 ¢lxz ¢xzx1 ¢szz ¢xzx3
17 i I I
ag a a a ¢/1x3 ¢X3x1 ¢X3XZ ¢I3X3
*—ax3 31 32 33
0 dg oJg dg IJg
dx; dx, Jx3 Ooxy I 7 I /" /
o ir | Pie, Pax, Pix,  Pax,
——a a4y 412 413 414 ¢H ¢// ¢;‘f ¢/;’ ¢H
x]' lxl X]x] xlxz .’CII3 x1x4
og 7, 7 " 7 i
H = | a a 3 o =
450y, | 2 2 23 924|=|93x, | Py, Pax Py Peyxg
3 i 7 i # 17
a;‘g— ay; a3y azy 4z Uiy | Peixy, Pxymy Preyxs 28
X3 / /i i 7 1
ag ¢}lx4 ¢x4x1 ¢x4x2 ¢x4x3 X4X4
dg1 942 43  A44
8X4

Vidu4: Véi n=4, m=2,tacé: Vk=m+1l,n =3,4,

B(Xg, X7, X3,X4, 4, A2 ) = F(X)+ 481 (X)+ Ap82(X) . x€t 2 dinh thifc:
i/ Hi:>0,Hys>0= thi {datcyctiu. Vim=2, (-1)"=1>0.
ii/ Hi <0, Hy >0 = thifdat cuc dai.

/H /! 1

0 O 1 %n %ux, Phx
I i i

0 0 ¢12x1 ¢;!sz ¢39.-“3
I I i 1 /f

H3y =193 5, ¢ﬁvzx1 ¢x1x1 ¢x1x2 ¢x1x3

i I/ Hi I i
¢ﬂ~1x2 ¢32-‘Cz ¢x2~\’1 ¢x2x2 ¢x2x3

I I /f
¢i1x3 ¢f’~2x3 ¢x3x1 ¢x3x-2 ¢x3x3
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Poa =0 %4, =0 [ty P Fi i,
it =0 B0, 0 P P, i, s,
. ¢%x1 v, ¢£,x1 ¢%x2 ¢_£1 “ ¢%A3
O s Prey | Pom Poxm Pox, P
Oy o |Pn Pox Pon P
Ve x| Toon Prom Paxy Pramy

Chi y: & dinh 1y diéu kién dii t8ng qudt trong trudng hgp: Néu cde
¢ =¢", =0,Vi, hi ta phdi khit dang vi phan chua doc 13p bang he
¥ i 3 xf-

thic vi phan dg =0, ldc d6 ta mdi ¢6 dang vi phan biic 2 cho cdc bién doc
1ap. Vi ta khdo sdt ddu trén dang vi phiin nay, dé€ xdc dinh diém cuye tri.

3.3 Cac vi du:

Vidu 1:
2 z2 2
Tim cdc diém t6i han cia: f(x,y,z):x+:——»+—+—,x>0,y>(},z>0.
X y b
Diing diéu kién cip 2 clia dao ham d€ phan biét diém Max va Min.
2 2
Giai: Giai 3 phudng trinh: fx"l————2—~0 fy d —%—:0;
4x 2x ¥y
2z 2 2_Y ~ \ ~
S =T =0<=>qy= +2x,7° =Z<—=2yx;, vy ¥y, X, z cing diu.
Yy oz 2x
tim duge ding 2 nghiém dimg: M(1/2, 1, 1) va N(-1/2, -1, -1). Tinh:
2
Wo_ ¥ y 1 2z y_2 4
S xx 53 Syy 2x 3 Z =y, 3
oy "o i -2z
xy T, 2 Sz =0 fyz "3
2x

+ Bay gi¢ xét nghiém tal M(1/2, 1, 1):
Xét vi phén béc 2:
2 ) 2 I I
d’ f = flaxt+ flLay® + fliaz +2(f dxdy + f dxdz—}-f),zdydz)

I3 mot dang toan phucng theo dx,dy. Ta ¢6 ma trdn:



124 Chuong 4: Ham nhi€u bié€n.
A
XX fxy fx‘: 4 ‘72 0
f_]{'lx f;rj;) f” =(-2 3 —"2=H3=32>0,H1=4>0,

yz
H 1 v/ 0 -2 o6
fzx fzy Jz
4 -2
Hy = =16 >0
-2 3

A% (M) >0 (DTP xdc dinh duong) Vdx,dy => M(1/2, 1, 1) cyc tiéu.
+ By gid xét nghiém tai N(-1/2, -1, -1)

H =-4<0, H,= 2

2
=8 >0
2

i i I
Sxx fxy Xz -4 2 0

"ol pfMol2 .3 2|=H;=-32<0
Syx Tyy Jyz|= —Hz=-oa <l
i 7 0 2 -6
w Sy fu

viy d*f(N) < 0 (DTP xdc dinh dm) Vdx,dy
=> N(-1/2, -1, -1) cuc dai.
Cach 2:
o Xét nghiém tai M(1/2, 1, 1):
Ta tinh iryc ti€p tir vi phin bac 2:

a* f = flaxc® + fldy? + flaz? +2( £l dxay+ fldxdz+ fy, dydz)

la: dzf = dalx® +3dy + 6dz? — 4dxdy —4dydz , sau mot s§ tinh todn :
dy Y 2
d2f=4(dx— Zij +2(dy —dz) 4 4dz? >0 ==> M(1/2,1, HCT

e Xé&t nghiém tai N(-1/2, -1, -1):
Ta tinh truc tiép tr vi phin bic 2:

d*f = flax v f1ay? + flld? +2(f dxdy + f! drdzﬂ—f){‘;dydz)

1a: d2 f = —4dx? — 3dy* - 6dz® + ddxdy + 4dydz , sau mot s8 tinh todn :

2
dzf:_4(¢vd7y) —2(dy—dz)? —4de® <0 ==> N(-1/2,-1,-1) CP
\

Vidu 2: Xétlaividu trude day: Ham: z=f(x,y) =x* +y> — 3xy
e Tim tip cdc diém dirng:

Z,=3x*-3y=0

zjy=3y2— 3x =0
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Gidi hé nay ta ¢6 2 diém dirng 1a M(1,1) va M»(0,0)

e Ta co: z”2 =6x, z",=-3, z , =06y
X

Va vi phéin cip 2: d* f = fldx? + [l dy® +2 f1 dxdy

dx]z 9dx2
+ >0,

& Tai M;: dzf = 6dx? +6dy2 — 6dxdy = 6[dy———2—
nén M, 1a di€m cuc tiéu.
C6 thé thdy bing H, = 6>0, H, =36 -9 >0

& Tai Ma: d2 f = —3dxdy =7 c¢6 thé am, c6 thé duang,

nén M; khéng 14 di€m cuc tri. C6 thé thdy bang H, = -9<0

Vidu3:
Tim cdc di€m cuc tri cita: f(x,y,‘,)v—1\c.'~i—:?'~£+i-+-1
x 2y z
N . . 2y
(GFidi: D= R3 —{(0,0,0)}. Giai 3 phuong trinh: fizl——;z—zﬂ;
/ 2 < 1 2_ 2_
Y=g =05 S =——"——2--“0<—>{ =2y,4y° =xz,2 -—Zy},
x 2y 2y -

Viy y> 0, x va z bang nhau vi ciing dau. Gidi ra:
Tim duge dang 2 nghiém dimg: M1, 1/2, 1) va N(-1, 1/2, -1).

- w4y iz v 2

Tinh: xx__3 f_y- --—"—3‘ fzz__3
X ¥ z

o2 "o n _ —1

Sy === xz =0 fyz_';f

+ Biy gio xét nghiém tai M({1/2, 1, 1):
Xeét vi phin bic 2:

d*f = flaxt+ flay? + rlldz? +7(f dxdy + 1L dxdz+ f dyd*)

Ia moét dang todn phuong theo dx, dy, dz. Ta c¢é dinh thifc ma trin Hess:
/! I/t /i’

fx_t f Xz 2 -2 0

foe fh fikl=l-2 8 -2|=H3=16>0,H,=2>0,

// 1 o -2 2
fzx fzy s
2 2
Hy = ‘:12 >0
-2 8

d’*f(M) >0 (DTP xdc dinh duong) Vdx,dy,dz =>M(l, 1/2, 1) cyc ti€u.
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Cdch khdc:  d* f = 2dx? +8dy? +2dz* — ddxdy — ddydz =
=2(dx—dy)” +4dy? +2(dz —dy)’ > 0 =>M(l, 1/2, 1) cyc tiéu.

+ Biy gig xét nghiém tai N(-1, 1/2, -1)

-2 =2
H, =-2 <0, I‘IZZ =12 >0
-2 -8
17 1 I
xx Xy Xz -2 2 0
fﬁx f;;;; f;’;=*2 —8 2j=H3=-16<0,
H # I 0o -2 =2
fzx fzy fzz

Vay d*f(N) < 0 (DTP xdc dinh 4m) Vdx,dy,dz

=> N(-1, -1/2, -1) cuc dai.

Cich khic:  d* f = —2dx* —8dy® — 2dz% — ddxedy — Adydz =

= —2(dx+dy) —4dy? —2(dz+dy)* <0 =>N(-1,-1/2, -1) cyc dai.

Vidu 4: V3in=4, m=1, tim cyc tri cha f(x,y,z,t)=x+y+z-+t.
Véi diéu kién: g(x,y,z,t) = 81-xyzt =0.

+ Cdch 1:
Ham { ird thanh ham f(x,y,z)=x+y+z+—81 , va co
Xz

/ 81 81 81

Semle g Sy =l i =l

Xy 2 X y 'z X y z

yo_ 162 yo 162 g 162
2T 3 i 2 T 3 S 2 T 3
X xTy z y X yz z X ¥y z
7 81 7 81 I 81

-f..t =T AT Xz =, f = ———
94 nyZz x2y 2.'2 Yz X y2z2

Diém dirng: f; =0, f;: =0, f; =0 < x“yz=81, xyzz:SI,_xyz?tSi

x4 =81
® Xéttal My(3,3,3):

= A17=051=Aa]3=Aa31=&73=432= [ d C(S'
— ’ 2 — — — — 3 —-———— - :
81x<3 3 1 2! - . = : 3

X=Y=2 2
= { <= M;(3,3.,3), M»(-3,-3,-3), la hai diém dung.

d1=d22=d33=
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2 1 1
3 3 3 2 1 1 2 1 s 1 5
—1r 2 1__1 =4 —[3 3|=1 ~1 ==
Hy=l3 3 37271 2 =37 H 12 91 2' 3 H 3
101 2 1 1 2 3 3
3 3 3

Ta ¢6 H,, H,, H; déu dugng { dat cuyc tiu tai Mi(3,3.3),

r = 8T 3 Viay f dat cuc tiéu tai M(3,3,3).

X y z
Cach khde: Ta xét vi phidn béc 2 tai M (3,3,3).

d* f = fldx® + [ dv? + flldz? +2(f dxdy + [ dxd“f-dydz)

d2r== (dx2+dy +dz ) -j(dxdy+drdz+dydz)ﬁ

2 2
_2 derQ+E 1 .a'_];+E —|—i(dx)2
3 2 2 2 3 9

Viy f dat cuc tiéu tai M,(3,3,3).

2

1
& Xeéttai Mz(-3,-3,-3): 8'|1=322=333=—§, A10=a)=413=831=223=8 32—~ -
2 1 1 2 1 5 1
a Co: =_L —_4 =13 3=1 =1
Taco: Hy= 71 2 4= 27,H2—l 2|79y T3
I 1 2 3 3

H,= -%<0, H,<0, H>>0, H3<0, Vay cue dai tai Ma(-3,-3,-3).

Cdch khdec:_ Ta x¢ét vi phén bac 2 tai M»(-3,-3,-3).
a? f = fllax? + fllay? + rllaz? +2( 11 daxdy+ £l dxdz+ f)’;;dydz)

d* r :_é(dxz +dy? +dz )— g(dxdy+dxdz+dydz)=

2 2
2 dy dx 1 dx 4 2
=——ldz+—+— | —=|dy+— | ——(dx
3[‘7' 2] [y 3] 5 (%)

2
Viay cue dai tai Ma(-3,-3,-3).

+ Cdch 2: DPathaim o(x,y,z,t,A) = x+y+z+t+A(81-xyzt), n=4, m=1.
diém dimg 1a N cia he {p} = 0,4}, =0,4] = 0,4/ = 0,4} = 0|

&= 1-Ayzt=0, 1-Axzt=0, I-Axyt=0, 1-Axyz=0, 81-xyzt=0

&= M1(3,3,3,3,l=% ), Mg(—3,-3,-3,-3,7\.=—-%) Ja 2 di€m dirng.
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Tinh: gl = -yzt, gl = -XZt, gé= -Xyt, g,l = -Xyz,
x y

i I H H
= = = = y
2 ¢y2 2 ¢:2 =0
i 1 17 i i /!
Py = “Azt, Pz =-Ayt, # = -Ayz, Pz = -AXL, @), =-AxZ, ¢, =-Axy,

s Xéttai My gh M)=g), (M)=gl (M)=g| M= 27

1 1
an=ax=ai3=0, 312=azl=al3=a3|=2123=2132=—-5:7“ -3-32—-5 .
Rat -27 & hang 1,c6t 1 ra ngoai ta c6:
C 0] -27 —27 —27 -27] o 1 1 1 1
-1 -1 -1
27 o L L S N N
1 1 1 1 =L o =1L -1
Hy=| —27 3 0 3 3 |=(-27) 3 3 3=
-1 -1 =1
—27 _Tj —Tl 0 _T’ 1 5 5 0.3
-1 -1 -1
-27 _TI “T‘ :31 0 I 5 35 3 0
0o 1 1 1 1
-1 -1 -1 1 1 1 1
103 3 3 O 111
UV T R “_6T500_61L1‘1‘“
—3 —"'_3 _l -l *'“‘_3 . 3
0 2L o LI o 3 030 333101
3 3 1 0 0
1 i = 0 o0 ! -
o 3t o o I 3 3
1 1 1 1 1 1 1 1
2 1 1
-1 1 0 o 0 2 1 1 L 5 1
3 E 3
=311 0 1 0=30 1 2 1=-% = -374<0
1 1 2
-1 0 0 1 0 1 1 2
0o 1 1 1 0 1 1 1
-1 -1 -1 -1 1 1 1
o 5 3 03 3 11
Hy=(-27)’|{ =L 1=3% -1 1 =-3%3 3 Y=
3 1 = 0 5 o 3t 1 o : 1
-1 =1 =1 1 3 3
1 3 3 0 0 3 0 3
1 1 1
1
_ 3(]3“3 -1 1 0 =_35<0
-1 0 1

i
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0 27 -27 0 1 1
] -1
Hi=-27 0 3l|=(27)° 1 0 . 5450 m=i
—1
-27 310 15 0

Ta c6: (-1)" Hi = -Hy >0, Vk=2,4 , vay f cuc tiéu tai M,

® Twong tu tai Mg(—3,~3,-3,-3,;\.=—“21—7)1

fo]27 27 27 27]
1 1 1
271 0 5 3 3
27 1 ¢ 1 1 3 5
H4= 3 3 3 =4.3 ’ H2= 23 ,
1 1 1
27 | 3 3 0 3
1 1 1
_27 3 3 3 0_,

Hi= -3 = (-1)"Hy >0,Vk=2,4 , vay f cuc dai tai M..

Cdch khde:  Né&u ta xét vi phin bac 2, véi 4 bi€n doc 14p nhu sau:
2 i 2 H 2 o2 o2

d°¢g=¢, dx + @y + @ dt + g de” +

+2 (gr}i’;, dxdy + gl dxdz + ¢l dxde + ¢, dydz + @l dpde + ¢! dzdt)
tai M1(3,3,3,3,7L=——2—17~) va Mz(-3,~3,—3,-3,?\.=—%). Thi gap tré ngai vi
3 5 R Y/ S/ Y/ Y ~ s A A
dac ham bdc 2 tigt tiéu: ¢", =¢", = ,=¢,=0. Ta khdng di sdu phin
x ¥y z 1%

nay. Nhung ta khdo sdt cich khdc nhu sau:

Ta c6: qa(x,y,z,t)=81—xyzt =9,

dop=0& —(yzrdx+xztdy+xytdz+xyzdt) =0 = —-27(dx+dy+dz+dt) =0
dp =0 df =—(dx+dy +dz) (1)

® X<t tal M, (x:3,y:3,z=3,t=3,7L=2—17 ):

Biay gid dang vi phin bdc 2, v46i 4 bi€n khong ddc 14p & trén. Ta khit tinh
chua doc 14p cda chiing thanh dang vi phiin bic 2 bdi hé thiac (1), ldc dé
ta c6 3 bi€n ddc lap x,y,z nhu sau:

d?¢ = 0dx? + 0dy? + 0dz? + 0dr® +

+2( il dxdy + @l dodz + gl dxdt + B, dyds + ol dyde + g dzdt )

d*¢ = —2x27 (dxdy + dxdz + dxdt + dydz + dydt + dzdt)  (2)
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Viy d€ xét ddu cla d’$ ta chi cin xét ddu cda (bd qua hing $8)
d*¢ = —(dxdy + dxdz + dydz -+ de [dx + dy + dz) ) 3)
Thé& (1) vao (3) ta ¢6 vi phin theo 3 bién ddc 1ap:

d2p=(dx® +dy® + dz? + dedy + dxdz + dydz), hay viét lai dudi dang:

2 2
d2¢:[dz+d_;+d?x] +%(dy+d?x] +§dx2>0, vay f cuc tiéu tai M,

® Tuong tJ tai Mg(—3,—3,—3,—3,?~.:—~2% }. Ta co:

d2¢ =227 (dxdy + dxdz + dxdt + dydz + dyde + dzdr ) , va cubi cing:

, 2 2
d*p= *[dzdrgz'}i'{-%) —%[dy +%} Hédxz < 0, vay f cyc dai tai Ma.

Vidu 5: Tim cuc tri cila f(x,y,z,t) =2x+y+3Z.

Vi didu kién: g(x,y,2) = x> +4p? +2z% —35 =0.

+ Cdch 1:

Him L= f+Ag= 2x+y+3z+/'i.(x2 +4y? +2z2 ~35)

[ =2+24x, I, =1+84y, L =3+42z, L} =x?+4yt+27%2 35
rl,=2a, I}, =84, L =44, L, =0

i, =0, L], =0, I} =0,

gy =2x, =8y, I[; =4z

VL=0c M, (4,1,3,,1:11], M, [—4,—1,—3,1:1
2 4 2 4

¢6 hai di€m dimg. Xét vi phin bic 2.
2L = Ll + Uy dy? + Lyd? + 2 L ddy + Lz dxdz + U dyds)

12 mot dang toan phudng theo 3 bi€n: dx,dy,dz. Chitng minh diéu nay
tong tu nhu trrdng hgp 2 bién.

e  Xétviphanbac 2 tai M, [4,%,3,,1 =%1]

2 ol a2l g2 g g2 L2 2 2
d“L = Lydx® + Ldy + L, dz -fidx —2dy” —dz” <0

M,y

Nén M, [4,%,3,/1:_71} 1a CP.
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M,
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1

«
Nén M, [—4,—?—3,/1 =ﬂ la CT.

1

4

J

1
= Lixd® + Lyydy® + Lpds? == + 24y +de? >0

+ Cdch 2: Dung dinh thic, xét 2 dinh thitc (n=3,m=1).
Tai M, [4,%,3,/1:—_21-) , (—l)k Hp >0, k=m+1,n=2,3, thit viy:

0|28 &
dx; ox,
) dg
Taxét: Hy=|—=| ay; ap;
8.1:1
og
— a a
ax, 21 22
ol 98 g8 g
axl axz 8x3
o _
a_g a1 @12 a3
Hy =1 =
3 dg
o ;) 4qp; a3
X9
dg
—_— 44 a (/4
x5 31 32 33
. 1
Tuong tur tai M, (—4,—
Jg  og
0| = ==
) dg
TZl xet: Hz =— all alz
ax-l
dg
—_— a a
3, 21 22

0, 8 4 12
-1

8 =3 0 0

410 =2 0

121 06 0 -1

= -280 <0, Tai M; CP.

—,—3,4 =1—] , CT. Thit vay:
2 4



132 Chuong 4: Haim nhiéu bién.

0 og oOg 9Jg
ox; dx; 0dx3

oz 0(-8 -4 -12
_— 44 a 7]
I, 11 12 13 sl 1 _

113 = = 2 = -280<0, tal Mz CT

og 4 4| 0 2 0
“—a 21 @33 43

X2 -12 0 0 1

dg
—_— a o [/
x5 31 32 33

+ Cidch 3:_ Dung kién thitc bt ding thiic BCS 16p 12..

a=(x2023) b=(20 2

;15_(2x+y+3z)stal|5|=\/;c2+4y2+2z2 [4+%+~2~], chi xdy ra diu

bﬁngné'u:E//Bd:}—{:z—y':-zg-:z@£=4y:zz=t,
2 1 3 2 3
2 2
thé vio x2 +dy* +272 -35=0=17==+2
f—2‘HM1 1 3/1— -1 f=—2HM2 —‘4,—1,—3,A=1} ......
4 2 4

Vidu 6: LAy vidy trudc z=$cy, thda (p(x,y)z(x~1)2+y2— 1=0
Lzz+?&.(p=xy+7~.[(x—1)2+y2~1]

Ta xét 2 dié€m dung M](g-, ﬁ,ﬂ:_ﬁ) va Mz(gg-_ﬁ, ‘1:_@)_
2 2 2 2
L”'zzzﬂ,:L"’z, L"jy_1 Ly =2(x-1), L =2y
X
-T.:uI\/Il(z \/_ i)
2 2
0|08 o=
ox; Oxp Ol i \/§|
Ta xét: sz-a—afg* a1 app|=| 1| -3 =63 >0, M, 1a CP
X
B, Bl 1 -3
og
e | 1 422
X2

Chi ¥: N&u ta don thuan chi xét cuc tri qua ma trdn Hess
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i H 1/
sz ny Lx/'L _\/3 1 1
/ 11 1/ . N
H=|L, Ly2 Lii|=| 1 3 3l dang toan phudng
o 1 V3 0
Ax 11-_}’ ;I'Z

dlrL = _ﬁdxz —/3ax? + 2dxdy + 2dxdz + 23dydz =

2
1
=3 x-2L_ z+4y) —63y", diy khong phai 12 Ia
(= F-% ) + R et -edsy?

dang toan phuong xdc dinh 4m d€ suy ra M, 1a CP. Ma ta phai k&t hgp

vl @p(x,y) = (x-1)> + yz — 1=0, dé€ lam triét tiéu 2dxdz + Zs/gdydz =0
Lic d6 ta ¢6: d*L = —/3dx? —3dx? + 2dxdy < 0, Vdx,dy => M, 12 CB
RRTVE R SN §
2’7 2
0l 98 g
dx) 0xy 0| 1 —J§|
Ta xét: H, = f—g ay,  app|=| 1143 1=-63 >0,M, 14 CT
X
3] 1 3
dg
Sen 421 42
_ 192
*Tai Mo(0,0, A=0)
ol %8 g
al axl ax'2 0l—2 o
Ta xét: H, = -é:‘i ay ap|=l-21 0 1=0, Mo 12 chua ¢6 k&t luan
;' | 0 1 0
z
—_—— /4 a
axz 21 22

Vidu7: Liy vidutrude z=xy, thda ¢(x,y) = 3x+2y — 5=0
L=f+A ¢=xy+A[3x+2y - 5]

C6 | di€m dimg duy nhat M(2,2, 1="2).
6’4 12

" _a_ gl "no_ 0noo_ "o .55
Lx2—0~Ly2, ny_"l’Lxﬂ,—s’ Lylhz. TalM(E,Z’A 12)
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Ta xét: Hy ={——

Chudng 4: Him nhiéu bién.

0|08 9%
ax1 BX2
og
f4) i
axl 11 i2
og
—8 az; 4
X2

0|3 2

=310

=12 >0, M 1a Cb

2|1 0

Vidu 8: LAy vidu trude: Tim cyc tri ham z =4/1- x?—y?,

thda diéu kién:

+ Pat

1, = yi-1 —3
2
—1 -3
TaiM: L/, =—=% =
: 3 J2
y 2
(1_x2 —y? )A
17 —xy =:/1
Xy 3 2
(1 2 yz )A
0| %8 98
a.’Cl axz 0 1 1
og -3 -1
Ta xét: H,y =|—— =1|-—= —=
a xe 2 axl ‘111 alz \/E ﬁ
=2 | g a 1|— —
axz 21 22 ﬁ ﬁ
=> ham s dat cuc dai tai M( x —%, y== )

Vidu 9: Tim cyc triham z{x,y)=2{x

L=z+A. @=

l—x2

2
-y

Lf;L=x+y—1=0

+A=

+A=0 <=>3!M(x:%,

e(x,y)=x+y-1=0
\}l—xz—yz +h (x+y-1)

0

N | =

y:

3

=2J2>0 .M 1aCP

+y ) 3xy,



Chudng 4: Haim nhiéu bién. 135

thda didu kién: @(x,y) = (x2 T ) —2=0 Pay la vi du phic tap!

Piu tién, chi § ham z=2(x3 +y3)—3xy la ham ¢6 truc d6i xung 1a
phén gidc thit nhit y=x, thuc vay: d8i vé toa d6 cuc ta ¢é;

3 Zsin2¢, giit r ¢d dinh thay ¢ bing

z=2(r3cos3¢+r sin3¢))—%r
i;w — @ thi z khong d6i. Va ta dy dodn cd cuc tri trén dudng nay!
+ bat L=z+?\,.(p=2(x3+y3)~3xy+7t. (x2+y2)—2
L/ —6 2 _
x =06x" —=3y+A2x=0
+ Gidihé: { £}, =6y* ~3x+21.2y =0 => ¢ 4 diém dimg.

=x*+y*-2=0

Thuc vay, tthé trén=> — < = ¥ a4 *)

2-‘72—)’—2J’2—x 2(x2—y2)+(x—y)

e Néu x-y=0 ==> M;( x =1, y=l,l:-%),M2(x:—1, y:-L}L:%)

e N€u x-y # 0 ta ¢6 thém 2 di€m ding nita, thuc vy ty (*¥) ta suy ra

-

th& vao

p
2x(x+ +x=2x"—ypy=2>2x4ypy=-2xy=y=
( J’) y ¥ ¥ y 1+2

x2+y2—2=0 ta co:

ax? +ax3 —6x2—_8x—2 =2(x+1)2(2x2 —2x—1) =0, din dén-

1+3 1-+/3 9

M X = 3 = s)\-‘:'_ L

3( > y 2 2)
Mu( x = ! -2\/5 , ¥ = ! +2J§ , A= -%) , xem hinh v& cdc di€m cuc tri.

. 3
eTaiM|(x=1, y=1,A=-=): z(Ml)zl T
2 M

.

', =12x+24=9 7NN !

x 1

1 =12x+24=9
i g n

1
;ny =-3

I /
, Lyﬂ':qoj, =2y=2, Lfiﬂ=¢x=2x=2
M
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0 dg  og
Xeét: Hz = aa—g 21y 12| = 2 9 -3|=-96<0 » M, CT dla pl’lll’dﬂg
X1 .
2(-3 9
58 21 422
axz

s Tai Ma(x=-1, y=—1,A= ;): z(M2)=—7

£/, =12x+24=-3

X

1 =12xv22=-3, U =9, =2y=2 L =g/ =2x=-2

y
L, =-3
0 dg Bg
Bxl axz | 0 l "_2 _2
Ta xét; H2=—§& ay dajp|=1—2 -3 -3(=0,

ox1 2|-3 -3
dg
—2 | a a
axz 21 22

Nhung M, vén 12 cyc ti€u toan cyc (ta khong di sdu & day! )
_ 13 o
e Tai M5, tinh dudc z(M3) = z(M4) = > 14 cuc dai toan cuc 7?77

sinh vién khao sdt thém. Vi duy:
e Ham z{x,y) lién tuc trén duding thang M;OM,, cyc dai tai My, cuc tiéu

tai My, z(Mg)=0,z(x,y)z2(x3 +y3)—3xy:4x3—3x2

\

£

[N L L L

g_-_-_-_-_-_--

i

0.4 -0.2 94
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e Ham z(x,y) lién tyc trén dudng thing M3OM,, vi ¢6 cuc dai tai 2 diém

My, M, ching cung bing z(M3)=z(M,) = 1231 thé'y = -x+1 vao

, 13 Y
z(x,y)-—-Z(x3+y3)—3xy=9x2—9x+2, ng vai z=~2— thi cat tai hai

1-vV3 . 1+43
-vVd X =
2 2

hoanh 86: x = tudng ung vdi My, Ms.

(x+y)2—2
2

Cdch khdc: x* + y2 =26 xy=

dat r=x+y=l=[x+y|<2

3,.3 3 32
z=2(x +y )—-3xy=2(x+y)(2—xy)—3xy=—t _Et + 67+ 3
ta khdo sdt ham z(t) véi 1€ [-2,2]

7 =-3t2 -3t +6=0r=1vi=—2,
13

cué'i-cﬁng x€t dad ta co: z(—2) =min =-7, z(l) = max =?

Chy y.

Phudng phdp dung dinh thic d€ xdc dinh diu cta vi phin bdc 2 ¢6 dang
toan phuong khoéng suy bi&n 13 chinh xdc, con ta chi dung dang vi phin
bic 2 d€ tinh todn nhanh. Trong trudng hgp phuong phdp ding dinh thdc
khong dudc (dang toan phuong suy biéh) thi dung dang vi phin bic hai
cling s& suy bién va ciing khéng dat dude k&t qud, ldc dé ta phdi khdo sdt
tric ti€p dinh nghia ham. Thim chi dét khi dang vi phan béc 2 toan
phuong Ia suy bién nghii 1a fH[ =0, nhung diém dimg vin la diém cuc

tri, ta s€ ¢6 vi du cu thé & cdc bai todn kinh t&.

Vi dul: Gia sif tai mot diém dﬂ’ng nio dé, ta can xac dinh diu clia
d*L = Lycax® + Ly dy? + L de® + 2( Ll dedy+ L ddz + L} dydz )=

= dx* +29dy? +10d7% + ddxdy + 6dxdz + 2dydz , it€u diing ma trin Hess:

1 2 3
H=12 29 1 |=|H|=0,phd sin! khong cé k&t luan.
3 1 10

2
Trong khi d*L=10] dz ntf{’}—’-kg—g 332 a[v+E >0 (*)
10 10 17
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Ta v6i k&t luiin diém dirng dang xét 14 cyc ti€u, vay 1a mdc sai 1dm. That
ra dang (*) 1a dang toan phuong béc 3 suy bién vé bic 2, nén ta cling
khéng két ludn dugc gi!

Vi du2: Tim cyc tri hflm:f(x,y)=x4+y4—(x+ y)2
fi.=4x3_2(x+y)=0, f}/,=4y3—2(x+y)=0
fho=12xt-2, gl =12y -2, fi, =2

Ta fim dugc 3 di€m dirmng M, (-1,-1), M,(1,1), AM,4(0,0),
Tai 2 diém dirng M, (-1,-1), M,(1,1),

2 H 2 i
= £ dx? + £l dy® + 2 frdxdy = 10dx? +10dy* —dddy =

1

d*f

2
=10[dy—%) +%dx2>0, vay M,(-1,-1), M,(1,1)1a CT.
Tai di€m ditng M;(0,0),

~ _2dx? —2dy* — ddxdy =—2(dx+dy)’ <0 nhung diy 1a dang
My

d*f

toan phudng suy bi€n, nén ta khong ké&t ludn duge gi. Théit ra di€m
M, (0,0) khéng 1a cuc tri. Thét vay, ta c6:

Fop)-£(0,0)=x*+y*—(x+y)", & lan can diém (0,0), ta &y

11 - 1 1
(xn:yn)=[;,;] :‘>f(x",yn)<0, va lay: (xmyn)=(_’;,_;)
jf(xnv.}’n)>0-

BAI 4: MOT SO BAI TOAN CUC TRI TRONG KINH TE

4.1 Bai todn cho xi nghigp sén xudt nhi¢u sdn phdam trong diéu kién canh
tranh hodn hdo:

Xét mot xi nghiép san xudt n =2 loai sdn phim trong di€u kién canh
tranh hoin hao (nhd sdn xudt phii bin sdn phaim véi gid do thi trudng
quyé&t dinh). Biét gid (Price) clia cdc sédn phdm trén 1a Py; P2 va ham téng
chi phi (Cost) xét trong mdt don vi th¥i gian 13 C =C (Q),Qy), 12 ham tinh
theo ning lugng tiéu hao, trén hai mic sdn lugng (Quantity) Q,, Q.. Nén
né phéi la bc 2 wong hd cla Qy, Qz. Tong quit ham chi phi 1a ham:

, trong do:
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B,oT =[Q0, 0, - Onle My, Ac M. Cc R, gém cic y&u §

chi phi lién quan dé€n ning lugng thi thudc dang toan phuong Q'jr AQ,
ngoai ra con cé céc yéu t& chi ti 1& tuyén tinh BQ theo sin lugng , va
thém hiing s6 C 1a chi phi ban diu bd ra. Va nhu vdy chi phi la mgt 1oai
quadric tdng quat trong R"
_ Bai todn 1a tim myc sdn lugng Qi, Q: clia cdc loai sdn phim trén

trong mot don vi thdi gian d€ xi nghiép ¢6 1gi nhudn t8i da.
Gia st Q, Q2 la sdn lugng clia cdc loai sadn phim dugc sdn xudt trong mot
don vi thdi gian Khi d6 doanh thu (Revenue) s€ 1a:

R=PQ; + P2Qa.
Lgi nhuan (Profit) thu dudc: t=R - C.

n=P1Q + P2Qz — C(Q1,Q2).
Mic sin lugng phai tim 12 gi4 tri Q,, Q> duong d€ lam n dat cyc dai.

Vi du: Gia st mot xi nghiép san xuit hai loai sdn phdm vdi gid
P, = 10; P> = 10. Ham t6ng chi phi
C = C(Q1,Q2) = 2Q,° + QQz +2Q2".

Tim mic san lugng Q,, Q2 A€ xi nghiép cé 1gi nhuan t6i da.
Doanh thu ctia xi nghiép 1a: R= P,Q; + P>Q> = 10Q; + 10Q:.
Igi nhuin cGa xi nghiép: =R - C=

r=PQ + P2Q2 - 2Q1" - Q1Q: - 2 Q2"
Vay ©=10Q; + 10Q> - 2Q:* - QiQ: - 2 Q7"
Ta tim cyc tri cda 7.
fi_o

an P1 —4Q1—Q2:O o 4Q1+Q2:P1

=
on o P2 -—4Q2—~Q1=0 _Ql +4Q2=P2

19Q,
4P, —P 4P, —P
_4Nh5 21
S Q=—1_"2_2;Q,=—2 1_2
Qy 15 R 15
3%n — 4. %n _ 1 2%n _ 4
9%Q, 9Q9Q, 9%Q,

Viytacé A=-4<0vaA=AC-B'=16-1=15>0.

Suy ra ® dat cuc dai tai diém Q, =2, Q, = 2. Viy mifc sdn lugng ma xi
nghiép san xuit dé cé lgi nhudn téidala Qi =2va Q2=2.

Céich khdc: Tinh vi phan béc 2: d?x = —4dQ} —4d07 +2(-1)d0,dQ; =
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:_4[dQ1 dQZ] —Edgz <0 ==>(Q,=2va Q,=2)CP.

4.2 Bdi todn cho xi nghiép sdn xudt nhiéu san phdm trong diéu kién sdan
xudt dgc quyén. |
Gid st mot xi nghiép sdn xuit doc quyén n=2 loai sdn phim. Biét
ham ciu cla xi nghiép v& 2 loai sdn phim trén mot don vi thoi gian [a:
Qp1 = Di(pi,p2)
Qpz = Da(py,p2) (p1, p2 14 gid ban)
Thong thudng i=1,2, p; T = Qp, 1 hay nguoc lai.

Vi ham t8ng chi phi cda xi nghiép: C =C (Q,,Q>)
Tim mufc sdn lugng Q,,Q- d€ xi nghiép cé Igi nhuin t&i da.
Gid st Q,Q> 4 sdn lugng cda cdc loai sdn phﬁ’m mi xi nghiép sdn xudt
trong mot don vi théi gian. P& bdn hé&t cdc loai s3n phim trén xi nghiép
phdi bdn vdi gid p;,p2 sao cho:
Qo = Q1 = Dy(p:,p2) .
Qp2 = Q2 = Da(py1, p2) (Do guy luidt cau)
Tir ddy tim ra dugc pi;p2 theo Q; Qa. khi dé doanh thu ctia xi nghiép la:
R =pQ1+p2Q2
Lgi nhudn (Profit) cda xi nghiép la:n =R -C,
miuc sdn lugng tim ra dudce Q,,Q; phai tim 1a gid tri Q,,Q; ducng sao cho
7z dat cuc dai.

Vi du.
Ldy Qpb, = 40 — 2p, + p2; Qpz =15 + p; — pz va ham tdng chi phi
trong mot don vi thdi gian 1a: ’
C =C(Q,Q) = le + Q2 + sz tim mdc sdn lugng dé xi nghiép cé 1di
nhuin t61 da.
Ly ludn nhu trén ta di tdi hé phuong trinh.
Qp1 =40 -2p;, +p2
Qo =15+p1—p2
Giai hé tim dudgc:
P1=55-0Q;:-Q: ; p2=70- Q1 - 2Q2
Doanb thu cda xi nghiép ia:
R=pQ1+pQ=0355-Q-Q)Q +(70~Q, —2Q2) Q:
L.gi nhudn (Profit) cia xi nghiép la; n=R - C=
=(55-Q1~ Q) Q1 + (70 - Q; — 2Q2) Q; ~( Q> + QiQ2 + Q%)=
=-2Q," - 3Q2" - 3Q1Qz + 55Q; +70Q;
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Ta tim dudc cuc tri cda T
(om _ 0
an {—4Q1 —3Q2 +55=0 {4Q1+3Q2 =35
= =
0

Y

on _ ~—6Q2-~3Q1 +70=0 3Q1 +6Q2 =70
19Q2
=8
<:>Q1 23, Vi cO: 827:_4.8211:_6_ o’ =
’ . - s A 'S~ v~
Q, :? anz anz dQ aQZ
Viy A=-4, B=-3; C=-6
A=—4<0
2 — 7 dat cuc dai tai (Qy,Q.) = (8,23/3).
A=AC-B=24-9=15>0

Vay muc san Wong (Q),Q2) ma x{ nghiép san xudt dé ¢6 1¢i nhuin t6i da
la (8,23/3).

Cdch khdc: Tinh vi phin bac 2: d27r = -4dQ} — 6403 +2(-3)dQ,dQ, =

2
=_6{dQ2 +%} —ngf <0 ==> (Q1.Q») = (8,23/3) CP.

4.3 Bai todn nguoi tieu diung:

Gid sif ngudi tiéu dang dinh dung mot s6 tién 1a B d€ mua sam n=2
loai hiang. Biét ring gia cla cdc loai hang 12 pq;p;.ham hitu dung cho
n=2 loai hang trén: u=u(x,y), trong dé x,y 12 s& lugng hang th¢ nhat thi
hai tudng ng ma ngudi d6 mua. Hiy xdc dinh s6 lugng hang ma ngudi
tiéu ding s& mua, sao cho gid tri st dyng 1dn nhat.

Ta phai tim cuc tri ham s8 u=u(x,y) véi diéu kién: pix + pay =B.
Py 12 bai todn tim cyc tri ¢6 diéu kién.

Vidu: u(xy)=(x+2)(y+1) vd pi=4; p=6; B=200

Ta tim cyc tri cda ham u= \[(x+2)(y+1) véi diéu kién:

o(x,y)=4x + 6y — 200=0
Tim di€m dirng (Xo,yo) va s8 A thod hé phuong trinh:
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1 y+1 a4

(ou . 0@ = = 0
a—x"‘}»g—o ZJ(X—l—Z)(y-i—l)
Jjou 99 o 1 x+2 +A6 =
dy ay 2\/(x+2)(y+1)
P(x%y)=0 4x + 6y —200=0
99 101 -1 107
iai hé dudgce: = =— A=—e, == U= e
glal ne JC. Xo 4 Yo 6 4\/6 m
Xét ham Lagrange: L{X,y) = u(X,y) + Ap(x,y) =
1
= J(x+2){v+1)———(4x+6y—200),
Jix+2)(y +1) ——=(4x+6y-200)
2 1)2
tinh todn: A:a 12"=_ (y+1) == 1 y+13
X 4(\/(x+2)(y+1 (x+2)
’L 1 1 oL 1 xi2
axay 4\/(X—|—2 y-|-1) ayz 4 (y+1)3
1 32 —J6. C_ﬁ\/54_—3\/6, g 24 e
T 428V 3 3127 428 428 ° 428 214
b 1 32
2L=-1 [3245x2,2 1 /23dxd -—J 54d
428\ 3 428 xey v?

dx,dy thod de=0 < 4dx+6dy=0 << dy =-2/3 dx
= d°L<0 = u datcuyc dai
Cdch khdcl: Viét lai duéi dang vi phin:

2
a1 = 36 [dy—ﬁdx] 23\/_ 2 . 0= u datcuc dai

18 7704

Cach khac2: 2XT2)*6(y*1) > fa(x+2)6(y+1) =24u

2
(4x+6y—200)+214 4(x+2)+6(y~+1) 107
107 = = >NV2du o ——2>2 i
2 2 N24
99 ,_101

va chi bang khi 4(x+2)=6(y+1)= Xx=—ry=—

Cdch khdc3: C6 thé gidi bang hinh hoc, sinh vién ty gidi.
Cdch khdc4: Dung dinh thite xét ddu: n=2, m=1, chi xét mét dinh thic:




Chuong 4: Him nhiéu bién. 143

0|28 &
axl axz 0 4 6
-6
H2= Eg— a“ au =4 \/_ JE 248\/6 >0 ==>Cb

ax, 321 214 107
g J6  -3Je
xn ay; ax| |6
x5 214 428

4.4 Bai todn tim ddu vao sao cho chi phi san xudt bé nhdt.

Gia st ham san xuit Q = Q(x,y) ¢6 dao ham riéng d€n cap 2 lién
oQ > 0; 0Q
dx ay
Bai todn dat ra 13: xdc dinh sdn lugng dau vio (x,y) d€ sdn xudtra Q sdn
phim véi téng chi phi bé nhat.

M6 hinh caa bai todn la:

Tim (Xo,yo) d€ C = pix + pzy nhd nhdt véi diu kién
Q(x,y) = Q. Ta phai tim gi4 tri nhd nhat cia ham
C = C(x,¥) = p1X + p2y thoa didu kién: ¢(x,y) = Q(x,y) - Q=0.

Pay 12 bai todn cuyc tri cé diéu kién di bi€t cdch gidi.

tuc va > 0. bdn gia cia ddu vao c¢d dinh ky hiéu la: py,ps.

Vidul: Cho Q(x,y) =10 Jxy; P,=10; P;=15; Q=20

'aC' atp 10 \/E_

9C ., 99 _, +25,L =0

ox ax X

19C 1,92 _y <-_~><15+15\/E:0,

dy  dy y

e(xy)=10xy —20=0 JXy =2 \\ >
26

Gidi hé tim dude Xg =+6,yg = —— A =—6,
Xét ham Lagrange:

L(x,y) = C(x,y) + A@(x,y)= 10x + 15y - \/6(10 Xy -20).

o*L _s5J6 1\/@ ’L_-5/6 1 %L _5J6 1 [x
axz 2 .X X’ Bxay 2 '\fxy ’ ay2 2 .y y
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:A:SJE 56 1_—5V6
2 2 2 4
_5J6 3 \/‘ 15\/’ 15J_
2 276
vy A= AC-B2 —7?5—% =0 = L(x,y) dat cuc tiéu 77 (ph4 san)

Cdch khde: Vi€tlai dudi dang vi phin:

5 (2 1
d L :E\/—gdxz 13 \Ed 2 %Jgdxdy, sau mot phép tinh todn, ta cd:

4
15 2 ) |
d?L "——?\/g[dy—gdxj >0 => L(x,y) dat cuc ti€u ?. That ra ta cé thé

dua v& ham mdt bién d€ khio sat, d€ thiy thuc su L(x,y) dat cyc tiéu. C6
th€ thdy 16 diéu nay qua ¥ nghia hinh hoc cfia bai todn nhu hinh v&. ta cdn
c6 thé thdy duge két qua nay qua BBT Cauchy:

Wx+15y ! Y > JT0xx15y =150/xp = 2150 = 10x +15y > 4150,
2/6
3

BT chi xdy ra ddu bang khi 10x =45y «>2x=3y = x =6,y =

Nhin xét; Piy la bai todn ¢6 dang vi phin bic 2 toan phuong 13 suy bién
nghii 1a ]II| ~0< A=AC-B2 = 7?5—%—0 , nhung ¢i€m dirng vin 1a

di€m cuc tri nhu d3 nhin xét & trén.
Cdch khdc: Dung dinh thitc xét ddu: n=2, m=1, chi xét mdt dinh thic:

2 | X2
— 12
X 3 6 4 24
€ | 15 sJ6 15J6
x4 21 22 2 4 3

Vi du2: Pé thi cao hoc kinh t& 5/2007.

Dung phuong phdp Lagrange tim lugng lac dong L (Labor) va vién K
(Capital), d€ cuc ti€u héa ham chi phi C (Cost), C =L+ 001K |, K>0,
L>0, v&i rang budc vé ham sdn xudt Cobb-Douglas: O = VLK =20
S(LK,A)= L+0.01K + A(NLK ~20}, g(L,K}=-LK ~20=0
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/ K
=1+ 4 =0, 0.01+ A ———=0, VLK -20=0
1 ix = Tk = zJ_ si=
= 100 =—— 1 =K:>K=100L,
001 L

thé vio VLK =20=> VILx100L =20 & L=2,K=200, A=-0.2
vi K>0, L>0, nén ta khong ldy nghiém am.

Sir =_?li‘w2(“‘r)_%’ fék =—'3-/1L2(LK)_%
fLK=—%AKL(LK)_%+l,1\/E, £l =
e Tz LA LI 2
- _ e 1T
fia Kﬂ. 2K =E

th& 3 gia tri L= 2 K—EOO A=-0.2
£ =025, fifx =0.000025, fi% =-0.0025,

Thé& viao ma tran Hessian:

0| °& 9%
- oL oK 0| 5 0.05]
H, = i ayy app|=| 3 0.25  —0.0025=—0.0025<0
S 0.05 | —0.0025 0.000025
e I | a
K 21 22

Ta ¢é thé dung vi ph-an bic 2:
d2f = fihdi? +2 fldLdK + filgdK? =0.25(dL—0.01dK)* > 0==> CT.

4.5 Cong ty c6 nhiéu thi trudng tdch bigt.

Phin nay tong qudt hon phin 4.1 va 4.2 & trén.

Mot ¢ong ty sdn xudt déc quyén mot loai sdn phim, ti€u thu trén 3 thi
trudng riéng biét. cdc ham ciu (Demand) vé sin lugng (Quantity) theo
don gid (Price) tudng ing trén 3 thi trudng

Op, =\ (P)=Dy (£, P, P53}, Qp, =02 (P) =Dy (P, P2, P3),

Q Q3(P)"”D3(P13P2’P3)

Thong thudng véi i=1,2,3, P T = Op. (P} hay nguge lai.
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Va ham chi phi C=C(Q), vdi Q QI +Q2 +Q3 Théng thudng C=C(Q) la
ham bac 2 ¢cia Q, hay la moét dz_mg toan phudng idng quat theo 3 bién sdn
lugng: Qy,02,0Q3

eTim s lugng san pham (Qy,0,,03 ). cung cép cho ting thi trudng aé loi

nhuiin cao nhat doanh thu (Revenue)

Ta dinh nghid thern mot sO khzu niem trong toan kmh te nhu’ sau:
e Bién € chi pht MC (Marginal Cost): MC = CQ (dao ham riéng cla chi
phi C theo bi€n san lugng Q).
e Bién t& doanh thu MR (Marginal Revenue): MR = RQ (dao ham riéng

ctia doanh thu theo bién san lugng Q).

AQ
e DO co dan: £gpy = Aé” AP >0 >Q§,£—.trong d6 ham Q@ = O (P)
P
A0 AQ
Viy EQ(P)=Q§)£. Vi EQ(P)=A—P—=—Q—, &n khi tai don gid P, néu
Q ¢ AP
P P

ta thay d8i 1% don gid, thi sdn lugng ciu Q thay déi theo chiéu hudng
ting hay gidm nhd vao dd co din £gp% duong hay am.

Vi du: tai mot don gid P nao 46 va sau khi tinh ta co: EQ(P) = —5,nghia la

n&u ta tang thém 1% don gid, thi sin lugng cau Q s€ gidm 5%. Ngugc
lai néu ta gidm thém 1% don gi4, thi sdn lugng cau Q s& ting 5%.

Vi duO: Mot cdong ty bdn mdt loai sdn phim v4i ham ciu:
Op =D (P )=200-50P, tSng chi phi 12 C(Q)=0+10, trong d6 Q 12
san lugng, P 1a don gia. “

a/ Hiy xdc dinh ham 1gi nhuin va tm Q d€ cong ty dat 1di nhudn t61 da.

b/ Tinh chi phi bién t& MC, va doanh thu bién t&€ MR, so sanh gifta ching.
¢/ Tinh a8 co dan cta Q theo P tai P=3.6. Né&u tai don gid P=3.6 nay, cong

ty muén ting don gid thém 1%, thi sién lugng ciu ting hay gidm bao
nhiéu phin trim.
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Gidi-
a/ Ta c6: P=4—-0020, ==> R=QP =—0.020* +40,
7 =R-C=-0.020%+30-10, = 7 =—0.040+3=0=Q =75,

7y =—0.04 <0, vy Igi nhuan 7 dat cyc dai tai Q=75 sdn lugng.
b/ Tit C(Q)=Q+10==> MC =Cj,=1.Tix R=QP =-0.020Q% +40

—=> MR = R}, = —0.04Q +4, khi Q=75 thi MR=1, liic nay MC=MR.
3.
c/ Ta1 P=3.6, SQ(P) = Q:‘;) f‘* = —SO-L-— =50 6 =-9
0 200—50P 200—50x3.6
nén khi tai don gid P=3.6, n€u ta ting don gid thém 1% , thi sdn lugng
ciu Q s& gidm 9%.

Vidul: Gia thuyet nhu trén v8i: QD -—_- (Pl) 80——{:

Chi ph1 C(Q ) Q +10Q+30 chi phi nay chinh la mdt biéu dién

quadric tdng quét trong R? nhu da phan tich ban diau (vu’a ¢6 dang toan
phudng, vira ¢6 dang béc nhit tuyén tinh, vira c¢6 hang s& ban dau).

_ Gidi:
Nhin thiy: véi i=1,2,3, BT = @p 1 hay ngugc lai.
Ta c6: Py =160—20Q,, P, =240-30,, P; =320—40;,
== Ry (Q1)=P (Q) 0 =(160-20, } Oy
—=> Ry (Qp)=P(02)0; =(240-30,)0>
==> R3(03)=P3(Q3)03=(320-40;3)05
voi Q=01 +0, +03
=R (QI)+R2(Q2)+R3(Q3)—C(Q)3R1+R2+R3—Q2—10Q—30

‘ /
Chu y: (Q2+10Q+30)Q_ =2QQ;2'. +10Q:2i =20%x1+10x1=20+10
(:'z:’F =40

0, 160—-40; =20 +10=2(0 +Q, +Q3)+10
=0 {240-60, =20+10=2(Q; + 0, +03)+10
—0 320—-8Q; =20+10=2(Q; +0; +03)+10

V=0

-

/
T
Q.

/
T
705
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30,+0; +03 =75 O =10

=10 +40, + Q3 =115 < {Q, =20 Xét dao him bac 2:
Q) + Q3 +505 =155 Q3 =25

70,0, = 6 Tg,0, =78 TG0, =10 Ty o =T 0 =7g,0 ="
-6 —2 -2
H=|-2 -8 -2 ,céHl——-ﬁ,Hz—‘_ —'=44>0,
2 -2 10 I
-6 -2 -2 31 1
Hy=|2 -8 -2[=-2%1 4 1/=-8x50<0,nén 7 CB
-2 -2 -10 1 1 5

Vay can sd lugng @ =10, tuong Gng gid la. P, =160—-20, =140
Vay cén s8 lugng @, =20, tuong Ung gid 1a: P, =240—-3Q,=180
Viy can s6 luong Q@3=25, tuong Ung gid 1a: P =320-403=220
Cdch khdc: Viétlai dudi dang vi phan:

dix = —6dQ] —8dQ3 —10d0F —4dQ,dQy — 4dQy dQ3 — 4dQ,d Q5 =

2 2
:—10{;@3 + 4% ;’dQ' J - 38[dQ2 4 34 ] ~199 402 <

5 19 19
Nén 7 CP tai (@, =10, Q,=20, 0;=25).

Vi du2: Ciing v3i gid thuyé&t nhu trén véi:
Op1 =0y =|-3P|+P,+0P; +130,

QDZ =Q2 =2f’l —7P2 +P3 + 220

Qp3 =03 =0P, + P,[-5P;|+215 Chiphi:C(Q )=0%-10Q+ 30,
Gidi.

Nhin thiy: véi i=1,2,3, P T = Op, J hay ngugc lai.

7 =R—C=PQ; + P,0; + P33 —(@% -100+30)

Ta c6 th€ gidi theo Py, Py, Py, 16i chuyén vé 0,0,,0;

Q=01+, + Q3= Qp =Q p +Q) p +Q4 p =—3+2+0=—1,

o / / / / '
crp = (PO p @1 )+ RO, p + P30, - (200, —100}, )=
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(=6P, + P, +130) + 2Py + 0P3 —2(—P, —5P, —4P; +565)(~1)+10(-1)
=(—6P + P +130)+21ﬂ'2 +2( P —5P;, 4P, +565)—10

gidira: B =%, P, —2—15-5—92, P3 :%, th€ vao ta ¢é:
N 402_\_7\.._ 4027 8054
0, = 51755 . Xét dao ham bac 2:
4027 “80>4 N
i"noo_ v nooo__
”Plﬁ“ 8,.1:},2},2- 64,7;'P3P3— 42 ,
=/ -7, 2! =-8, x , =-38,va ma trin Hess:
AP~ PPy Y ’ ' '
-8 -7 -8 s 7
H=-7 —64 -38|,c6 Hy=-8<0, H, = _7 kL
-8 —38 -42|
-8 -7 -8
Hy=|-7 —-64 -38/=-5566<0,nén 7z CD
—8 -—-38 42

4.6 Hoach dinh vit tu ton kho cé gidi han von va khong gian (rit.
Hé thdng tdn kho c6 von gidi han J va khdng gian chita gidi han W. M6
hinh hé thdng tdn kho EOQ (Economic Order Quantity) la bai todn:

i=n R;C P, F o 32
[ P sz ] — min, v6i hai rang budc bit dang thifc:
i

G: Tong chi ph1 tén trif cho mot t don hang
£1: Téng von.
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2 TS8ng khdng gian d€ chira vat tu.
Q;° Cd (don vi: kg, mét, c4i,...) 16 hang vat tu thd i cin diit

(4n s6 cAn tim),i=1,n

R;: Nhu ciu hang nim (don vi/ nam - dv/n) , i=1,»n

C: Phi dat hang (cho m6t don hang, gdm n vat tu),
c6 don vi: ngan déng/ don hang NB/dh.

P Phi mua (don vi) vittutha i, i=1,n,
c6 ddn vi: ngan déng/ don vi ND/dv.

H; = FP, Phi t&n trit don vi hang nam vattw thit i, i=1,n,

ngan dong
c6 don vi: ngan ddng/ don vi.nim- NB/dv.n=—den vi
nam

F: H¢ s8 ton trit hay ti 1€ phi tén trit trén phi mua hang don vi hang
nim, F = (0.2 — 0,4) (1/n).

w; . khoéng gian gidi han cho méi don vi vat tur tha i, i = _,_-I;,
co don vi: (m3,m2,.. )

Hé ¢6 hai rang budc la bat dang thu’c ta thanh lap ham Lagrange

Lagrange ta can tim. De giai bal todn trén, ta co dleu klen t6i vu Khun-
Tucker lam cyc ti€u ham G vdi hai ring budc bit ding thic trén la:
R; C P F /11P

-

L, =Gy =— sz S +Aw; =0,i=1n (1)
Mg —J)=0 (2)
142 (g2—W)=0 (3)
g1—-J=0 (4)
gy —W <=0 (5)
(24,20,2,20

Hé phi tuy€n nay c6 n+2 phudng trinh va n+2 4n -‘11:.

Viéc chirng minh tinh duy nhét nghiém ta khéng banﬂd day.
Viéc gidi hé nay dugce thuc hién bang phuong phap ldp sau:

* 2CR; :
(1)—0; = : (6)
F P+ P 4+ 2A,w;

()= 4 >0 g, —J= O@ZQ'Z‘ —~J=0 (7)
i=1
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i=n
(3) >4, >0 g, -W=0 3 w;0;-W=0 (8
i=1

Thuit toian:
Ta bit diu véi '1'1 ), 0, tinh cdc Q; & (6), sau d6 thii lai (7) va (8)
xem c6 théa min chu’a" di tang 11 /12 din déu 1&n dén kh1 (7) va (8) cdi

lai bat dau vé6i A, ting din déu bit tir 0, cho dén khi (7) thoa thi du’ng

thuit todn. Sinh vién cé thé dung excel dé giai lap he trén.
Vi du: Xem bing hé tdn kho 5 vit tw véi cic tham sd: C=10ND, F=0.2

R; (dv/m)| P; (ND/av)|w; (m® )
600 3 1
900 10 1.5
2400 5 0.5
12000 5 2
18000 1 1

Vi vn gidi han 1a 2000 N va gidi han khong gian chia W=1500 (m3)

Gi&i-
5

: 5
. R
Chi phi tdn kho: G =10 —
i=1 Q; i=1
Hai diéu kién rang budc bit dang thic:

-Rang budc von: gy (7)

-Rang budc khong gian (8)

Co (size) 16 hang: Q; = 2CR; ,i=1Ln (6)
F P+ 4P +24,w;

Thudt toan:
Trong thirc hanh, ta bit diu véi .JL'”?:E

= 0 0, tinh cdc Q; & (6), sau do
thit lai (7) va (8) xem cé théa man chua? rdi ting )!,1,/12 din déu

(A 0. 005) 1én dén khi ta thdy (8) gin bing 0 sau cung, lic dé gilt
—0 21 ¢ dinh, rdi lai bdt ddu vdi 4, ting dan bt tir O, cho dén khi (7)

gan bang 0 thi }-ll 13 lic nay ta dimg thudt todn.
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W B Jclbp E F G | m I K L

i Ry | £ wy | A Qi PiQi/2 wiQi

1 600 | 3 | 1 | 0.125 ) 0.205 |0.13|0.21] 92.25312 | 276.7594 | 92.25312

2| 900 |10|1.5(-0.005(-0.005 '67.67683 | 676.7683 | 101.5152

3| 2400 | 5 [0.5 '160.6439 | 803.2193 | B80.32193

4/ 12000] 5 | 2 310.4602 | 1552.301 | 620.9204

5118000 | 1 | 1 692.8203 | 692.8203 | 692.8203

6 ho 0.934159 | 87.83104
i=# l—n L N

O Ke6: O L.6: Z w. Q, .—1500 12 2 6 kiém tra bK:(7), (8)

i=1.

Viy nén ddt hang thco chu ky ¢c@ 10 hang Ql =92 dv, Qz
QS =693 dv 1a t8i wu vé& chi ph1 ton kho.

O3 =161dv, O, = 310 dv,
BAI TAP
1/ Ching minh cdc gidi han sau:
@) tim <L _ 1. gy im BOY) 4.
x—0 xz +y2 x—0 y
y—rl y—0

d) lim _)_Cy_

3 ( khéng 6 gidi han )

lim x¥ =«

xX—>a
y—b

x—0 x +y
y—0
2/ Tinh cdc dao ham riéng: ', f‘g,, f"’xy, f”yx
af z=—"2 b/ z=x%+y? +6x - 2y --1
x“+y

¢/ z=e"7V+2x -5y -6

e/z=In(x*+2y)

df z= +x—4y+cosy
2o 2
3/ Chitng minh ham z = yIn(x” — y?) thda phuong trinh
1 , 1, z
__zx +—zy :—2—

4/ Ching minh ham z = xf(Z) théa phuong trinh:
X

5/ Tinh dz va d’z cda:

Y

a/z:sin(x2+y2) b/ z=Inztg =
x

6/ Tim z’ ,kva 7 2

trinh x~ -xy+y =1

7/ Lam c4c ciu sau:

M2 _H2
Z x Zy =(zxy)

68 dv,

b

c/z= e*(cosy+xsiny)

x neu z=x"+ y* & do y = y(x) dugc xdc dinh tor phuong



c/

8/

9/
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a/ Tim z'x n€u  z = xy + xcosy + 1 & d6 y = y(x) dugc xdc dinh bdi

phuong trinh: x’y — y°’x = a*, ae R hiing sd.

b/ Tim ham u = u(x,y) néu biét:

@: 2x+y;a—u=2y+x va u(0,0)=0

ax ay
y2 —2xz=1 »

Cho hé phudng trinh: , chita hai ham an y=y(x),
x2—e¥T =y

7=7(x), gia s& ching kha vi dia phuong bac 2. Tinh 3’ (x=0).
X

Cho phuong trinh yx*+y 4+x+1=0, chita ham &n y=y(x), gid s& né khi
vi dia phuong bac 2. Tinh yj:z (x=1). PS=9/8

Tim tip cdc diém ding clla cdc ham sau:
alz=2x"+xy’ +5x> + y* b/z=e(xX+y> +2y)
c/ z=yJl+x+x\1+y

Tim cédc diém cuc tri clia cAc ham sau:
a/z=2xy—3x2—2y2+ 10
b/z=x>—(y— 1)

c/z=(x— 1) +2y?
d/z:4(x—y)ﬂx2—y2
e/lz=x+y—-¢€y
f/lz=(x+y—94)(4x +3y )— 6xy
g/ z = x*y*

10) Tim cuc tri c6 diéu kién clia cdc him sau:

alz=xyvéix +y=1.

b/z=x"+y" (m>1)vdix+y=2, x20, y=20
c/lz=xyvéi(x—1 Y+y*—-1=0

d/ z = cos® x - cos’y néux — y =n/2

e/ z=f(x,y)=2x+y, v31 x+y =5.

t/ z=f(x,y)=x+y, v61 xy=1.

g/ z=f(x,y)=xy, vOi x +y =1.

11/ Tim hinh hép v&i dién tich toan phin S di cho, c6 thé tich I6n nhat

12/ Trong cédc hinh hép chi nhit ¢é6 dudng chéo da cho, tim hinh ¢6 thé

tich 1dn nhat
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13/ Ching minh trong tdt cd cédc tam gidc c6 chu vi cho trude thi tam gidc
déu cé dién tich 16n nhat

14/ Tim khodng cdch ngin nhit “ir diém Mg(1,1,0) d€n mit phing
3x+3y—z=7

15/ Tim 1 di€m M(x,y) trén dudng cong
x?—2x + y? — 4y + 1 = 0 sao cho MMg 14 doan ngidn nhdt v&i My(4,1)

16/ Tim cuc tri ham:

al z:l—%l thda diéu kién 12 +— =
A 4 x" oy a

b/ f(x,y) = ax +by vdi x,y thoa a/x + b/y =1, trong d6 a,b,x,y >0.

17/Tinh gin ding

- a) \/(1.02)2 +(0.05)% b) In ( ¥1.03 +%0.98-1)
18/ Chitng minh cdé il cdch bi€u dién dao ham riéng bing
TSR A
nhau ctia ham r bién x;, X2, X3,..... X;, vdi dao ham riéng bic n =k+
Ko+ Ks+...... +k,, trong d6 14y dao ham bac k; doi v&i bién x,, 18y dao
ham bac kp d61 véi bi€n Xa,.... 14y dao haim bic k, ddi v&i bién x,.

19/ Pao ham dang toan phudng.
a/ Cho A, ., matrdn hiing s§ gdm m dong, n cot,
X=(X1, X2,.....Xn) € R",
y =(Y1, Y25eeee,ym)E R™, ham s&8 f gém (n+m) bi€n, dugc xdc dinh bdi
tich vé hudng sau
S(X15X25 Xpgs Y15 V22 s V) = (Ax, y) ,chitng minh:

(Ax,y) = (x,ATy)

b/ Nhu gia thi€t ciu a/, ham s8 n bién dugc dinh nghia:
F(xysX3, - 5x,)={Ax,b), trong d6:
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/
S,
__ L F
b =(by, bz,.... ,bw)e R™.Ching minh: Vi =| =2 |=(Ax,8) =476
Ie

¢/ Ann, matrin vudng hing s6 gém n dong, n cdt,

X=(X|, X2,...., Xn)} € R",

Ham n bi€n dudc dinh nghia:

f(x],xz,-—‘,xn)z(Ax,x)r-(a“xl +a12x2 +a13x3 +---+a1nxn)x1 =+
+(a21x1 +a22x2 +a23x3 -+ .- -+a2nxn)x2 +

+(a31x1 +a32x2 +a33x3 “+ ---+a3nxn)x3 +

+(a,1x) +a,3Xy ta,zxy - ta,,x,)x,

Ching minh:

1/ (Ax,x); =(AT + A)x

2/ (Ax, Ax) = (x, AT Ax)) =247 4x

d/ Trong R™, Am,, matrin chiv nhit, dinh nghia d6 dai qua tich vd
hudng: “Ax—b‘z =(Ax—b,Ax—b)

1/ Chitng minh: v&i A, b ¢6 dinh, ta cé:

[4x— 5| — min = x=(47 )1 4a"p.

2/ N&éu C=ATA chéo héa dugc, i.e cé W, det(W) #0 sao cho:

A4 10
wlcw =bp=|0 0 |, thi nghiém cau 1/ dugc viét lai:
o : A,

x=wD 'w147p
e/ Cho x=(x1(t), X2(1),.... ,x.(t)) € R",
y =(y1(1), y2(D,.... ,yn())€ R", 12 hai him s& n bi&n, mdi thanh phan
o . d dx dy
bi€n lai la ham theo t. Chitng minh: —(x = — +| x,—
] g d{( »¥) [dt,yj [ ,dJ
f/ Cho Ann. matrin gbm m dong, n cdt cdc thanh phan cda matrian

lai 12 ham theo bi&n t, chirng minh: i(Ax) = [ﬁ,xj—% [A,E] .
dt dt dt

v&i x gid thi€t cha cdu e.



156 Chuong 4: Ham nhiéu bi€n.
20/ Cho x=a+ht, y=b+kt,dit F(t)= f(x,y), ching minh:

F(" Zcf,h"k"" f( )

lnl

21/ Chitng mmh cong thic sau bing khai trién Taylor:
X%+ xy— 3t =—5+S(y+2)+%[2(x—1)2 +2(x—1)(y+2)- 2(y+2)2]

22/ M6t xi nghiép san xuft hai loai sdn phim véi gid ban trén thi trudng
12 P,=60; P, =40. v6i tdng chi phi 12
C=C(q1,q2) = 24,” + 2q1Q2 + G2°
qi, g2 12 mitc sdn lugng ma xi nghiép sdn xudt.
Tim muc sdn lugng d€ xi nghi&p c6 1gi nhuin t6i da.
23/ Mot xi nghiép sdn xudt hai loai sdn ph&m. Bi&t ham ciu va him téng
chi phi ctia xi nghiép:
Qp1=250 — Py+ P3: Qp: =300 + P, — 2P>
C = Q;%+ Q 22 + Q;Q; +500Q, + 220Q; + 10.
Tim muc sdn lugng dé xi nghiép c6 1¢i nhuin toi da.

24/ Mét xi nghiép san xuit hai loai san phdm cé ham sdn xuit tuin theo
qguy luit: Q=Q (x,y) = \/;-i-\/; don gid ddu vio cda méi sdn phim
12 P;=15, P,=20. hiy xdc dinh muc sdn lugng ma xi nghiép phai sdn
xuit dé khi sin xudt ra Q=490 sin phim xi nghiép bd ra chi phi thip
nhat.

25/ Mét ngusi 6 s8 tién 13 4.000.000d d€ mua hai loai hang véi gid
P,=500.000d va P,=400.0004d. tim s& lugng hai loai hang trén ngudi
d6 mua dé€ c6 gid tri st dung 16n nhat. Bi€t tinh hitu dung clia hai mit
hang trén tudn theo quy ludt: u=u (x,y) = (x+4)(y+5).

26/ Mot cong ty sdn xudt déc quyén hai loai sdn phdm c6 ham ciu va
ham téng chi phi nhu sau: ‘

Qp =40 —P, + 1/2P5; Qp2=35+P - P;
C=CQ1.Q)=0Q "+ Q Q2+ Q2" +7Q, +38Q,+3
a. Tim mitc san luong d€ céng ty ¢6 1gi nhudn 16n nhat.
b. Tim mic sdn lugng d& cong ty ¢6 1di nhuin 1dn nhit véi di€u kién
Q-|+Q2=40.
27/ Tim cuc tri u=x+y+z vai xyz=125.

28/ Tim cuc tri f(x,y)=x+y véi x2+( 1/4)y2+222:l.

29/ Tim cyc tri f(x,y,7,D)=x+y+z+t vdi 16-xyzt=0.
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30/ Tim cuc tri ham: f(x,y)= x4 +y4 —2x2 —2y2 +4xy+1

31/ Gié thuy€&t nhu 1y thuyét véi cdc hdm ciu:
Cp1 =0 =3P+ P+ P;+130

Op:=0p= 2P |55+ P;+220,

QD3 =Q3 = UPI +P2 —3P3 + 215

Chi phi: C(Q )=0?%—100 +30, im 1¢i nhusn 16n nhat.

1 . )
DS: P = 63205 Py = 161825 J 41760 16 vao ta co:
1588 1538 397
15175 9380 6815
0= 708 ° 227307 Q3_W

32/ Gia thuy&t nhu 1y thuyé&t véi cdc ham cau:
QD] :QI = —3P1 + ]_.Pz + 40

, chi phi:C(Q )=0*-0Q+30,

QDZ = Qz = 2})1 —4P2 +30

tim 1¢i nhu4n 16n nhat.

b/ Cling tim Q, Q,, d€ c¢6 16i nhuin t6i wu, vdi thém diéu kién
1a: Pdnh thu€ 10 déng trén mdt sdn pham Q,, va ddnh thué 20
dbng trén mot san pham Q,, nghid 1a lic nay

C(Q )=0%-0+30-10Q, —200,

33/ Dung phudng phap Lagrange tim lugng lao ddng L (Labor) va
vén K (Capital), dé cuc tiéu héa ham chi phi C (Cost),
C=L+0.01K, K>0, L>0, vdi rang budéc vé ham sin xuit
0=VLK =

34/ Tim lugng lao ddng L (Labor) va vén K (Capital), d€ cuc dai
1/ 1
héa ham 1¢i nhuédn, 7= 6[1:/31(/3 ] —2L-0.02K
35/ Ki€m chitng céng thifc:

b(z) b( )
d aK(u,t) db da
—dt[ j K(u,t)du} K{b(t),t}——dt K{a(t),t}~——dt

a(t)
Vé&i K(u,t)= sin , B =¢e"+1, a(r)=2c+1, ta ki€m chitng:
(1) 1
j K(u,t)duz—z( cos[the +2¢ ]+cos[4t3 + 2t2]) , Ve trai:
2¢

a(?)
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b(r)
gt-[ _[ K(u,t)du}=*6sin[4t3+2t }+e sm{Zrze + 2¢ ]
a(r)

+i(25m[2t2e + 2t ] Zsin[4t3+2t ]+Ze sm[2t2e + 2¢ ])
t

+—13~(cos|:2t2e + 21 ] cos|:4t3+2t2])
!

Y0 oK (ury €1 2 |
j' Tdu: _[ 4tucos(2t u)duz.........

a(r) 2¢+1
db da . 2( ¢ t 2
K{b(),t}— - K{a(t),t}— = sm[Zt (e + 1)}3 ~sin [2: (27 + 1)]2

dt dt
Tinh todn chi ti€t, d€ thidy 2 v& déu bang nhau.

4o
36/ Tinh: J = 1-C0Sax —kryy o k>0 HD: B3 qua cdc PK hoi tu:

0 X

= [ e sinaxdx=—%— (tich phan ting phén)
o +k

:>J(a,k)=-%—ln(a2+k2)+c, J(a=0)=0.Vay C=_711nk2

kZ

cost b+t .
37/ Tinh cdc dao ham: £(£)= | V1% ax, f(1)= [ o ax
X

sin ¢ a+it

2
:>J(a,k)=%ln[1+£—]
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CHUONG 5

PHUONG TRINH VI PHAN (PTVP)

1. Mg ddu:
— Khi nghién ctru mét dai lugng vae 1y thudng khdéng tim dude ngay quy
ludt lién hé gitta cac dai lugng dang xét nhung lai c6 thé dé& dang lip dudc
modi lién hé gilta cdc dai lugng 4y vd cdc dao ham heidc vi phan cida
ching. Pi€u nay dién td mdt cdch ty nhién nguyén 1y nhin qud, mot nén
moéng cda khod hoc ty nhién.
— Phuong trinh vi phan thudng ta mé hinh, md phdng todn hoc cda hién
tugng vt 1y, ma cdc hién tugng vat 1y 1a thuc thé, 14 cdc thue thé t6n tai,
hién dién quanh ta. N&u ta chdp nhin md hinh dé, nghia 12 mé hinh phéan
anh diang hay gan ding mot hién tudng vit ly nio d6, thi hé qui ctha mb
hinh dé hay néi khdc di, nghiém cta phuong trinh dé “chiic chin” tén tai,
nhu trong t nhién van tdn tai mdét hé qua cda hién tugng vat 1y d6. Pay
cling 12 mdt bién ching tri€t hoc vé sy tdn tai nghiém cla cdc phuong
trinh vi phin. Trong khi su chdng minh tén tai nghiém c@a cdc phucng
trinh vi phin trong toin hoc, ma ddi khi chi véi phuong phdp todn hoc
chinh xdc¢ da khdéng thanh cong, hay chi nhit cling 14 cuc khé. Chinh vi 1y
do nay ma nhitng nha vat 1y va ¢d hoc da di trude mot budc, nghia 13 biang
cich nao d6 ho chi cin im nghiém, sao cho ching “gin théa” phuong
trinh vi phin, va ct th€ 1a ho tng dung ching vao cudc song ddi thudng,
va ho yén tdm véi su viée nhur vy (vdi nhitng 1y ludn “so ding” nhu trén
di trinh bay) ma khéng can chd dén sy chinh x4dc hda cda cdc nha todn
hec rbéi mdéi lam cdc cong viéc cda ho. Va ngay trong gido trinh ndy
ching ta ciing chua cidn quan tAm dén cdc dinh ly vé sy tdn tai duy nhat
nghiém cta PTVP,
Ngodi ra, ngay cd tdp nghiém gidi tich cho ho ptvp tuyén tinh 14 rdt it, d6
ia chua k&€ dén tip nghiém gidi tich cho ho ptvp phi tuyén lai con it hon,
mac dil nghiém cia chidng vin tdn tai, néi cdch khdc, im nghiém gidi tich
chinh x4c 12 rit khé, nén ngay nay ngudi ta phit trién trudng phdi gidi tich
s&, d€ tim nghiém gin diing ciia chiing duSi dang s&, ma ta s& xét vin dé
nay trong toan chuyén dé "phuong phap tinh".
— Biéu thuc bi€u dién sy lién hé gitta cdc dai lugng va dao ham clia ching
goi 1a phuong trinh vi phan.
— Trong gido trinh ching ta xét cdc phuong trinh vi phin trong d6 ham s&
chua bi€t 14 him mét bi€n, phudng trinh nay con goi 12 phuong trinh vi
phin thudng.
2. Phuong trinh vi phdn thuong.
1) Dang tdng quat: F(x,y,y,y"....y™ =0 *)

Trong d6: y 14 ham phdi tim, y chi phu thudc vao bién x
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2) Nghiém phuong trinh vi phan: 13 ham y = y(x) théa mdn phudng
trinh (*).
3) C&p cda phuong trinh vi phin: 14 cip cao nhdl cda dao ham (hoidc vi
phin) ciaa y trong phuong trinh (*)
4y NEuF (x,y,v,y",...,y™ cé dang:
a0y +aix) YT+ +an(x) Y + anx) y = (x),
goi 12 phuong trinh vi phan tuyén tinh c¢dp n.
N&u ¢(x) = 0 goi 12 phuong trinh tuyén tinh thuin. Trong gido trinh chiing
ta chi xét phuwong trinh vi phdn cép 1, 2.

BAI1: PHUGNG TRINH VI PHAN CAP1
1.1 Cdc Khdi Nigm:
1) Dang t8ng quit F(x,y,y)=0 (*)
2) Phuong trinh (*) goi 1a gidi ra dugc d6i vdi dao ham
néu (*) chuyén dugec v€ dang:

dy
"=f(x, y) hay - =1(x, y) (**
y =1(x, y) hay : (x, y) (*%)

3) Pinh 1y tdn tai nghiém cta phuong trinh (**)
Gid st (x, y) lién tuc trong 1 mién D nio d6 trong mat phing Oxy.
Xét difm  (Xo, Yo) € D. Khi d6 trong mét ldn cin ndo dé clda X = X,
tdn tai it nhdt mdt nghiém y = y(x) cha phuong trinh (**) 18y gid tri y,
khi x = x,. Néu f;—f (x, y) lién tyc trong D thi nghiém &y 12 duy nhit.

y

4) Nghiém tong quét clia phuong trinh (**) 1a ham y=y(x, ¢). Trong dé ¢
1A mét hing s8 thy y, thdoa min phudng trinh (**) v8i mei gid tri c.
T8ng quit nghiém téng qudt chia (*) 1a mét trong 3 dang sau:

~ ¢ (5.0)

5) Piéu kién ban diu — nghiém riéng.
Nghiém ciia phudng trinh (**) théa min diéu kién =y,
i,
(diéu kién diu) goi 13 nghiém riéng. Nghiém riéng tim dugc bing
cdch tim hiing s& ¢ tudng dng trong nghiém tdng quit.
6) Nghiém k¥ di 12 nghiém van thda min phuong trinh (**} nhung khéng
thda min céng thic nghiém dng quat.
1.2 Mjt s6 phuong trinh vi phdn c¢dp 1 co bdn:
1.2.1 Phuong trinh bién s phén ly.
a) Dang: f(x)dx + g(y)dy =0 (1)
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b) Phuong phdp: 14y tich phan 2 v& (1)
e {f(x)dx+ [g(y)dy =
c) Cdc vi du:
Vi du: Gidi phuong trinh: xz(y + ) dx + (x3 -1 (y=-1)dy=0 (2)

Didu kién: y#E— 1, x#1
2

(2) & — ax+?Llay-0 o
x" -1 y+1
@j dx + —dy 0
3 4 y+1
@%ln‘x 1+ y-2m|y+1/=c *)

Biéu thitc (*) goi 1a nghiém t8ng quét. Thay y= -1 vao (2) thi thod VX,
thay x=1 vao (2) thi suy ra y=-1, viy ham y(x) = -1 dudc goi 1a nghiém
ky di ctia (2).

Vidu: Giai xy’ +y=y> (3} thda y| =%
x=1

dy R x.dy 2
dovy = — nén B ——+yp= 4
y I (3) T y=y 4)

Pitukién: x20,y#0,y#1

Weo X b

x yioy Ix_jy(y TN

y-1
¥y

y-1 +In |C}| & x=
y

= ln[x|=ln

.Cy

) 1 . 1-—
bé =— ta co: 1=—1.C1 =>Ci=-1 Viy x=—2
y’x ;2 2 2 y

1.2.2 Phuong trinh ddng cip.

a) Dang: y/ =f(x,y)= q?[i‘ij (2.1)
X
b) Phuong phdp:
—Batu= Y :>y":u+xu’
X

RDu+x. v =) (2.2)
— Pua (2.2) vé€ dang phuong trinh bién s6 phén ly.
c) Cdc vi du.

2 2
Vi du: Gii phuong trinh p'=2_T¥_ (2.3)
2xy



162 Chuong 5: Phudgng trinh vi phidn (PTVP)

2
1+[1]
Y phtu=L =y =u+xd

Tacédy =
2 ¥ X
X
2
23 sux+ru= 14 o
2
2
ﬂx=1 " dx _ 2udu uet1)
dx 2u X  1—u*
= E= 2udu @1n¥x|+ln|1—u| 1n1C1|
x 1—
shlxa-u)l=Inlc|
ex(l-uh) =C < y?— x*=Cix

Néuu==+1—=y==xxthay vao (2.3). Tacé: £1=x1nény ==xx cling
12 nghiém va nghiém nay khdng thdéa cdng thic nghiém tong qudt (2.3)
nén y = = x goi la nghié¢m ky di.

Vi du:_Giai phuong trinh: %_—.x“Ly théa y| =0 (2.4)

x—y x=
1+2
Tacs: L= X patu=2 >y =xu +u
-7 x
X
24y xu +u= FH

1'?'_1{ _

e In | x| +InvV1+u? =arctgu+ln|C|

e inlx| Vi+u? = arctgu + In |C|

2 2
x°+
& x| V1+u? =¥ C o x| ——-—| ly =M
X
2 3 arctgl
S X+ y  =e xC Dox=1,y=0<c=1
2 2 arctgi LiEEn
Viy phuong trinh c¢6 nghiém riéng JxT+y X & r *

Chii y; Viéc dat truc ti€p y = ux khong phai lic nao ciing du’a dudgc vé
phudng trinh phan ly.
+ M{t s6 phuong phdp déi bién.

Dang I: P(X,y)dx +Q (x,y)dy =0
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ebDitx=X+a,y=Y+b

Vidu: x—y+1)dx+(x+y+3)dy=0 ()
) x=X+a dx=dX
DE_lt =
y=Y+5b dy =dY

d_y-x-1_ d¥Y _Y-X+b-a-1
dx x+ypy+3 dX X+Y+a+b+3
Dé phudng trinh (2) ¢6 dang ding c4p thi cin chon a, b:

b—-a-1=0 a=-2

=

at+b+3=0 h=-1
PR dY=X—Y
ax X+Y
Gidi (3) ta duge nghiém tdng quitla. Y2+ 2XY — X2 = 2

Viy nghiém cia phudng trinh (1) 1a:
(Y+ 1P +2(x+2)(y+1) = (x +2)* =2

Khi dé (1) (2)

, ddy 1a phuong trinh dang cdp (3)

X=rcosg@

Dang 2: Chuyén sang toa dd cuc: r=r (@). Pat { .
y=rsing

dr
—-.sing+rcosg ;|
Khi do: L. 49 _r'sing+reosp

(4)
dx i.cos @—r.sing

r’ cos @—~rsing

Vi dy: Gidi phuong trinh 2 (x +y y)? =y (1 + y?) (1)
bat x =rcos@, y =rsin ¢, thay vao (1) ta ¢é:
r. r?sine+rt. sinp =21 2

Dodér =+r ——on® @irir.ﬁﬂp—
\/1+c0s2¢) do 1+cosqu
d. sin J
= —rzi—gp—dqv = Ir| =C|ln(\/1+cosz¢icosq)j
r 1+cosz¢'

2 2
Viay nghiém tdng qudt cia (1): \/xz +yze oy ':cx+«/2x2 +y2

1.2.3 Phuong trinh tuyén tinh cép 1

a) Dang: y + p(x)y = q(x) (1)
q{x)=0, y’ + p(x)y =0 phudng trinh thuin nhit (PTTN) (2)

b) Phuong phdp:

+ Tim: A(x) =e [P0 _ox ¢ { —p(t)dt ) mot nghiém riéng cia (2).

t=a
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F=X H=Ss
= _[ q(s)exp[ _[ p(u)du}ds

s=a n=dqa

+ Tim: B(x) = J‘I)e'[p

Khi dé nghiém ctia phuong trinh (1) 1a y=[B(x)+K]A(x) ;
(K 12 hing s8). That vay: - T
!
T 3/ + py=0= L= —p= Insi= |- px+k
y
= |y| = exp ( I—de+k) = y= c.exp( I—pdx) , biy git ta ding phuong

phép bi€n thién hiing s&, nghia 12 xem c=c(x) bién thién theo x.

Tacd: |y= c(x).exp( I—pdx) day 1a nghiém tdng quét cha (1), ta s€ im

¢(x) bang cach 1dy dao ham theo x va sau do thé vao (1) nhu sau:
! :c(x).(—p)exp(_[-—pdx)+c/ (x).exp(j—pdx) hay

y = —p.c(x)exp( J‘—pdx)+c” (x).exp( _[—pdx) viy:

]

=

Y
'+ oy = (x).exp [-pac) =g = () =gexp (] pa)

=c(x)= ﬂ:q exp.( jpdx)]dr Cl%(:‘)'i cung;

s =conp{ i) ={[remn [ e ewp{ 7] [B) 140

c) Cde vi du:

Vi du: Giii phuong trinh y'+ly =3x (1).
x
Tim nghiém riéng thoa y' =1
x=1

_j,di -1
Ta c6: A(x) = e—J‘P(x)dx —e ' X :e—ln|x‘+k =eln‘x‘ +k _

1
X
(chi cdn 18y mot gid tri tich phan don gidn nhit (mdt nghiém riéng),
vi ta s& ddn hét cdc hing s & budc cudi ciing)
ax JE
B(x)= [g(x)e’ *dx=[3x.e’ *dx= [3x%dx=x*+K

. 1
Vay phuong trinh (1) ¢ nghiém y = (x* + K) — -
x

Nghiém riéng thda y -1 < K=0. Viy y=x’
X =
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Chii y; Ching ta c¢6 thé quan niém x(y) 1a &n cin tim.
Vidu: 2ydx + (y*> - 6x)dy =0 (1)
Néu ta coi y(x) 12 4n thl phuong trinh nay khong cé dang tuyén tinh
cdp 1 nhung néu coi x(y) 12 4n thi:
e & 3x_ Y oo 3,

dy y 2 ¥y 2
l2 phuong trinh vi phan tuyén tinh cdp 1

Ray

Ta cé mGt NR ctiia PTTN: A(y)=e¢ Y

_ eB.ln[y} _ eln\y\3 _ y3

= . [y =

S 4 -3 _
, ST PA S A Y

_ .2
Viy NTQ ciia ptvp la: x=[2—1+1{]y3 =——';—+ky3
y

1.2.4 Phuong trinh Bernoulli:
a) Dang: Y+ p(x)y = q(x) y* (*)

Néu o = 0 hoac o = 1 khi &6 (*) 12 phuong trinh phudng trinh
tuy€n tinh cdp 1. Nhu viy ta xét: o # 0, 1. N&u p(x)=q(x)=1, @6 1a
phuong trinh bién phan ly.

b) Phuong phdp:

1-a -

+bPatz=y

+(*) @z +(1-o)pEz=(1-0q(x) (*%
(**) 12 phudng trinh vi phédn tuy€n tinh cip 1.

c} Cdc vidu.

Vidul: y’ —2xy = x3y2 (1)

Pidukién: y#0.Patz=y ?=y =7 =—y2y
2

=2 =(1- o)y ™y, nhin2 v&cia (*) vdi (1-a) y

f

=y ==z vy
(1)<:=:>z/ +2Xz=—X

AX) = enjzxdx = e""‘2

2 2
B(x) = _[~J\c3.e“'C dx=—;—(1—xz)eJC

3

2 2
Vay z(x) = {l(l—xz)ex +K} e x :l
2
1

y
2
= [1(1—x2)+Ke_x } =
2 y
y = 0 ciing 1a 1 nghiém va diy 14 nghiém k¥ di.

Chu y:
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Chiing ta ciing ¢6 thé quan niém x=x(y) |3 4n d€ dwa vé dang phuong
trinh Bernoulli.

. d
Vidu2: —y(x2y3+xy)=1 = Jucz_],»3+.1c_])=E
dx dy
d
@ Zoxy=xty?
dy

batz=x"

= x' - xy = x%? 3)

1 3

e 2+yz=—y
2

A =e PV o1
y? »
2

2
y
of
B(y) = I—yS-eb’ Ydy=—[yle 2 dy = —y’e e?

+2

2 P
Y -y ~r

Viyz = (—y2+2)e7+1{ e? =2-y*+Ke 2

2

2

1 e —
= —=2-34+ke 2 =x= 1 3
X -y
22—y ke 2
y| 2+ke 2
Thir lai: 45 = =x%y? +xy
dy 7 \?
hut 2
2—y*+ke 2

1.2.5 Phuong trinh vi phédn toan phén:

Dang: Px,y)dx+Q(x,y)dy=0

Trong dé P(x, y), Q (x, y) 1a cdc hm s& lién tuc ciing vdi cdc dao
ham riéng cip mot cha ching trong mdt mién don lién D théa min diu
Kién: Q = iQ

dy Jx

Phuang phdp:
+ Tim ham u(x, y):

% = p(x,3) = u(x, )= [ p(x, p)dx +c(y)

+ Tim c¢(y): tir phudng trinh ? = (x,y)}, hay
y

uy = [PyCep)dx el
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Khi d6 u (x, y) = C goi la nghiém tdng quét
Vi du: Gidi phudng trinh (x +y + 1) dx + (x - y2+3) dy =0

s c?P_a"(x+y+1)_1 _ aQ_C?(x‘-VZ*'?’)
dy ¥ 2y T 0-’_}?“ dx

=1

——=p(x,y)=x+y+1

2

Ta
du
dx

=u ].(x+y+1)dx—7+yx+x+c(y)

= [Py s+ (p) = [ldx+ ! (p)=x +¢/ (1)

—a" =x + ¢ (y) = Q(x, y)-= X—y>+43
dy

3
=M=y +3=cy)= (- +3)dy=_£3,"+3y

2 3

Viy nghiém: u (x,y) = 52—+yx+x—-J;—+3y=Cl

BAI2: PHUGNG TRiNH VI PHAN CAP II
2.1 Cdc khdi nigm:
1) Dang téng quat F(x, v,y y”) =0 (™

167

2) Neéu bién doi (*) duge vé& dang y" = f (x, y, y'), goi 12 gidi ra dugc d6i

vdi dao ham c¢ép cao.
3) Nghiém tong quit clia phudng trinh (*) 13 ham s&
y =y (x, Ci, C2) thda min ding thic (*).
Tdng quéit nghiém téng qudtcia (*) la mot trong 3 dang

": x= x( y,cl,cz)
i'l_y y(x,cl,cz)
: E-g(x _,V,Cl,cz ) TG
4) Nghiém thda man diéu kién ban diu _1 :

go1 la nghiém riéng
5) Dinh Iy ton tai nghiém (duy nha’t) clia phuong trinh (*)

Néu f(x, y, y’) lién tuc trong mot mién chita (xo, Yo, ¥'o) thi ton tai mét

'

nghi€ém y = y(x) thda man diéu kién; N =y ¥
o
lx'—xa

X=X,

a"f of

Ngoai ra néu ——

li&n tuc thi nghiém d¢ duy nhat.
y ay'

=y,
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2.2 Cdc phuong trinh co bon:

2.2.1 Phuong trinh khuyéty, y’

a}l Dang. y = f(x)

b} Phuong phdp: Tich phin 2 1dn ta cé nghiém téng quat
y= [([f(x)dx)dx + Cix + C2

c) Cdc vi du:
Vi du: Gidly” =e*
i 2x 1 24
= “"Ix= e Tdx=—e“" +C
y'= |y ] 5 1

: o 1
Viy nghiém tong quat y = :I—ezx +Cyx+C,y
Vidu: y'" (£)=v (¢), hay ching minh: y(£)= [(z~ wv(a)du+cyt+cz
e 3
Thit vidy, ta ¢cd ngay:

¢
y”(t) =v(t)= Y () = j'v(u)du—i- cp = g(t) + ¢

0
.

g(t)

Ti€p tuc 14y tich phan lan niva, ta c6:

H r=f
y(t) = Ig(r)dr+c1t+cz,dat:1= _[ g(r)dr=

0 r=0
= HT[?‘T v(u}dr]du =HT (r—u)v(u)du
u=0\r=u =0

Fo
Viy y(1)= [(¢ - w)v(@)du+ eyt + ey, thi lai: y'(t)=v (¢), ta dung:

0
(B B ~ o - S
4 [ K(u,t)du |= ja—K(—“ﬁdu+K{b(:),t}@-x{a(:),:};"—"
de| . ot dt dt
T at) : a(r) : .
Th 18y lai vi du trén y” = e®* = () = I(i—_u)ezgf:du +eyftey =
U 0 L ) AT
1 2, £ 1 e??
== ————+eyt+cy =—+bitt+b |
4 TR g T TR
2.2.2 Phuong trinh khuyét y
a) Dang: y” = f(x, y)

b} Phuong phdp.
+ Pua vé phuong trinh vi phin tuyén tinh c¢dp 1 bang cdch
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dat p=y
dp
+ w_ Y
s
¢) Vi du: Gidi phuong trinh y” = x—% ()
Paty'=p (Do p+fey | (2)

X

2
. C
Nghiém tong qudt clia phuong trinh (2): p= %-—-}--—'-
X

3
=y = [p(x)dx :%+C1 In|x|+C,
2.2.3 Phuong trinh khuyét x.
Dang: y'=1f(y, y)

d,
Phitong phdp: Pat y’:p: y”:ﬁzd—p Q: ap

dx dy dx Dy

dua v& phudng trinh bién phan ly.

Vi du: Gidi phudng trinh 2y y" = y? + 1 (3)
ity = p=p(x) =y’ = p. %
dy
@ e2p P pri1o Y zfdp
dy Yy  pe+1
shlyl=ma+pH+nnlc,|
= y=Ci(1+p) (*)

Tim p: Ta cé ng—:dx:ﬂ (¥%)
P

ta s&€ khit dy va y trong quan hé (**) nhd quan hé (*), dé im p=p(x).

d
Tir (*) ta ¢6 dy = 2pC, dp = 2 = 2Cydp
P

= dx=2Cidp=> dp=-% sp=_* i,
26, 2G,

2
Viy y=C, 1+[~2%+C2J 12 nghiém téng quét.
1
Biing ra, nghiém gidi ra ta phdi th lai xem c6 thda ding ptvf ban dau,

nhurig phin niy danh cho sv tu Jam.
2.3 Phuong trinh Tuyér tinh ca@p hai téng quit:
Dang tdng quit:
y' +ar(x) y' + a20x) y = f(x) (1)
Né&u f(x) # 0 goi 1a phuong trinh khoéng thuidn nhit (PTKTN).
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Néu f(x) =0 g01 la phu’o‘ng trinh thudn nhat (PTTN) tuong tng v6i (1).

v/ +aix)y +axx)y=0 (2)
Binh V1.
Né&u y(x), y2(x) 12 hai nghiém riéng (NR) cha (2) doc lap tuyén tinh
y1(x)

(PLTT) nghia la. # const ), thi ¢ y(x) + ¢; y2(x) 12 nghiém tong

Ya(x)
qudt (NTQ) caa (2), véi ¢, ¢z 12 hat hﬁng s0.

Vin dé tim mot nghiém riéng caa (2), hi¢n nay chua c¢6 phuong phap
tong quat.
Dinh 1y 2:
N€u y(x) 1a nghiém riéng cha (2), thi mot nghiém riéng y.(x) PLTT
cha (2) sé& dugce tim dudit dang y2(x)=u(x). y(x).
Dinh ¥ 3.
Nghiém tng qudt cua (1) la tong mdt nghiém riéng cha (1) va mdt
nghiém tdng qudt cla (2).
Binh Iy 4 (phuong phdp bién thién hdang sé Lagrange):
Gid st y,(x), y2(x) 1a hai nghiém riéng cta (2) PLTT, thi nghiém tOng
quét cia (1) duge tim dudi dang ¢ (x). yi(x) + ca(x).y2(x). Trong dé

c1(x), co(x) 1a hai ham s8 théa min hé phuong trinh
/ /
c +e =0
iyf, fy? , tong d6 dinh thic A(x)=|"" yf 20 goi la
1y teayy = f(x) yr

dinh thitc Wronsky.
Do yi(x), y2(x) 12 DLTT nén A 20, va ta im dugc:

=@ (x) >y = [@rdx+ky
cé =@y(x)—>cy = j'qudx+k2
Liic nay nghiém tdng quat cla (1) 1a:
Y=y +eyy =kyy +kyyr + fgvldx+y2 I?’zdx
chita 2 hing s6 tich phan k;, kp,
Ngoai ra dinh thifc Wronsky A(x) con thod man PTVP

' @ﬁ{“‘*

iv a cé nghi€ém la: A(x) \A(O_W

/ / '
P Ay | .V1 ¥2 .V1 Y2 i
Thit viy: A/ = p A=l ylyz — Y2
N yz J’l Y2 n 2

Nhin 2 phudng trinh (2) véi yy, y, roi trir cho nhau:
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nll ¥3+aiyh+ayp, =00+

) || yi"’ +dy yll +ayyy =0(**), trit hai v€ cho nhau, suy ra dpem

BPinh Iy 5: (chéng chit nghiém). Cho hé ptvp sau:
' vay (x)y +ay(x)y = £ (x) (3)
1V e (x)y +ay(x)y = fo(x) “
e () v (D = AR (x) G

N&u NR ciia (3) 12 g1 (x), NR cla (4)1a g5 (x), thi NR cha (5) la:

g1{x}+g(x).

Chu y: Nam dinh ly trén vin ding cho phuong trinh tuyén tinh cidp mot
Y +py=q )
Y +pr=0 @

NR ciia (2) 1a:| 1 (x) = exp{ [—pdx) # 0, Vx

nhu ta d4 1am & trén, that viy: {

==>NR ctia (1) la: |y =c(x).y;(x) = g(x).exp(_[—pdx)

ta s&€ tim c(x) bing phuong phdp bi&n thién hiing sd, trong qué trinh

chitng minit & trén ta da c6: ¢’ (x).exp(f—pdx) =g & c'f(x).yl(x)=q _

biéu nay tiong tu nhu dinh 1y 4, & day A(x) = yi(x)=0

Ta ¢6 thé thit lai y=ec(x).y;(x) va thoa |/ (x).y1(x)=4g| la mét NR

ctia (1), bang cdch ldy dao ham tryc ti€p va thé vao (1).

2.4 Phuong trinh tuyén tinh véi hé s6 hang s6°
Ap dung 5 dinh Iy wén vao phin nay, nhung trudc tién ta gidi phuong
trinh thuin nhAt
y'+a y +ay=0 . (3
Ta cdn tim NR 9&& (3) dudgi dang y=e**, k cdn tim ?, 18y dao hiim vi th&
vao (3) ta co: “
ek”(szralk +a2)=0@(k2+a1k +a;)=0 (4)
Diy goi 12 phuong trinh dic trung (PTDT) cla (3). C6 3 trudng hop sau:
. phan biét k;, k2 Viy 2 NR BLTT cla (3)
e2*  do d6 NTQ chz (3) I
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e N&u (4) c6 2 nghiém thuc kép k, =k, =k. Goi y; =e*1* 1a mot
NR cua (3), ta tim mdt NR nita PLTT véi y; ¢6 dang yz2 = yi-u(x).
Bay gid 18y dao ham va thé vao (3) ta cé:

e*1* {u” +{(2k; +a, yu! + (ki +ayky +a2)u} =0, chd ¥y s6 hang th@

hai va thit ba triét tiéu do k; 12 nghiém kép, vdy cudi ciing ta c6:
K 0= =0 =u = Ax+ B =x, do chi cin tim mdt NR
cia (3) nén ta chon A=1, B=0. Viy mft NR cta (3) 1a:

y Y U= xeklx £l day ta ¢6 NTQ cia (3) la:

y = clek x4 cz x'ék ’x '.
. Né&u (4) 6 2 nghlem phitc lién hgp k; 2 = o+ Bi, thi 2 NR, BLTT cda

¥ - fatif)x _ o *(cos fx+isin fx)

yy = e(“—fﬂ)x N (cosﬂx—isin Bx) =y—1

(3) la:

. 1 1 .
Viy uy :E(yl +yq)=e%** cos Bx, u2=5_-(y1—y2):eaxsmﬁx

(phﬁn thuc va phﬁn d0) ciing 1a 2 NR BLTT cia (3).
Nen NTQ cida (3) la:

_}’ = _.1111 +02l12 = cle,zx

Ta cung c6 thé ly lugn: N° téng quat cua (3) la .y =y +c3y € R,

V&1 €1,¢4 € C 12 2 sb phiic lién hop, tic ¢ = Cz , thue viy:

Viy=yeR,nén y=cpy+cayy=y=Cy1+cys=¢1y1+t¢c2)2 =
=y ¥y +C3y; YAy ¢qypteayy = cpypy tepyp, suyra ¢ =< va
c; =c¢; Vaynghiém tong quat:

y=y+cyy; =2Re(eyy) = 2Re[(a+ib)eax (cosﬁx+isinﬁx)]

=2e%* (acos Bx —bsin Bx) = e®¥ ¢y cos fx +c; sin Bx), trong do:
¢y =2a, cy =-2b
. Bay gid xét PTKTN
y/+ay +ay=1f(x) (5)
ta lai 5p dung Phudng phdp bién thién hiing s Lagrange:
— Nghiém ctia phuong trinh y = Ci(x). y1(x) + Ca(x). y2(x)
— y1. y2 tim nhu cdc phén trén.

— Tim Cy(x), Ca(x) bling cach gidi: {-°
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2.5 Cdc vidu:
Vi dul: Gidi phuong trinh: y' -3y 45y =0

3+iJ11
2

e Phudng trinh dic trung: kX-3k+5=0= k=

3 3
—X —X
NTQla: y=cje? cos x+cye? sin x
Vi du2: Gidi phudng trinh: vy +y=tgx ()

e Phuong trinh thudn nhit: ¥’ +y=0
» Phuodng trinh didc trung: k*+1=0ek=*xi=0+1. i
e Nghiém tdng quit ciia phuong trinh thuin nhat la:

y = Cjcosx + Cpsinx

Ta cd {c{(x)cosx+c£(x).sinx =0

acd ;
—ecj(x).sin x + cé(x).cos X =1gx

{c{ (x)=—tgx.sinx -

cé(x) =sin x

ci(x) = f—tgxsin xdx =sinx—In + K.

,[£+£
2274
Vay nghiém tdng quét cla phuong trinh (*)

. £+£)
127,

= K cosx + Kssinx — cosx. In

ca(x) = Isin xdx=—cosx+ K,

+K1}cosx+(—c0sx+K2)sinx

«(5+5)

Vi du3: Giai phuong trinh: y' + 4y’ +4y = e, In(x)

e Phuong trinh thuin nhat: y' 4+ 4}/ +4y =0
o Phuong trinh dic trung: k> + 4k +4 =0 ¢ k = -2, nghiém kép.
e Nghiém téng quét clia phuong trinh thuan nhat la:

y = [sin x—In

y=cre 2 +cyxe ¥

e Nghiém t8ng quat ciia phudng trinh khéng thuidn nhit thod phudng
trinh Wronskai:

-2x ./ -2x ./
e “Teptxe “Tey=0
| ! 2 , don gidn e >¥
—2e¢ 2¥c] +(-2xe7H* + e 2¥)ch = e ¥ In(x)
CI/ + xcé =0 ‘ 1 X
_ . A = =
—2c{ +(1~—2x)c£ = In(x) -2 1-2x
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|
1

/ 0 X / ) 0
€y = =—xIn(x), ¢ = = In(x)
in(x) 1-2x -2 n(x) -
x? x? 1
¢ =—[In(x) xdx == [udv =—~—mI(x)+ [—~—dx+ &y =
2 2 o
x2 xz

=~71n(x)+~4—+k1 studng (¢ = xIn(x)—x+ky,

x? x2

Viy y= —Tln(x)+T+k1 e_2x+(xln(x)—x+k2)xe_2x
2 2
x“In{x) 3x
hay y = 2( )— 3 +ky +kyx e 2%
Vi du 4: y' 43y +2y =™ (2x+1) (A)

e Phuong trinh thuin'nhit: y” +3y +2y =0

e Phuong trinh dac trung: k*+3k+2=0ok=-1, -2.

s Nghiém t8ng quit clia phudng trinh thuin nhitla: y= cle_zj'C +ecye
e Nghiém tSng quit cla phuong trinh khéng thuin nhit thod phuong

X

e“zxclf + e_xcé =9

trinh Wronski:
~2e7 2] 4 (—eF )cé =S¥ (2x+1)

/ ! -2x —-—X
C1+XCy =0
— {1 2 , A= € ¢ — 3%
~2¢] +(1-2x)c) =In(x) 272X _g7%
0 e~
cf = _l:,,x =—e"*(2x+1),
e B3 X2x+1) —*
~2x " .
0
¢l = _13 € = et (2x+1)
e |27 S3X2x+1)
_ 5x _ S5x -2x 3
c = [-e2¥2x+1)dx=¢ — 32 + K

¢y = [e** x4+ Ddx = ** {§+%)+k2

NTQ ciia (A): y = ¢ .[4--'4+~
Vidu): y' + y = cos'x

e Phuong trinh thuin nhit: y” +y=0
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e Phuong trinh diac trung: k*+1=0&k =4, i
e Nghiém tdng quit phuong trinh thuin nhitla: y= cy €08 x +cp sin x

e Nghiém tdng quét clia phudng trinh khdng thudn nhédt thod phuong

. . |cos xc{ +sin xcé =0 cosx sinx

trinh Wronski: , A= = .
—sin xc| + cos xch = cos> x —Six cosx

/ 0 sin x 3 ; |eosx 0 4

S =—sinxcos” x, ¢3= 3 | =08 X
€OS” X COSX —sinx cos” x
. 1

¢ = [-sin xcos® xdx :ZCOS4 x+ky

cy = _[cos4 xdx =%sin x cos® x-i-%sin 2x+3?x+k2 . NTQ cia (A):

2x -——é—+k2]smx

2.6 Vaidang dic bigt- phuong phép h¢ s bat dinh
Vc’fi mot véi dan_ fi _ye phal cua PTKTN

Né&u glal theo phu’dng phap tong quat cua phu’dng phap bién thién hang
s6, dung dinh thitc Wronsky déi khi rit phitc tap, trong khi d6 déng dip
nghiém riéng cda (1) rit gidng véi ddng ddp cda v€ phai f(x). Do dé
ngudi ta thdng k& mét sd dang cia f(x) dé€ tim nghiém riéng cua (1)
tuong d6i dé dang hon ma khéng phdi dung d€n phudng phdp dinh thifc
Wronsky, vi ta gip phdi cdc phép tinh tich phan tap. G day ta s& bit gip
mot phuong phdp hé s6 bat dinh G€ gidi quyét van dé nay.

Neu f(x) co cac dang sau;

Khi dé (1) ¢6 mot NR dang yy = &

(x) la ha1 da thitc cung bic n.

Khi do (1) ¢ mot NR dang iyl O,
trong d6 P, (x} va Q,{x) la hai da thu’c cung bicn.
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le k Ia nghiém kep cua phu’dng trinh dac
trung. Khi dé (l) c6 mdt NR dang yi 2y ‘e 0. (
trong ds Pn (x) va Qn ( ) 12 ha1 da thLl'C cung bac n.

trong do R(x) va S( ) 3 hai da thic c6 bac =max{n,m)

C4c hé s8 cla cdc da thic can tim, ta s& diung phuong phdp hé sé bér dinh

nhu cac vi du sau s€ rd.
Ngoii ra d6i vdi cdc phudng trinh vi phan bic cao ma cé hé s& 12 hang sd,
thi phuong phap phuong phdp hé s6 bdt dinh vin cé thé 4p dung dugc.

2.7 Cdcvidu:

Vidul.l: Gidi phudng trinh: vy 42y 2y =4ax®  (A)

¢ Phudng trinh dac trung k2 +2k+2=0& k=—1%i, viy NTQ cia
PTTN twong tng 12 y =e ™ (¢g cos x+ ¢, sin x)

¢ k=0 khong 1a nghiém cia PTDT, nén NR cla (A) cé dang
yy=e Qn( )= el (ax2 +bx+c) . vi f(x)=4x? 1a bic 2.

¢ LAy dao ham rdi thé€ tit cd vao (A) ta cé: '

2a + dax + 2k + 2ax? + 2bx + 2¢ = 4x?, déng nhat hé s hai v€ ta c6:
(phuong phap hé s8 bat dinh)
a=2

& 42a+b=0 < a=2,b=-4,c=2
a+b+c=0
==>NR clia (A): y; = (247 —4x +2]
& Viy NTQ ciaa (A):

y=nty= (sz -—4x+2)+e_x (cq cos x + ¢y sin x)
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Vidul. 2: y' +3y 42y =e* (x2 +2x+ 6) (A)

177

¢ k=3 khong 1a nghiém ciia PTPT, nén NR cia (A) c¢6 dang
¥y = ekan (x)=e3x (mc2 +bx+c), vi f(x) c6 biac la 2.
) + + +c e+cz
et 20 200 4000
Vidul.3: v+ 3y 2y =¢’ (2x+1) (A)
(da gidi theo cdch dinh thdc wronsky & trués)
¢ k=3 khong la nghiém ctia PTBT, nén NK cia (A) cd dang
M =ekan (x) =g3% (ax+b), vi f(x) c6 bac 1a 1.
I NENR O
NTQ ctia (A = +
Q ( ) . (10 200); o

vy’ + 3y +2y=6 &> (A)
¢ k=3 khong la nghiém cia PTBT, nén NR ciia (A) c6 dang

y1 =0, (x)=ae®*, vif(x) c6bic1ao.

NTQ cda (A):

Vidul. 4:

NTQ ciia (A): 3

Vi du2.1.1: Gidi phuong trinh: y" 4+ 3y -18y = ™ (2x+1) (A)

¢ Phuong trinh déc trung k2 +3k-18=0= k=3, —6, viy NTQ cia
PTTN tudng tng 1a y =c;e>* +cpe 0% .
¢

k=3 la nghiém ddn cua PTDT, nén NR cua (A) cé dang
¥y = xeka" (x)= xe>* (ax+b), vif(x) cobicla 1.
iy dao ham rdi th& it ci vao (A), rdi don gidn cho e™ ta c6:

18ax +2a +9c¢ = 2x +1, ddng nhat hé s hai v€ ta ¢é: (phirong phdp
hé s8 bt dinh)

18a =2
o = a=9/81, b=7/81
2a+95 =

) 1 2 3x
== R : = —
> NR cua (A): » 31 (9x +7x)e
¢ Viy NTQ cia (A):
Yy=n +; = %(9.\:2 + 7x) e -l—cle3J|C + cze_ﬁx

Vidu2.1.2: y" -6y +9y =€ (2x+1) (A)
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¢ k=3 la nghiém kép ctia PTPT, nén NR cua (A) cé dang

n=x"e"Q, (x)=x"e " (ax+b), Vi f(x) c6bicla L.

' Ty
NTQ ciia (A): y= e?_’? [’;

Vi du2.2.1: Giii phuong trinh: y' 46y 49y = 6 (A)

o Phuong trinh dic trung A2+ 6k+9=0 k=-3 (kép), viy NTQ
clia PTTN tudng dng 1a ; =cje " +cyxe

¢ k=-3 la nghiém kép cfla PTDT, nén NR cia (A) c6 dang
y = x2e*0, (x) = x%e3* (a) = ax?e™*, vif(x) c6 bacia 0.

¢ Liy dao ham rdi th& tat ¢d vao (A), rdi don giin cho e>*, ddng nhit
hé s& hai v€ ta cé: (phudng phdp hé s& bit dinh). Ta cé: =3,
==> NR clia (A): y; =3x2e3*

¢ Viy NTQ cia (A):
y=»m +; =3x2e 3% +cle_3x +czxe¥3x

Vidu2.2.2: Y -4y +4y = e (xz +2x+6)  (A)

¢ k=2 lfi nghiém kép ctia PTDT, nén NR cda (A) c6 dang
3y = x2™Q, (x) x%e?* (ax? +bx+e), Vi) cobacla 2.

X

NTQ ciha (A): _v er[

Vidu3.2.1: Gidi: y” -3y +2y=e¢” (45.:2 +4x—10) (A)

¢ Phuong trinh dic trung k> —3k+2=0& k) =ky =1, ky =-2,
vidy NTQ ctia PTTN tirong ing 1a } =cre* +cyxe™ + c3e_2x.

¢ VP=¢™ (4x2 +4x—10) ==> a=-1,b=0, viy azib=-1,
f(x) cé bacla 2.

¢ axib=-1 khong la nghiém cia PTDT, nén NR cta (A) cé dang
yp=e™* [R(x)cosbx+S(x)sinbx:| =e (ax2 +bx+c)

¢ Liy dao ham rdi th& tit cd vio (A), ta cé:
dax® +4bx —6a +4c=4x  +4x-10,
déng nhat hé s& hai v&, ta c6: a=1, b=1, ¢= -1.
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==>NR cila (A): yy =« +x-1)

¢ Vay NTQ cua (A): -
y 2y +y _ 1)+cle +c2xe +c3e 2"‘
Vi du3 2.2: Giai phu’dng trmh y" 4 y = —. dxsinx (A)
¢ Phuong trinh dac trung K2 +1=0 k==1i, vy NTQ cda PTTN
tuogng ing la y=cycosx+cysinx,
. = (4x)sinx ==> a=0,b=1, viy axib==%i, 6 f(x) c6bicli 1.
¢ azxib=2i langhiém cda PTDT, nén NR cla (A) cé dang
¥y = xe™ [R(x)cosbx+S(x)sin bx] =x[(ax+b)cosx+(cx+d)sin x]
¢ L4y dao ham rdi th& it cd vao (A), ta cé:
2cxcos x+(a+d)cos x —2axsinx+(c—b)sinx=2xsin x,
ddng nhit hé s& hai vé, ta ¢6: a=-1, b=0, ¢=0, d=1.
==> NR clia (A): y; = x(sinx— xcos.x)
¢ Viy NTQ cia (A):

y=y +y=x(sinx—xcosx)+cycosx+c;sinx

Vi du3.2.3: Gidi phuong trinh: vy +y = Cos3x=§wcos x+%c0s 3x (A}

(da gidi theo cdch dinh thic wronsky & trudc)

L ]

Phuong ftrinh dic tring k2 +1=0< k=+i, viy NTQ ctta PTTN

tuong iing 12 y = ¢y €0s x + ¢, sin x . Phin tich v& phdi thanh 2 phin.

vy 4y = %cosx (E)

VP= %cosx ==> a=0, b=1, viy atib=+4i, f(x) c6bicla C.
atib=1%i 1anghiém cda PTDT, nén NR cta (E) c6 dang
»y = xe™ [R(x)cosbx+ S(x)sinbx] = x[acos x + csin x|

LAy dao ham rdi th& tit cd vio (E), ta ¢6:

) 3
2cc0sx—-2asmx=zcosx,

N w A At e e . 3
dong nhat hé sd hat vé€, ta c¢6: a=0, ¢= g

==> NR cita (E): y =-§-xsinx

oy y = %cos3x (F)
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¢ VP= %cosiﬁx ==> a=0, b=3, viy axib=23i, f(x) cébicla O.
¢ atib=13i khongla nghiém cia PTDT, nén NR ctia (F) c6 dang
v =% [R(x)cos bx+S(x)sin bx] =[acos3x+bsin3x]
¢ Liy dao ham rdi thé tat cd vao (F), ta c6:
—8acos3x—8bsin3x =%cos 3x,

X L e st . -1
dong nhat hé s6 hai vé, ta c6: a= E , b=0.

==>NR cia (F): y, = icos 3x

3 1 -
3. Vay NR cia (A): y3=y;+» =§xsinx—§cos3x ( ta chlp nhin

nguyén 1y chéng chit nghiém).
4. Viy NTQ cua (A):

y=J3 +;=(%xsinx—%c033xJ+cl cos x+c; sin x

BAI TAP
1. Gidi phudng trinh:
_Inx

1
a) y'= b) y'=
I+Vx x

2. Phuong trinh ¢6 bién phan ly
) xA(y+ Ddx+ (x> — 1) (y- Ddy =0
b) x(1 + y)%dx + y(1 + xHdy =0
O —yx)y +y*+xy’=0

dydx = \1-p? dy =0 ylx=1=%
e)xy +y=y ylx1=0,5

Hx1+y2 dx+yV1+x2dy =0y o= 1.

3. Phuong trinh ding cdp:

5 ¥
a) pr=—F byxy =y-xe*
x"—y
/ —Xx -y 2 2
c | A d. d :Xd —_ + d
)y P— ) ydx = xdy — /x” +y” dx
- +2 )
e) 3" +yy + (y* - x)xy =0 f) y' =2[y—J
x+y-1
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Phuong trink tuyén tinh cip 1

2
a)y +2xy= xe ¥ b)y' — ysinx = sinx.cosx
2
¢) 2ydx + (y> — 6x)dy =0 dy — Y xinx, y | xee £
xInx 2

e) (x* + x) y’ + 3x2y = Vx?+1

) (1 + y)dx + y.x.dy = dy thda y | co=12
) (1 + y)dx — 2xdy = (1 + y)°dy
Phugng trinh Bernoulli:

X
a)y’ + 2xy =2x’y° b)y’+y=ez\/;,y|x=o=9/4
)y +2y=y’e" d) (x+ Dy +y)=-y

e) 3xdy = y(1 + x.sinx — 3yzsinx)dx

) xyz.y’ =x*+ y3

g) y'dx — (xy + x)dy =0

Phuong trinh vi phin toin phin

Ay (x+y+Ddx+(x—-y2+3)dy=0
b) 2(3xy? + 2x°)dx + 3(2x%y + y)dy =0

2 2
) [_y_z_l}ix{l__x_ﬂz_]dy:o
(x—y)y =X Yy (x—y)

4 xdx+(2x +2y)dy —0

(x+y)
Giai phuong trinh vi phin khuyét
a)y”—2y’=0 byx’y” =y 2
A+x)y +y?+1=0 d)y”:-l;-'+x
e)y' =ye ny?+2yy’ =0

t

g y'—rr —xx-D=0thdaylio =1yl =-1

h) y” +2y (1-2y)=0thdayl,0=0,y|0=%
2 4
k)xyﬂ _yl =x2lnxthoay|x=l= _;,yl |x=l=—1

Gidi phuong trinh vi phin

X
a)y’ —y= ¢ b)y”+2y’+y=3e"‘. x+1
e* +1
)y’ +y=tgx dyy" +5y +6y=-1
2x
e)y”+y= 1 1te f)y”+2y’+10y=0

cos2x \/cos 2x
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10.

2

oy —y=x"—x+1
. . A —4
Gial phuong trinh vi phan y” X 2 y" + Ty = 3
1-x I—x 1—-x
bi€t rang mot nghiém riéng- y; = cos{ & arccosx) clia phuong trinh

thudn nhat (PTTN), o can xdc dinh.

Hudng dan: tinh cic dao hAm y, th& vao PTTN ta c6 =2 suy ra

Y =2x2-1, (0=-2 loa1), sau dé tim mét nghiém riéng BLTT vdi y; 12
y2 =u(x). y|(x), tinh cdc dao ham vy, thé vao PTTN ta cé
u” 9x —10x> ~1 ~1 -8

= + +
d (P -DEext-1) 2x-1) 2(x-1) 2x2_1

/ 1 1 =x\)x2—l

= . t /§
Jx2_1 2xt-1)? 232 -1

= H

chon = y; = xv x? -1, tm nghiém t6ng quat clia @& bai thda:

/ /
<1 1 +Cz_}e‘2 =0 )
/ ;4 -4 »vaco g =—2x"+k,
1 M *f"Czyz— 3
1-x

2x% -1
;=4[ =

sz—l
y=(2x2 + k)2x? — 1+ @xvVx? =1 +ky)xVx? -1,

Chitng minh: gid sir c6  yi(x), y2(x), y3(x) 1&2 3 nghiém riéng déc

4xVx% —1+k,, viy nghiém cudi cing:

lap tuyén tinh cta phuong trinh vi phan thuin nhit .

Y ray(x)y +ay(x)y +az(x)y =0

thi nghiém téng qudt cia PTKTN

Y ra 0y vay(0y +a3(0y = £l (),

céodang: 'y =cyy +cayyt+eyyy (2),

trong d6 ci(x),c2(x),c3(x) 183 hdm s6 va cing thod hé phuong trinh
c1y1+ €2y +chp3 =0

Wronsky sau: c{y; +c£yé +c:/5yé =0 (3,
iyl +eyyy +esy) = F(x)

Hudng din: dao ham (2) ta cé:

v = eyyi+eayy+ ey F ey + ey +h s,

chon ¢;(x): ciyl + céyz + c§y3 =0,
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viy dao ham tiép:
y' =yl +epyy +egys +eyt eyh Hesys,
chon ¢i(x): c{y; + cﬁy’z +c§yé =0,

vay dao ham ti€p:

m W 1 A A A
Y =4y t6y) te3yy T4y +6y: t63¥3,

vi thod mén (1) nén ta c6 k&t qui. T bai tdp ndy ta ¢6 thé suy ra cho
ptvp bdc n cling 4p dung dugc phudng trinh Wronsky béc n.
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CHUONG 6
LY THUYET CHUOI
BAI 1: KHAI NIEM VE CHUOI SO

1.1 Pinh nghia : Cho mot diy s6 vé han céc s6 hang

2 - - ~
uy, Uz, ..., Uy, ... 10ng vo han cdc s6 hang uy, uz + ... + uy, ....

Ky higu 3 #, (D

n=1 """
£oi 1a mot chudi sb.

Dinh nghia : T6ng riéng thi n cda chudi s& 12 tng cia n s6 hang ddu tién
cua chudi s& S, = uy, Uz +... + U,

e Néu day tong riéng S, hoi tu tifc ¢6 gidi han S hifu han thi ta néi chudi

s6 (I) hoi tu va c6 tdng [a S. Ta viét :

» N&u ddy tong riéng S, phin k¥ thi ta néi chubi s& (I) phin k¥.
Vidu tim tdng riéng va téng cla chudi s6.
1 1 1

+

Vi dul : Cho chudi s6 —+ +
12 23 34

1 1 1 1 hd 1
ot —— e ) —————
12 23 34 n(n+1) g1 H(n+1)
Tacd: 1 . 11 Vke N

k(k+1) &k k+1°

=S8, ~[1—1J+[1—~1—)+...
1 2 2 3

1 1
+| —— +---
[n n+l)

1
Viy chudi s6 (* hoi tu va | —
y ( ) ;l N(n_-l*

Vidu2: Cho u



Chudng 6: Ly thuyét chubi. 185

. 1.1 1 . 1
Khi do: Sn—"‘2—+4+...+5ﬁ— l—z—n

lim Sn: lim (1—*1——}=1
n—eo R0l 27

Vay chudi Z — h6itu. Lic d6 ta viet 3 (I_Ln] 1
n= 12 n=1 2

=] m
Vidu3: Tacé thé dua chudi kép: 1= > 3 x""""2 y& dang chudi don

m=1 n=1
qua d3i bién chi s& nhu sau: dat m+n=p thi
i
oo M e | 2 oo A
=3 3 xmtr2_ 3 S xPiI=% {ﬁ} xP72 | véi [ﬁ} la phin
m=1n=1 m=1 n=1 p=2 2 2
nguyeén. I = Z [ﬁ] P71 v 1x +2x% 1253 +3x 4 345 +.oen
p=2 2
1.2 DPiéu kign cdn (dt cd) chudi héi tu
Pinh Iy . Né&u chudi sd z u, hoity thiu, ->0,khin -> o0
n=l]
- - . = . - ~ N . ]. : 3 S 7 . -
Vi du 1: Chidng minh chuéi s6 sau phan k§y —+—+>—+—+...
2 468
2n—1 1
Tacd. u, = - —>120, => Chudi Z—phanky.
2n n-1 2n
Vidu2: Xétchudihinhhoc - T+g+ =5 g1

‘hoitunéu lgl<1 va Zq” 1 __1___

Chudi hinh hoc -> _
PR s

Vidu3: Xétchudi: f(

Chitng minh f{ (4,) = (‘A;%)f;
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Thit vy vi Hx[ <1nén f{A,x)=m Y (;Lx)m_l hoi tu

Véy f?.( ) Z Am lxmz ﬂn——l n_ Z Zﬂm+n—2xm+n
m=1 m=1n=1
oo n:p o 2
Pat m+n=p thi fz(/l,x): > = > (p~1)AP"xP =
p=2 n=1 p=2

oo

= > (m~1)ﬂ.m_2xm =f,{ (4,x) dpcm.
m=2

1.3 Tinh chét ctia chubi s :

Tinh chdtr 1 : Né&u > w, va >, v, hoituthi:

al Y (s, +vy) hOituva: 3

n=1

b/ > awu, hoityva: Zau _aZu

n=1 A=l e

Tinh chdr 2 : Tinh chat héi tu hodc phdn ky clia mét chudi s 1a khong ddi
néu ta thém vio hoac bdt di mdt s& hitu han cédc sé hang.

BAI 2: CHUOI SO DUONG
Chuébi s6 duong : Khi u, 20 Vn.
2.1 Binh Iy sosdnh 1 :

Cho 2 chudi s6 ducng: Z un, Z Vn >ty < <v,, Vmn2=ky cho trudc.
n=1 n=1.

a/ Néuchudi > v, hoituthi D u,hdity.

n=1 n=1

b/N&u chudi > u, phinkythi > v, phanky.

n=1 n=1

Vidy Chirng minh chudi z
n=12".n

ho1 ty.
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)

Xét chubi s8 duong Y
n=1 Zn.n

) . > 1
Ta so sdnh vdi chudi s6 duong >’ — (**)
n=1
<L ¥n. Ma (* *) hoi tu nén (*) hoi tu.
2%n 2"

2.2 BDinh ly so sinh 2 :

Ta cé

Cho 2 chudi s6 duong D’ w,, > v,, limZ=f 0.
n=1 n=1 = A2 VE;
Khi dy hai chudi s6 duong trén cling hdi tu hoic cing phin k¥.

= 2%(n? +n+1)

Vidu 1. Ching minh chudisdsauhditm: > — *)
n=1 3 .n
fors ) n
So sdnh vdi chudi s6 duong > [-—] (**)
n=] 5
u n2 +rn+1
Tacé lim L =lim —— =120
H—oo Vy, n—oa n2
Ma (**) hoi tu => (%) hoi tu
Vidu 2: Xétchudi n , q tham s&, HT khi ndo ?

n=1 (n+1)(2q)"

So sdnh véi chudi s§ duong 3" —— HT <=> LI PSP 29|>1o
n=1 (2(]) 29

-1 1
Sg<—vg>—.Vitacdé: lim n _ lim —2— =10
2 2 n—)o-ovn n—oee Ft+1

2.3 Cdc tiéu chudn héi tu :
a/ Tiéu chuiin D’Alambert.

o . e
Cho chubi s6 duong: 3w, vicé: lim 2l =p

ot s Uy

Khi dé : Néu D < 1 thi chudi hoi tu
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Néu D > 1 thi chudi phan ky

Vi du : Chitng minh chudi s& sau hgitu Y, — (*)

Dung tiéu chuin D’ Alembert:

2ﬂ+1 n!

D= lim 22+l _ Jim M im -2 —o<1.
no= U, n—ow(n+1)! 27 nseon+1

Vay chubi (*) hoi tu.

b/ Tiéu chudn Cauchy :

Cho chudi s& duong: 3 u, vacé lim f

n=1 oo

Khi dé N&u D <1 thi chudi hoi tu
Né&u D > 1 thi chudi phan ky

2
2 (n+1)"

2
n=1 p" 2"

*)

Vi du 1. Xét su hdi tu ctia chudi s0 sau :
2
- g el - 1 " 1
Xét chudi s6 duong lim | 1+—| .—,
n

n—o 2"

Diing tiéu chudn Cauchy  Hm fu,, =§> 1, VAy (*) phén k3.

nH—rco
(o] 1 n
Vi du 2: Xétchudi D a2” [1 +—) , & tham s&, PK khi nao ?
n=1 n

' i
Dung tiéu chufin Cauchy - 2|a|n [1 -i-l] -2, a=0
n
¢/ Tiéu chudn tich phén:

NE&u f(x) > 0 lién tuc va gidm trén [k, 4e0) k € N thi chudi >’ f(n) hdi tu
n=1

khi va chi khi tich phan  [f(x)dx hoi tu.
1



Chuong 6: Ly thuy&t chudi, 189

Tir dinh 1y nay ta c6 thé thdy ngay ring chudi hoi tukhi e > 1

e

va phén k¥ khi o < 1. Do sy tudng dong vé tich phan suy rong:

Vi du : Thuc ra ta ¢6 thé chitng minh: 3 (1] phin ky nhu sau:

n=1\1n

> 1 :1+l+1+1+—1—+1+1+—1—+ (a)
n=1\n 2 3456 178

(1) (2)
1 1 1 1 1 1 1 1 1 1
—t—t—t—t+—+—+—+—F—-+—+ ..+
9 10 11 12 13 14 15 16 17 18

o s . e

(3) (4)

Ta xét chudi phu:

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1+—+ —+- +—4+—+—+—+—+—+——+—+—+—+—

2 4 4 8 8 8 8 16 16 16 16 16 16 16 16

(250 hang) (4so };:mg) (8s0 ;ang)

(b)

Goi S,(,a) téng riéng cda chudi (a), Ss,b) téng riéng cha chudi (b),

S‘('b)—S(b):l+1+ 1—!-1 =1+2><1
2 4 4 2
!—v_.d

=S
(ZSohang)
1
sP=s®Wogely L, LT iakd
2 2 4 4 8 8 8 8 2
(250 hang) (450 hang)
1
SO o) o ctraxd e SY) oStk
2 2 2 2
lim s(i’)z lim [1+k><1]=oo, => L -
koo 2 k—o0 2 n=1\n
— 4n |

Vi du: Xét chudi , @ tham s&, HT khi nao ?

n=1 (2n+1)na+3
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So sdnh vdi chubi s6 duong > HT <=> @¢+3>1 & a> -2

A ncz+3
n:

Vitacé: lim “2 = lim =220

noee V,  n—ee 2R+
BAI3: CHUOI CODAUTUY Y
3.1 Chudi dan déu :

Chubi dan ddu 1a chudi cé dang :

u-uy +uz - .= > (=D"a,, w20 (1)
n=1
Xétchudi wu;+ wy; +uy + ...= > u,, u, =0 (2)
n=l1

Pinh Iy Leibnity @

Cho chudi > (-D)".m,,Va,u, 20

n=1

Néu day u, gidm va u, — O thi chudi dan ddu hdi tu.

Vidy Xétchudi 3 [l VAP,
n=] \/;
Ta cé . u, =L giam va u, =L—a 0. Do @3 chudi (*) héi tu.
Jn N

Binh Iy .

a/ Cho chudi (2) hdi tu thi chudi (1) ciing hoi tu.

b/ Cho chudi (2) phan k¥ theo kiéu u, +~ 0, D'Alam-bert, Cauchy
thi (1) phan k¥.

=] n
¢/ Riéng ki€u tich phén thi chua biét. Vi du chudi > (el Vi (*) hoi tu
n=1 »
theo Leibnitz, nhung chudi >’ 1 lai phan k¥, nghid 1a chudi (2) phan
n=1"

k¥ theo ki€u tich phin thi chua chic chudi (1) phan ky.
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3.2 Chubi co diu bét ky :

Dinh Iy ; Cho chudi Z u, (1) c6 cdc s8 hang u, c6 diu bat ky.
n=l

(2) hoity thichudi D w, hoitw.

n=1

m
Khi d6, n&u chudi-}:|u,|

n=1. 0
(Do dinh 1y so sdnh 1).
Dinh nghid ;

* Tanéichudi . u, hoitytuyétdsi nduchudi Y u,| hditu.

n=1 n=1
¢ Chudi ) u, bin hoi tu n€u 3 u, hdi tw nhung chudi 3 |u,]
n=1 n=1 n=1
phin k.

. . : x. - Sinne . o e

Vi dul : Ching minh chudi > hoi tu tuyét déi.
n=1 n
sin n sin n

ta xét chudi s& duong Z | 2a'| (*). Tacé: st zal 3 —,Vn

n=1 M F

o 1 ) e Koy as n aan
Z _"i- Oitu => (*) hoi tu. Viy chudi hdi tu tuyét déi.

# - . - = (_l)n
Vi dy 2: Ching minh chudi »’

n=1 \/;

ban hdi tu.

Chudi dan diu ho1 tu theo dinh 1y Leibnitz.

s
—

ban héi tu.

BAI 4: CHUOI HAM
Mién hoi tu cia chudi ham Y u,(x) (1),
n=1
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trong d6 uy(x) 14 ham cia x. Tdp D: la tdp tit cd nhitng di€m x ma chudi
(1) hdi tu v& ham u(x) [u(x) 1a téng cla chudi (1) } goi 12 mién hoi tu cda
chudi (1). Lic d6 ta viét: Y u,(x)=u(x).

n=1

P& tim mién hoi tu (1) ta st dung cdc tinh chit sau:

1/ Xét Ham troi: Néu |up(x)|<¢,,, co 12 s8 duong,

néuchudi ¢, hoituthi (1) héim véi Vx :|un(x)| <c,-
n=1
a0

2/ Xér 1f 56 : - lim

. 2, . b,\,t
noo| ,-,(x) () glai ba

phudng trinh (2) nay ta du’dc khoang h01 tu, sau dé xét thém tai cdc ddu
mit cia khodng d6  (dugc chudi s& ). Tai diu miit ta chi st dung diéu
kién at ¢é, hoac cédc tiéu chuin so sanh.

3/ Xét cdn s6 bdcn - i

bit phuong trinh (3) nay ta dugc khoang hm tu, sau d6 xét thém tai céc
miit ctia khodng d6 (dugc chudi s& ). Tai mut ta chi s& dung diéu kién at
¢6, hoac cdc tiéu chuin so sanh.

. . A ot - — n+1
Vi du ;' Tim mién hoi tu cda )
2

(] = x4 —1 o e - o x a1 =[x -4 =lc0),
GO Gl |
chi y: o =Un >1, va a’n =a 51, a#0

|x—4|<t & 3<x<5,biy gid xét thém tai 2 mit ta c6:

(x—-"

1
Taix=S:tacé L a 2 _ 5 1 hoi
i x=5:tacd 5 (" Z_z Z_g'::’ oi tu.

Tai x=3 .ta ¢cb z {—1)", day 12 chudi dan diu, va cé:

n=g n° +1
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. vn+1 dr-+-2 e+l
lim 3 =0, 3 < 3 Yn
n—e nt 41 (n+1)2+1  nt+1

Viy thod diéu kién Leibnitz = hdéi tu.
K&t ludn mién héi tu 12 :[-3,5] (k& ca 2 ddu mut).
BAIS: CHUOI LUY THUA
5.1 Mé dau:

Dinh nehia ;

Cho chudi lug thira 1a chudi cé dang  ag+ayx+ayx* +..= 3 a,.x"
n=0

Ta néi chudi luy thira > a,.x" hoi tu tai x = xp néu chudi s6
n=0

Z an.x{f héi tu. Ta néi xg 12 diém hoi tu.
n=0

Chudi luy thira > a,.x"™ luén ludn hoi tu tai x = 0.
a=0

Dinh nghia : Xét chudi luy thira D a, x" ()
n=0

e Ta ndi chudi (*¥) ¢6 ban kinh hdi tu r = 0 néu nd chi hoi tu tai x = 0, va
r = 4o néu né hdi tu tai moi x € R.

e Chudi (*) c6 ban kinh héi tu I3 r > 0 néu né hdi tu tai
V xe (-r,r) vi phin ky tai ¥V x € (-o0, -1) U (1, +o0),
Con trén bién x == r thi chua biét cu thé.

BDinh [y : Xét chubi luy thira > a,, x" ¢6

n=0

hay  p= lim ga,|

H—yo0

i1
a

pP= lim

n—yoe

n

0 neu p=-o
Khi d6 ban kinhhditu :r=<ec nea p=0 ,

V  neu >0
v, o
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Do dung tiéu chudn D’Alambert ching han ta c6:

im (22l iy Za01X ) g (20t = | D(x)] <1
n—o0 Hn(X) H—yoe a,x n—oo| dpy
a, 1 . & - A/
:>|x| < lim =-—=r. Tiéu chuan Cauchy ciing thé.
f—yo0 |y 2

-1
Vi dy : Tim mién h6i tu cta chudi luy thira Z DX

n=1 "/;

. B [==] _1 n . n
Xét chudi luy thira G

T *)

3
= lim 3\/; =1.
n—efn+1

2,41
a

Ta cd: p= lim

n—eo| d,

Do dér=1 => Khodng héi tula (-1, 1)

e Tai x = -1, chudi (*) c6 dang :

(— 1) DS 1 - 1 ALz
L _S L (phanky)
nzl \l' El 3\*'" nz=:l %

]

e Tai x = 1, chudi (*) cé dang :

i -n"
n=1 %
Vay mién héi tu cda chudi (*) 1a : (-1, 1]
5.2 Khai trién ham thanh chudi liy thia :
Né&u ham f(x) lién tuc c6 dao ham vo han 14n tai xe, va 1an cdn Xo .
Thi chudi:
f(")(o) Wi e e e
(1) Z L 00 (x—xg)” goi la chudi Taylor, (goi la khai trién thanh
chum Taylor ham f(x)), khi x¢=0 thi chudi trd thanh Maclaurin:

f‘"’(m o 45i vt (1) néu da .
(2) z . d6i1 vé6i (1) néu dit x-xo=X, ta dugc dang (2), nén

ch1 cAn xét dang (2).
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Chu ¥:

N&u ham f(x) lién tuc ¢6 dao ham vo han lan tai xo, va lan cin xo . Thi
¢6 khai trién thanh chudi Taylor Nhung chudi nay c6 hoi tu khéng?
néu cé thi vé dau, & ddu ? va mot cau héi dit ra 1a gid s khi né da
hdi ty thi ¢6 hoi tu ding vé tong ban dau ham f(x) khong ?. 0 day ta
chi d€ cap dén cdc ham ma cé khai trién Taylor héi tu vé ding ham
d6 trong mién hoi tu. Khai trién Taylor cdc ham c¢d bdn di duge dé
cép trong chuong 2.

Vi du:
(1+x)0-'=1+ax+a(6;r1)xz+a(a_;)t(a_Z) X7 o N
. a(ax—1)...(ax—k +1) xk +...., hoi tu lxl <1

3!

Néuo=-1, ta cé :
k=oo
——= 3 D*x* hoit|x<1
=1

Né&u thay x bdi -x, tacé :

P
Z x* , hoitu |x]<1

Khi can khai tri€n theo (x-xg), (x¢ 20), ta dat (x-x¢)=X, khai tri€ theo X,
sau d6 trd lai vdi bién (x-xg).

Vidul :

Khai tri€n ham y=In(2x-1) theo chudi iy thira cda (x-1) tir d6 suy ra
19997y

ta ¢ : In(2x-1)= In(2(x-1)+1) = In(1+2(x-1))=In(1+X). va chuong 2 c¢é :

2 3 o n
X X X X
In(l+X)=—-"—+—— .= (D" _ 3
( ) — 3 > (-1) . 1y
2 2 3 3 oo M n
- - - —1
ln(2x—1)=2(x1 D_2 (xz 1 +2 ('1; D _...=Z:(_1)"+1£_(x—)
/]

18y dao ham bac cao dé thdy ring :
Y (=1 =(n-1)127(-1)"*1 = ;1999 _ 1) _ 19981 21999
Vidu2 :



196 Chuong 6: Ly thuyét chudi.

Tuong tu ta khai trién ham sau dy tai 1an cdn x=s=.

1 11 31 51 31
e e

1 2y B8y 16 3 128 ,4

co-(x § dudi miu s6)

BAI 6: CHUOI FOURIER
6.1 Mg dau :

Dinh nghia .

Gia st f(x) c6 thé khai trién dudc thanh chudi lugng gidc wén doan

g - . 4 r ~ [y a i ]
(-, ). Khi d6 ta cé thé vi€t  f(x)= —29-+ S (a,, cos nx + b, sin nx)
n=1

| 1
ag=— [, flode, ap=— [*_f(x)coskxdx, k=1,2,3,...,

1
by =— fxf(x)sinkxdx, k=1,2,3,...
F3

Vidu . Khat tri€n thanh chudi Fourirr ham f (x) tudn hoan vdi chu ky 2m,
—r<x<0

0
xdc dinh nhu sau f(x)=
x 0sx<snm

1 1
T ="_ f,,f(x)zbc :;[fxodx+ J'O’r xdr}:-g—

1z 1| xsinnx|®7 1 & .
an:ﬁ-Lxcosnxd.xz— —— | sin nxdx
7 /4 " 0 n
2
1 cosnx|z |=—— 3> 7 le
=— =4 ZTH
zn n |0

0, n chan
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ooy 1| xcosnx|7z 1 XCOS HX |7
b, ' xsinnvde=—| -——| 4= Ercasnxdx = +0=
it z n 0 n ! zn |0
|
n Je
_.n
1
——, 1 chan
n
A Licosx cus3x  Loxdx siny st sin3x
fley 2o -y Ty R s, T = -
4T 3 g2 ] b 3 J

A0 K Lrién Fourier cia ham cliii va ham 16 »

Sbe- 30 v ham ehan, ta ob chudi Fourier cia hia © {<v:

- el

- ‘I' —

f(x) = -k > a,cosnx,

= n=1

" 2

Vit a, == [7 f(x)cos nxdx, n=0,1,2,..
p:a

Vi dul : Khai trién thianh chudi Fourier ham f (x) tudn hoan véi chu k¥
2r, £ (x) = [x], Xe|[-n, ]
Ta cé :
2 2 2
ay =— K- xdx =7z, a, =— Er x Cos nxdx = ——— (1~ cos 1:27)
7 7 n-
4 A

4
DOdé: aIZ——, ﬂz ZO, a3 :————’ a4=0, asz_-.____.‘_“
d 2 5%

1
Viy: f(.:vx:)-—-f——i cosx+icos.3x+--—c035x+...

Gid suw . £ (x) 12 him 18, Khi d6 ta ¢6 khai trién Fourier .

f(x)= 3 b,sinnx, b, =2 [ r(osinnxdx, n=1,2,..
T

n=1
Vi du2 . Khai trién thanh chudi Fourier ham f (x) tuin hoiin véi chu ky 27,

f(x)=x, xel[-nnl.

. 2 COS T
Tac6: b, == [ xsinnxdx =-2"—
¥ n
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2 2

DO dé: :2 b ='_'_’ b “__+_,-v-

b =2, b 5> b3 =+3

1
Viaytacd: f(x)=2[sinx—-%sin 2x +§sin 3x—...)

6.3 Khai tri€n ham khéng bi chiin thanh chudi Fourier:

Vidul: f(x)=-In

ZSinlx-»
2

_ham chin va bing v cung véi x =2kx

f(x)=-In

Ta sé& chi ra ham cé chu ky 27 .

< 28] s oo 3| -fosin( %

Zsin[ij .
2

P4 thi cda cia him: xem hinh dudi
Toa d6 giao diém gdn O

Zsinﬁ
2

2sin

+27

:>ln2sinx l=ln

= 1n|1| =0 do tinh chu k¥,

=

~ ~ [ - 5 ~ 7; ~
nhit 1a diém B ¢6 hoanh 46 ; , vi In

nén muén khio sit

k k B
N NN W

tinh kha tich ctia ham trén toin truc thuc, ta chi cin khdo sdt n6 trong

L3 ﬂ' 7 ~ L3 - ] » L] \ ~ o
khoang [0,-5} Ta chi cin khio sdt & cin 0 ciia ham ma thol.

x=
ln[Z sin%)dx =X ln[Z sin %)

. X
2sin—

dx = —

Moo W N

a

3
-—jln

£
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z x
) 3 xcos—

= £ln(2 sin—j + _f i dx, ta dung Lopital ¢€ chitng minh:
2) ¢ 26in

ln[2 sin E]
. X oo . - -~ AT ~ A At g
xln[lsm —2—) =—————%=—— 0, con tich phan cudi sé tién tdi tich

l oo
X
iid ' £ X
3 XCOSs-— 3 XCOS— x
phéan: _[ 2dx—>_[ 2 ix vi —1
. X X
g 2sin— 0 2sin— 2sin —
2 2
z

3
Tém lai lim j In
£—>0£

2sin %‘dx ton tai, nghia 1a f(x) kha tich trén doan

{o,ﬂ Biy gid ta khai trién thanh chudi Fourier:
Do tinh chan ciia ham f(x) nén:

z
b, 1 [ f(x)sinnxde=0 (n=1,2,...)
n

-
T T
anz-}- j'f(.:c)cosn.xd;ucz—E 'fln(ZsiniJcosnxdx (n=0,1,2,....)
T Z, 2

T Fia
Trudc hét ta tinh n=0: [ = Iln{25in—§-]dx=xln2+ jln(sinﬂdx
0 0

4
Cht y ta ¢6 thé cm tinh HT cta ¥ = Iln(sin %]dx nhu ciach lam & trén.

0
Bay gid ta tinh Y, ddi bi€n x=2t cho ta:
z L2
n x 2 2 f f
Y= J.ln(sin—]dx =2 fln(sint)d: =2 Iln[Zsin—cos—]dtz
2 2 2
0 0 0
z z

2 2
=xln2+2 fln[sini)dt+2 J‘ln[cosi}dt
] 2 0 2
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T
. 2 t z /] z f
Phépthé t=mwr—u=2 J‘ln[cos—)dt=2 J'ln[sin—]duzz jln[sin—]dr
2 2 2
0 L i
2 2
T
r 2 =
Do [ =[+] ,nénkhith€vaotacé: ¥ =xIn2+2¥ =Y =-xn2
0 o z
2

Tirdiy tasuyral=2xIn2—7In2 =0 va nhu vy g5 = 0.

Bay gids ti€p tuc lam cho a,,

YY) ¥R
7 sin xx.In Zsin-—i
. X
a, =—— jln 2sin— |cos axdx =< —— e o +
z 2 V4 b
X = "
i X . X
5 Zsinnxcos— 1 xsmnxcos;
+— | dc=— | dx
nw g nz

Zsini sin£
2 2

bdi vi s& hang thd nhat bang 0, do tinh gidi han Lopital
O tich phin cudi ciing ta s& dung:

. x 1), 1 . 1 .
sinnxcos —=—|sin| p+—= |x+sin| p—— x| Viy
2 2 2 2

: 1 . 1
ﬂsm[:ﬂ-—)x ,rsm[n——Jx
a, = L f 2) e+ | 2) ge=t 1.1

nZ o agin X T4 agin > 2n 21 n
2 2
. 1 1

Do ¢6 két qua: —=—-—j du| va —=--I—- ' d

2 7y 2sin= 2 7y asinZ

2 .
Vay v6i x # 2k ta ¢6 khai trién Fourier:
. X cos2x cos3x €OS 17X
—In 2sm-£- =cosx + 5 + T s 1
n

Nhung thit ra khi x = 2k, thi ci 2 v&€ déu [ v6 ciing nén khai trién trén

ding véi moi x. Khi x = ta s€ dudgc: ln2:1—;+—~—-~+....
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Vidu2: f(x)=In Zcos—;i
f{x)=In 2cos > 3 » ham chdn va bing v6 cing v6i x=(2k+1)x

Néudit x=¢r—x

In Zcos£=ln 2cos —{—E =1In 2sini=
2 2 2 2
=—cost—-ms 27 _Los3t — . — cosnt _ ..Néudatlai r=x+7x
2 3 "
X cos2x c¢o0os3x cosSx
In/2cos— =cosx — + — +
2 2 3 5

201

nhung khi x =(2k +1) 7 thi cd 2 v& déu 4m v6 cing. Vay ding thic wén

la ddng v6i moi x.

BAI TAP
1/ Tim tdng cia chudi s6 -
a/2+3+3+—2—+ t .= D) 21
9 27 3" P
> + 92+ 93+ 2 Fo= D 0
100 100 100° 100" n—1100"
c/1—1+1-—1+...+(—1)""“‘~1 we= D (1) !
. 2 4 8 271 o 211
LI S S 1 +...;‘,Z 1
2.3 34 45 (r+1)(n+2) —1(n+1)(n+2)

(=]

le/Z(\/_ J_} £1'Y (arcign—arcig(n+1))

n=i n=1

g/ Z _l__|_i

2/ Chiing minh chudi s& sau phan ky :

o L
al h{ ) b/Zln[ “ ]
Z 2n+1 n=1 2n* +5
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3/

4f

5/

6/

1/

8/

S/

Chuong 6: Ly thuyét chu(’“ii

Chdng minh chudi s6 sau hdi . a/ Z

b/z—

n=1 zn +1 n=1 2"
Chitng minh chudi s8 sau phan k¥ :
-5 2!! oo 2]1
aIZ—-—(1+—) IS s el Y-
n=12 i n’ n=1 1

Huodng ddn : Dang tiéu chudn Cauchy.

. . — 1
Ching minh chudi s sau phinky : .
g2 RInn

Hudng ddn : Dung tiéu chufn tich phian, xétham s8: f(x)=

xln x

Xét sy hoi tu ciia chudi Z D" l—_
nn

Hudng ddn - Dung dinh ly Leibnitz.

> 1—2sinn

Chng minh chudi : hdi e tuyét doi

n—=1 n2 +1
. x 1 1
Huong ddn : 5 < 3
n“+1 n
Tim mién hi tu cha chudi
oo 2n+1 oo 2n-1 3 5
I = Z(_l)""lx O AN S
Tim t8ng cia chuodl
o x2n+1 oo 1 x2nr1
2 D" =2, D" = f(x) -1sx<1
Huong dén : f(x)= Z D =1-x2+xt —x® .=
n=0
=fl(x)=—=
1+x

10/ Tich phan chudi: X (-D)"x" =1-x+ x2—x3+..

n=1
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11/ Xét sy hoi tu cha chubi theo p:

1 n—1 1 1
Z( ) +uty, p>0
n? 2P 3P 4P
Huong dén : Véip>1 : chudi héi tu tuyét dai.

V6i0<p<1 :chudibdn hdi tu tuyét d5i.

11/ Khdo sat su héi tu cda chudi sau diy theo ne N.

P
Zl 2+n pe N
=0 1+n?’

- 2+n? 1
Hucng dan - Ta co : i =1+ x voi x=
1+np 1+np
P 1

Dods: In| 25 |+ xy=x=—t

12/ Xét sy héi tu cia chudi sau day:

3“ +1 > 1.4-7-0--- 3“‘2
i 8™ ' 3.5.7.....2n+1)
n oo 1
/ d/ >
’ Z[2n+5) R%I[n.lnnJ

13/ Khai tri€n thinh chudi Fourier ham f (x) tudn hoan chu k¥ 27, trén

khodng ]-m. m[ c¢6dang. f(x) =:12C_

~ 1 7 x 1 7z x
Hudng ddan @ Ta cé :q5=— —dx=0,a, =— —cosnx.dx=0,
0" 7 b7 " xsz

" :}1; fx—;ﬁsin nx.dx = (-1 )"+1.%
14/ Tri€n khai thanh chudi Fourier ham f (x) tudn hoan, chu ky 2% :
f(x)=n-%x, nful<x<?2n
Hudng dan : V& d6 thi ham s6 f (x)

f (x) la ham 1&, do do f (x) ¢6 dang :f (x) = by sinx + ... + b, sin nx + ...

Tacé: b, =2 L”(n——x) sin rxdx.
T
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sin nx

F(x)=2(siwx + ...+ +.)=r-x, 0<x<li

15/ Khai trién thanh chudi Fourier hAm chan, chu ky 2 x,
f(x) =m-x néu 0<x < Tavé dbthihamsd f-

Ham f (x) chdn, do d6 chudi Fouruer ciia F cé dang

oy — .
f(x):"‘— -i-“..+a" cosnx+..T: cO .

JO? n chan
4

3 7
@, =— L} - Xy cos nxdx.a, = /
b4 [~——7, n le

n

2

1]{'
bn = ';‘ JU (n—.x) e =m

cos3x cos(Zp+ 1)x
2 + e+ 3 1
3 (2p +1) ]

1{x) =£+—4—[cos X+
2

i

16/ Trién khai thiinh chudi Fourier ham { (x) tuiin hodn
chuky 2 x, {(x) =cospx néu -R<x<mn (p cho truédc)
Huong din : f(x) 12 him chan, do d¢ khai trién Fourier

cuia f (x) ¢é dang . f(x)=fz-g+ et d, COS X+ ...

-1)"

Tacé wa, = chos px.cosnxdx, a, :Qsin(pn'). I
T p n

212 2 2

. i n
f(x)= sinpz| 1 ———i—cosx+...+2pg)~—cosnx+...
%3 P pT- p-—n

f(x)=cos px néu —w<x<rx.

17/ Ap dung khal trién Fourier clia ham f (x) trong bai 16 dé tim khai
tri€n thinh phan s6 hitu ti chia cotg p.

18/ Chitng minh hé thifc . — id =l+ 2‘02 +ot (1)1 %
sinpzr p 1-p n"—p

+ ...

Huong dén : Ap dung khai trién trong bai 5 véi x =0.
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CHUONG 7
TiCH PHAN BOI 2 (KEP)
BAI 1: BAI TOAN MG PAU
1.1 Bai todn mé déu :
Ta nhd lai rang, tich phin x4c dinh hay tich phin don phat xudt tir bai
todn tinh dién tich va tich phan kép lai xuft phat tif bai todn tinh thé tich
nhu sau :
CAn tinh thé tich cta hinh ¢6 ddy phang 1a mién D < Oxy, dudng

sinh song song v4i tryc 0z, mat trén la mat cong xdc dinh bdi ham
z = z(x,y), v8i M(x,y) € D. Ta chia mién D thinhn phin, dién tich mbi
phin 12 A(S;), cbt thé tich c6 dién tich ddy
A(S;) 3 Mj(xi,yi) vidy ca thé tich 12 :

Ve = Z(AS (M) = Z(AS M (xi5 1)

i=1
V= 1lim V,, vii d dla(AS) = bdn kinh cta AS;

max d; =0

chiy:maxdi—=>0 = n—oee

1.2 Dinh nghia :

Gidi han trén néu tdn tai hitu han (khong phu thudc vao cdch chia mién
D) dudc goi 12 tich phan kép cia ham z = f(x,y) trén mién D, khi d6 ta
néi f kha tich trén mién D va ky hiéu nd la

[ [ £x, pyaxdy
D
Nhan xét :
1) Theo dinh nghia néu f(x,y) = 1 V(x,y) € D thi
[ [1dxdy = S(D)(dién tich mién D).
D

2) f(x,y)>0, liéntuc V(x,y) e Dthi [ [f(x,y)dxdy=V(D) la thé
D

tich hinh tru ¢6 cdc dudng sinh song song véi Oz, hai ddy gidi han
bdi z=0, z=f(x,y).
1.3 Tinh chdt ciia tich phdn kép :
Céc tinh chét cha tich phan kép ciing giéng nhu tinh chat cla tich phin
x4c dinh.
Tinh chdt 1 : £1ién tuc trong D thi f khd tich trén D
Tinh chdt 2 : ¢6 tinh tuy&n tinh
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J[(f + g)dxdy = || fixdy + [[ gdxdy
D D D

[[Kfaxdy = K || faxdy , Ke R
D D

Tinh chdt 3 - néu D = D] (. D2 va D] D> = & thi
lr=1Jlr+]fr
D Dy D,
BAI 2: PHUONG PHAP TINH TiCH PHAN KEP

2.1 Trong hg truc Descartes.
0 Mién D la hinh chit nhdt :
D={(x,y):a<x<b,c<y<d ! =[a,b]x [c,d]

d b
Yy
J[ £ Ges pydxdy = [([(f (x, y)dx)dy = d
D ¢ a
b d ¢
= [([ £ (x, »)ayydx —
a c a b X
Vay v8i mién Ia hinh chit nhit ta ¢6 thé hodn vi ¢dn
Vidu.: D=[0,11x[1,2]
1 2
1= [f(x*+y*)dxdy = [([(x? + y*My)dx
D 01
1 3 2 1 ’
= foety+ 2y Cae= fo? + e =3, hone
; 371 . 3 3
21 2 3 ’ 2 3
x 1 1 2
1= [(J(e? +yPdy = [(C-+xp?)| dy = [+ Dy =2+ 2
i 1 3 0 7 3 3 K|
o Mién D la mién bat ky :
ya(x)
y1(x)
2 b x X1 (1) %) X
e D=1(xy):a<x<h, yi(x)<y S ya(x) ¢ =[a,b]x [ yi(x), y2(x)]
b y=y3(x)
[[fCepyaxdy = [ax [ f(x,p)dy
D a y=y1{x)

e D=4(xy):c<y<d, xi (< x < xaly) P =[ x;(y), x2(y)]% [c,d]
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y=d x=x3(y)
j [feepaxay= [ dy [ f(x,pax
y=c  x=x1(y)
e Néu D la mién phic tap thi phai phin D ra thianh nhiing mién don gian

nhu trén

X2 y=x
Vidul :tinh [I= ([~ dxdy
I 2
Dy D,
4Dy
H_-
D=D;u D, >
X
Va1 D gi6t han bdi 3 dudng sau . x=2 , y=— , y=x
x
x 9
cichl: I= _fdx I—dy——
4
1 1Yy
y=
cich 2 1=H+H iD=D,UD;vaD; "Dy = &
D, D,
y=t x=2 -8 p»* 2 5§

Vidy2:Tinh I= [[xydxdy,
D

D gidi han bgi
2 dudng y = x — 4 va y* = 2x, -2
Tinh giao di€ém ta ¢6 :
giao diém : A(2,-2), B(8,4)
y+4

4  x=y+4 2 4 6
x 1 y" 8 3 2 ¥y 8
I= [d xpde= [(p=—| , Yy==-(Z—+2,3 4822
_J; y Iz y f(y 5 i)y SO 3y 8 -0,
- z

Cdch 2 : d6i cén danh cho ban doc coi nhur bai tap.
Vidy 3 : Tinh thé tich khéi, duge gidi han bdi cdc mit z=4-x-y va

=90
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z20, y=x*, y< 1.

Vo=
y=1  x=+y y=1 3 68
jj(4 s-dxdy= [ dy [ (4-x—pde= J @Sy -2ytydy="2
y=0 =—\/; y=0
x=1 y=2 68

Cich2: Pdicinkhic: V= [ dy | (4—x—p)dx=—

r=-1 y___x?, 15

Vidu 4 ; Tinh thé€ tich mién, dugc gidi han bdi cdc dudng
z=4-x-y vd z 20, y=x, y2 1.
Dianh cho Hoc Sinh ki€m tra chi tiét. Tinh giao diém ta cé hai giao di€ém .

o = ~1+Jﬁ,xE _ —1—\/ﬁ,
2 2
V=Vi-Vy, (V2 1a két qué trén), ta can tinh V; 12 thé tich ¢6 ddy Ia
parabol y=x"
X=Xg y=-x-+t4

Vi= [[(4-x-y)axdy= [ ax j (4—x—y)dy =

VI X= xE y=
~1+/17
T2 4 289
= | (—-4x+8—-£x2+x3+—)dx_ - =2 17
_-1=V17 0
2

Vidud: MiénQ=[-11]x[0,2], tinh [f ]y~ x?|axay

Gidi:
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H,{|y—ledxdy=ﬂ y—xzdxdy-}- H xz—ydxdy
ﬂ y— xdxdy-— x]:ldx' J' Vy— xdy

v

I

gj\/}ﬁ]dxdy* [ J R

x=-1

A J

I

y=2 y=x?
o) I \})’*xzd.l’ va _[ \sz—ydy,tadatt=y—x2,t=_y+x2
y:xz y=0 )

I p)

y=2 3
J‘Z\/y—xzdy— I \/_dt-— (2-— )2

"

I

§ e T -3 =2

I
x=] 3
3 _ 2 2\, T 4
Qj.;[ y—Xx dXdy-—x=J;1§(2—x )2tix-—-z+-§'
x=1
[{Vx*—yasdy= [ 3(x*)ax=0
o, x=—1

H ’y—x2|d£dy = H\/y—xzdxdy+ H x? — ydxdy = £+i
2 3

0 & O,
Vidu5: Choham f(y) lién tuc trén [0.1], dit

1i x 1

1

F= f{f(x-y)f(y)dy}dx—gI(l—y)f(y)dy

0L 0 0
Chung t3 hién hitu s6 ae 0.1 sao cho F = _113 f(x)

Gidi.
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x=1| y=x r=1| x=1
Ta cé: _f _[ (x=y) f(y)dy |dx= J' _[ (x-y)f(y)dx |dy=
x=f}_ y=0 y=0| x=y
y=1 x=1 y=1 1 5
= [ 70)| T e |wv= [ ()] 3057 |
y=0 x=y ={

th& vao F ta thu dudc:

F= y?f(y)B(l—y)z}dy—%:!(l-y)f(y)dy=

y=0
Y
=—— [ £(»)[y(-y)]dy, chiy: [ y(1-y)] dudng trén [0,1]

ding dinh ly trung binh ta ¢ Ja e ]0.1[ sao cho:

y=1 y=1
I rMy(-»)]a=r(a) Jofy(l—y)]dy=f(a)x%

0 y

2.2 Phuong phdp déi bién :
Xét I = ([ f(x,y)dxdy, bay gid dit vin dé ddi bién trong tich phan kép
D

cé gi mdi so vdi tich phdn don da hoc, muc dich 1a vi 18y tich phan trén
mién D,y qud phtic tap nén ta bién vé mién D,, don gidn nhu cdc hinh
chit nhat chang han, hic d6 13y tich phén rat don gian.
Dy 3(xy) < (uv)e D, phépbién ddinay 1 - 1 nén né cé phép
bién ddi ngwoe . F(u,v)=(x,y) va F '(x,y)=(u,v), vicé.

v 4 F(Dw)=Dyy (Dxy 12 4nh ctia Dy.)

(u,vgr
\
Duv
) >

lic d6 ham s& f: Dy, — R, tich phin ctia ham s& f(x,y) trén Dyy, dudc ddi
bi€n nhu sau:
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D(x,
[ reopaty= [ rsm,000] 250 gy,
Dx_v =F(D,,) Dy, (&, v)
= ] fOF(u,v).ldet(JF(u,v))[dudv = | g(u,v).|det (J ¢ (u,v))|dudy
Duv D"V
trong d6 Je 13 Jacobi clia phép bigh déi .
I
_D(xy) _[*¥u X 1 1
det(JF (u,V)) = D(u,v) y/ y/ D(u,v) . o
u v x 2y
D(x,y) |, f
Ve V)

Vidu I : Hinh chit nhat A(1,2), B(1,5), C(3,5), D(3,2), dudc bi&n hinh qua
phép bién d6i tuyén tinh cé matran tuong dng 1a :

2 1 .
G =[ 3:, , tim dién tich A;B,;C,D, bién hinh qua PBETTT. G trén.

Xem hinh dudi.
DE ding kiém chiing qua PBDTT. G ta c6 Ay(4,5), By(7,14), C,(11,12),
Di(8,3), dién tich ABCD=2.3=6. qua lién hé toa d -
T T2 1 2 1
Yleg "]: “lo s =25 _ ;geco) =
¥y 1% -1 3y D(u,v) -1 3

-

7;

Vay dién tich méi 13 -
[ Fxe pydxdy = [Ldxdy = [|J].dudv=7 [ dudv="x6=42
D p b’

¥ 3

s| B C
Df
2-_
¢ D
! 1
1 3 u

Ta c6 thé ki€m ching két qui qua cong thic & hinh gidi tich nhu sau:
1 & 14 8 11 7 4
S== 3 (% ¥ing = yixsaq )= L
2 2 (ivie1 = yixia) 2!5 312 14 5

=% [(4.3-5.8)+(8.12-3.11)+(1 1.14—12.7)-1—(7.5—14.4)]:% =42.

Ta c6 th€ gai bing cdng thifc bing excel, hay Vn-570MS
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4 8 11 7 4
5 3 12 14 5
-28 63 70 =21 84

[
Vidu 2 : Hinh chi¥ s nhé ¢é 10 toa dé: diém 10 tring di€m 1 nhu sau:

TT 1 2 3 4 5 6 7 8 9 10
X 1 2 4 3 4 2 0 2 2 [ 1
y 0 -2 2 2 3 4 3 2 1 0

dudc bién hinh qua phép bién ddi tuyén tinh ¢6 ma trin tuwdng Ung 14 :

2 1 .
G =‘i 3} , tim dién tich S 16n qua bién hinh PBDTTT G trén. Xem

hinh.
Giail
TT 1 3 ) 6 7 8 9 10 z
X 1 2 4 4 2 0 2 2 1
y 0 2 | 2 3 | 4| 3] 2110
Xi¥Viv1 = YiXix1| -2 1 1 10 6 | -6 2| -1 | 20
. 12 1
Dién tich: s = 3 Z (x,-y,-ﬂ - y,-x,-+1) = EXZG =10 (gai excel, hang 3)
i=1

[ et do
¥y v =1 3]|v D(u,v) -1 3

Viy dién tich mdi 1a :
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[ £x, pydxdy = [Ldxdy= [ |J|.dudv=7 [ dudy =7x10 =70,
D D D’ D’,
Cdch khge: Qua phép bién hinh ta tim cdc (oa do cla hinh S 16n mhu sau
(nhu hinh v& & trén). Do nhin hai ma trin sau ta ¢6 dinh coa hinh S 14:

21',‘124342(;221]
-1 3|{0 2 2 2 3 4 3 2 1t 4l

2 2 10 8 11 8 3 6 5 2
{-1 % 23 510 9 4 1 -1] _
| 1 | 2 |3 | 456789 |w >
x 2 2 |10l 8 3 |6 | 5 |2
y -1 8|2 |3 9 | 4 | 1 | -1}
X;Vip1 = ViXis1l214 | 841 14 42 42 | a4 o | e
12 1
Dién tich: § = Z] (X;¥ie1 — ViXiz1) = 2 X140= 70 (gai excel, hang 3)
i=

u
Vidu3: 'inhtron € :{u—2)F +(v—1)" =1, dugc bi&n hinh qua phép

-

e . 2 1 .
bién d6i tuyén tinh ¢6 matrdn tuong dngla . G =[ 1 3] , tim dién tich

hinh ellip; 12 bién hinh qua PBPTTT. G trén.

Viy dién tich mégi Ia :
[ £, y)ixdy = [Laxdy= [|J|.dudv="7 [ dudv =" x(ll.yr) .y
D D D'! D!
Cich 2: Vong trdn C; bién thanh ellip C; qua PBDTT: Xcem hinh trén.
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1
{x=2u+v u=;(3x—y)
10 5, 2 2
Cypi—x“—— 2x+—y +4=0
2 49x 49xy * ¥

N : 49
Sau PBD truc giao ta dua vé dang ellip .5y +?X2 =49 hay

x? ) GO 1 /5
>+ 2=1,th1d1¢nt1chla:S=7rab=n'f 5=7r.
J5

Vi du 4 : Mién D' 12 hinh tam gidc 0(0,0), A(2,0), B(0,2), dugc bi€n hinh
qua phép bién déi phi tuyén G: (x,y)=G(u,v)=(u+v, u®-v). Tinh tich phin

1 o
_trén mién bi&n hinh G(D".

cia ham: f(x,y) =——\/_~_——
1+4x+4y

B

D(u,v)=
1 1
=J=det(G)= |=—(1+2u);
2u -
Vay
1 1
J  reopxdy= | ——dxdy = [ || dudv =
D=G(D') DJ1+4(u+v)+4(u -v) D "+ :
1+2 1
= j” “ dudv = [ Ldudv=-2x2=2 |
1+ 2u ; 2

D
Vi du 5: Mién D’ 1a phin tu hinh tron don vi trong mp Ouv, duge bién
hinh qua phép bién ddi phi tuyén G: (x,y)=G(u,v)=(v*-v?, 2uv). Tinh tich

kd = 1 ~ - A T At L%
phin cda ham: f(x,y)= Nl trén mién bién hinh G(D).

x+y
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Mbt phan tw vong tron qua phép bién d6i G trd thanh mot nia vong
tron nhu hinh vé

[x]=o["}= u? —p? I €3 I
y v 2uv D(u,v)

2u —2v 2 2 .
J=det(G)= =4(u” +v"); Vay.
2v  2u
1
[ S (x, y)xedy = | - — .dxdy = J 5= \I|-dudy -
p=G(D') D —vH +auty p#¥ty
2 2
=4 j u’ +v? 5 dudv =4 j1dudv-4x”—'l-=yr
D;u +v Di 4
P=Rr= 1

dxdy = I J-—rdrdqo /1 o

Cdach khac: Hm E»
p=0r=

Vidu6: I= [[xpdxdy D 12 mién cong gidihanbdi bon dudng
D
yz:x_, y:X, y2=3x’ y:zx

a8i bien dit u=2—, v=2 15 rang ta c6 ngay tir gi6i han mién D 1a .

x x
l<u<3 val<v<2 vd Jacobicé phép bi€n dbinay la
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J=D(x,y)= 1 _ 1 =x3___u
D(u,v) D(u,v) _J;,z 2y y2 4
D(x,») (7
—y 1
- . ;i— -
n&u 1Am phitc tap hon ta ¢6 thé tinh:
) 1 2u
u u D(x,y) p2 v3 u
Ty ,x=v2_ D(u,v) |1 —u =v_4
E——
3
Viy I = nydxdy: H—‘—;— .£ .-%dudv: _fu‘?’d . g-;:l?i [ |
D D' v vV o yp 1 1Y 32

Vidu7 -
Mién Q gidi han bdi 4 diém (0,1), (0,2), (2,0) va (1,0),

(y-x)
hay tinh I= [[e A’”_)dxdy

Qo
Gidi:
bat u=(y-x), v=_y+x)
D(x,y) 1 1. _ 1
D(u,v) - D(u,v) B -1 1-__5
D(x,y) ‘1 1'

Mién 14y tich phin oxy,
dudc bién thinh mién ouv nhu hinh vé.
Nén

(y=x) i
I= QH e Aﬁx)dxdy = QH e/"dudv =

2 =
dv uj'v e%du =§—(e——e_l)
1 4

H=—V

v

|y I

v
Vi du 8 : Tinh dién tich mién D gidi han béi

y? = px, y2=qx, xzzay,xz-zby vél O<p<q, O<a<b
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> u
dat)ﬂ':VX, Xzzuy; D(x’y)= 1 = 1 - 1 :_l
D(u,v)  D(uyv) | 5, _ 2| |4-1 3

D(x, T2

(x,y) ¥ y
2
=y 2y
x2 X

vy 8= [[dudy = [ dudv =7
> E 3

fdu . jdv:E(b—a)(q-p). |
D a P
Vidu9: Mién D' li hinh tam gidc O00,0), A(2,0), B(0,2), dugc bién hinh
qua phép bién déi phi tuyén G: (x,y)=G(u,v)=(u+v, u?'-v). Tinh dién tich
mién bién hinh G(D).
Giai:
- v::".‘f:

G‘(D"'} =D

J =det(r) =
(G) 5

Viy S= | ldxdy= [|J|dxdy= [ (1+2u).dudy =
D=G(D') D o'
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u=2 v=21l—u
14
=[La22)+2 [ wdu [ dv 2432
2 3 3

u=0 v=0

Céch 2: tam gidc vudng cAn OAB bén tryc Ouv dugc bi€n thanh mién kin
bén truc Oxy. difm A(u=0, v=2) bi&n thanh A’ (x=2, y=-2), diém

B(u=2, v=0) bi&n thinh B’ (x=2, y=4), doan thing AB bié€n thanh dudng
thang x=2, doan OB (v=0) bién thanh cung OB’ parabol y::'c:2 , doan OA

_u2
x=21 y=x 14

(u=0) bién thanh dudng OA’ y=-x. VayS=| [ dx [ dy =
x=0 y=—x

T vi du nay, ta c6 thé tinh lai vi du 2 & trudc:

Il
b

x=2y= x? d x=2 1
N G{Df)f(x’y)my !Oy_[x — " f[ (2x+1)_5]¢(

Vi du 10 - Tinh dién tich gidi han bdi 2 dudng sau:

(1): 2% +8y* -8xy—16x-2=0
(2):18y—-x+19=0 .

n

—
|

|

|

|

|
__ |
|

|

i

|

|

—
|

|

|

3

1

- T
|

|
p———
|

|

i

w -] ~d (-3

! 1 1 Il ] 1 ] - 1 L L L 1 1 1 1 1 i)
2 -t o 1 _2 2 4 5 € 2  -15 -1 -0.5 4] 0.5 4 1.5 Z 2.5 a

Tir (1) ta ¢6 thé viét lai: 2(x—2y—4)* =32p+34 @ v =247, vi

dit u=x—-2y—42, v=32y+34, thé vao (2) ta c6: v=2u+4, Tinh Jzé

g II 1 1v=2u+4 u=2 9
ay 8 = {[dxdy = [[— dudv=— d du=—. H
vy ) xdy }{_[32 udy 32 v=i[uz v uz_[_l u 32

Vidu 11 : Tinh dién tich giéi han bdi 2 dudng sau:
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(1):3x* +12p% —12xy —12x+8y+1=0

(2):y=—%

Gidi:

Diing phuong phdp Lagrange ta dira (1) vé 3(x—-2y— 2)2 =16y +11

—x—2y—2 X
Dé_it{u XA 3kt =y, dwa (@) vE v=3,

v=16y+11
D(x,y) 1 1 1
J = = = =—
D(u,v) D(uv) |1 -2/ 16
D(x,y}) [0 16
u=I1
viy S=J | (3—3u2)du=i4=1 m
pee1 16 4

2.3 Tich phdn trong hé toa dj cuc :
phép bién ddi :

Y 4

rd¢
> X > X
r=x*+y* -
X=rcosQ - _D(x,y) |cosp ~—r smq)_r
y=rsing (p=artgl ’ D(r,p) |[sing  rcosg
x

Viy thanh phan r xuit hién trong dién tich vi phan 1a rdedr va :
[ fCx, pydxdy = [[ f(rcosp,rsing).r.drdp =
D 1

D
P2 (@)
= [de . | flrcosg ,rsing)rdr
151 n(@)

Ciu hdi dit ra 1a khi ndo ding toa d6 cyc, ciu trd 181 c6 tinh gdi ¥ tong
quét : “ khi nao mién D cin tinh tich phin c¢é hinh ddng mdt phan hay cd
dudng tron “.

Vidu Il : dung toa dd cuc tinh dién tich vong tron, ban kinh R
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g/' r=R 2

T F R 2
S=41\d rdr=4.— . — =x R
.[ | 2" 2 lo
r=0
2 2
Vidu 2 . tinh 4iéu tich ellip - .x—2+1- =1 (C)
a b
X =racos ' D
dat ] @ - J= D, ) = abr
y=rbsing D(r,p)
( C) bié€n thanh vOng trdn ¢é bdn kinh r = 1, viy
2z r=1 r2 1
8 = qua _[ abrdr=2rad . — | = ab
0 2
Viduid Tinh = ﬂ(— —y dxdy

vdi D 1a nda trén Gu’dng tron c6 phudng trinh:
(x—-1)Y+y*=1

- -’ A’ . ~ -
ticd s x4+ y — 2x =0, thé toa do cyc vio ta ¢o
k)
I'—2rcos =0 <=>r1r=2C08Q®

-~

vay
‘?’:% r=2cos@ /2 2eosg o 1
I= [ dp. [ ra-rPdr= [do j‘ ——(4—r) d(4 ri=
p=>0 r=0 0
g 8 2
3'.'- .. 3 7T
T dp =>Z-=
=3 [u-intode =3G9

(n—1)!!

Fi -
nt! — #n chan
0 2

Vi 4 : Tinh thé€ tich gidi han bdi

Nhd lai ring cong thidc Walliss: [ sin” xdx =

2 2
: ‘ . =Xx" +
fral mat c¢é phudng trinh sau: {z Y

z=2y+3

Ta ¢6 mat chi€u: x*+(y-1)* =4, viy thé tich

V= {fz(x, y)dxdy = H[(Zy+ 3) —(xz + 2 )]dxdy
D D
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X =X L. . 2 2
Dat v 1, Mait chiéu; X°+(Y)" =4, A

a——

ta ch M:l,
D(X,Y) X

V=g[(2Y+5)—(X2+Y2+2Y+1H:1Xdl’= \__lAe )

\(} / X

e

jj'[4—(X2+Y2)]dXdY =
D
p=2r r=2
=4”dXdY—-H(X2+Y2)dXdY::s-i 2= [ dp [ rPrdr=
D D p=0  r=0
=162 -87x=8x
Cdch 2: y=rsing, >42+y2 =2y+3

e r? =2rsing+3 o rl —2singr -3=0= r=sin¢+\/sin2gp+3

Q=27 r=gin ¢+\/sin2 @+3

V= J' deo I l:(Zy F3)— rz:lrdr =8
@=0 r=0

Vidu 5 Tinh dién tich hinh tron ()11)2-|-(y—2)2 =1 bang wa do cuc, khdng
déi truc. 4

f w Dé dang tinh dugc bdn kinh cuc OA, OB:
P / r; 2= 281n@ * 4sin2cp-3

pd
\l P ¢’=% r=ry
Sr-dedy:Z _[ do f rdr =

0{} D ¢z-§ r=r1

=Z o p=T  re2singry4sin? p-3
=2 I do _[ rdr =2 J' do J. rdr
= r=r =X Y e s in2
o= 1 @=3 r=2sing—+Jdsin” @3

=7
=2 | [4sinnp\/4sinzq)—3)dqv=2f§-=zr

p=%

o0 2 .
Vidu 6. Tinh tich phan suy rong: [I= | ™ dx =+, ta c6 th€ xem
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e Lo T

mién 4y tich phin & ddy 14 vong tron tim O, bdn kinh 12 v& han R =ee

1=00  x==oo 2, .2 B=21 r=ca
1% = ’ f xj e_(x i )dxdy = _l-?” I e"rzrdrdez
Y=o x=—00 #=0 r=0

=00

= => I =~/ , tirdiy suy ra, néu ta tinh tién thi:

—
2

u=0

T e_(x_y)zdx =r

oo =2 o x =2

1.2
Vidu7. Tinh I = Ie_“xdx=

—e0

oo o0 5 2
Vidu8: Tinh I = .I- (—x I +xy)dxdy 2;;'.\/3

, do déi bi€n mot.ti.

r J
a

e

y=—o0 x=—00 3
B L T L
I-y=_L°x=Loe dxdy—yz_[m\/;e dy—ﬁ .

Xem vi du sau.

o0 oo 2 .2
Vidu 9 : Tinh I = I J- e(—x - +Jg’)

2 b2 7
dxdy = = = ,
Nt yron V3 \E J4|

do d&i bién mot ti vé dang toan phucng

2 2
—x2~—y2 +Aqv=—(x2 —Jn.cy)—y2 =—-(x——%) +% —yz, va det(A)=]A|=%

1
2 2 2 2
-x -y +xy=—(x +y -—xy)=—[x y] 1

2 [1 - xT ax
1 y
2

Vi du 10 : Tich phin suy rong tdng quat:

— g Tm o (X Ax) 4 (\/;)N

I =
Y. El



Chudng 7: Tich phin bdi 2 (kép) " 223
Dé tlén ta ki hiéu: dx = dxldxz ""de——lde

A la ma tran d&i xting va xdc dinh dudng néncé A1 vi 4= 47,
xN =0 xN—I =oa xz == -] x] =oa _(x Ax)
IN = .[ J- cess I -[ (4 ’ dxl dxz ‘"de—lde =

2 (V=)
_|A[V2— M |

Vidu J] : Tich phin suy rong tong quit: i3 = I e_(x’Ax)dxldxzdx:,,

X =—oo
Xy=oe Xy=oo [ Xx;=e0 sz +4x2 2 _
Iy= | | [ e ( )dxl dxydx s
Xy =00 Xp=—00) X|=—00
trong do: N=3
2 -1 -2
(x,Ax) = lez +4x§ +3,1g:32 —2x1x) ~dx X3 +2x,63 D A=[-1 4 1 A4 =7
-2 1 3

2 (Vx)
|A;% _;7}% V7

C6 thé phan tich nhu sau, va 4p dung cbng thidc trén dé kiém ching.

Viy A d/x va xdc dinh duong, I3 =

2 2
7
3
Jz iz ~_ (V")
== ]3 = ———\/j_r = —
NOWE V7
2
Vi du 12 : Tich phéin suy rong tdng quat:

x3=u-o xz —oo xl =

—49x2-28x2 —92x2 +16x, x5 +120xy x2 +24x, X
Iy = I J' J‘ e 1 2 3 1%2 1%3 2%3 dxy |dxydxy
x3=—oox2=—oo xl =—tw

—49x] — 28x3 —92x7 +16x,x; +120x, X3 + 24x, x5 =

2 2 2
) _92[x3 3x, 15le _608[x2_91x1J _15x]

23 23 23 152 38
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NN =R N2 g
- Jn2 {60 sJ_
23 (
49 < (Va)

| =1-960] = 960 ==> I3 =

60 8 —92, |A|%—

BAI 3: UNG DUNG TICH PHAN KEP
Tinh dién tich va thé tich 1a xudt phdt ciia tich phan kép . 0 diy ta xét
cdc tng dung khdc, tinh cdc dac trung vat 1y trén dién tich va thé tich.

3.1 Momen qudn tinh ctia tdm phdng :
Mit dd khdl lugng tai diém (x,y) 12 haim 8(x,y) thi cic momen qudn tinh
theo cdc truc chinh [ -

= [[8(x,pytdxdy . T, = [[6Cx, y)xdudy
D D

b6i vdi truc oz L (oxy) thi: J,, = J'_|'5(J~c,y)(1~c2 +y2)dxdy
D

e D31 v6i vat thé da gidc: NhG: diém M, = My, M;(x;,5;), i=1n

1 "._."
= —5 Z (xf.Vf+1 —Xi+1Vi ) _(ys + Vis1 )2 - J’fyf+1_
. . 'f n . ™ . ]
JOJ’ Z (x_yH-l x,_,_]y,) (xz +xa+l) =X xr+1

- e

Vidul:timl], cuahthgldl hanbdiy?=1-x, x =0, y=0 vdi mat do
khai lugng la 8()(, y) =

1 y= 1~x 1 3 .4
2 1 2 1 x X 1
= ldx Xidy =— hxf(l=-x)dy =—(———)=—
J y!o i 21* U=~

Vidu 2 . tinh J, cia cacdioit, ¢6 phuong trinh 1a :
r=a(l +cos @), dx,y)=1
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=rcos
tacé J, = [[ydxdy , ddisang toa dd cyc ta co {x e 9
D y=rsing
p=2xn r=a(l+cosp) 17 .
J= I I r2 sin? @.rdr = I sinZ (,0-4—1‘4 lg(l+cos¢) dp=
¢=0 r=0 0
4 2x
id 2 4 21 4
=— |sin“ @(l+cos@) .dp=—ma
4 of Alrcospyde =5, 7a

Vidu 3 : Tim momen qudn tinh J,, (d8i vdi truc ox, H1), J,, (H2) va

truc bat ky qua di€m A, thing géc v6i hinh D (H1), gidi han bsi
x* + y? = R v6i mat d¢ khéi lugng 1a 8(x, y) = 1.

* Tim J, (d61 véi tryc ox, H1). Do déi xitng. Nén ta tinh 1/4 hinh vé:

R y= {Rz_xz
Jo=4| [&x [ 1%
0 =0 AZ

M(x,y

I= [dx l.yzdy= X M(x,y)
R
3

Rl B
=I—(R2—x2)2dx, Hl H2
03
dat x = Rsing
z
42 4 4 4 2
R 4 R 37 R°x R'mw mR
I=— |cos = = =J. = =
J wdo 3 4112 16 4 4
Trong dé: m = SRz = Rz 13 trong lugng cha dia tron.
Fi3
="
2 r=R 4 2
R R
Toa dg cue: J,. =4 _[ do I rzsinzp.rdr 7 _|m
4 4
@=0 r=0

* Tim J,. D8i véi truc oz L (oxy), (H2) thi: J,, = [[(x? + y?)dxdy =
D

@=2r r=R 4 2
R
= _[ do I rroar="2 - mR
2 2
=0 r=0

Trong d6: m = SR*x = Rz 1a trong lugng cle dia tron.
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e D51 vditruc oz qua A 1 (exy), (H1) thi: J,, = H(xz + p*)dxdy =
D

. .
T r=2Rcos¢@ T2 3.1
- [dp | rrrar=2 [ aR*cos*pdp=8R*"Z =
4.2 2
__~x r=0 =0
4 2
4 2

= 31; z_ 3m2R . Viy néu ludn vé “su quay dé dang hay khéng ?” thi:

==> Trudng hop 1 > Trudng hgp 2 > Trudng hop 3.

Vi du 4 . Tim momen quén tinh cda hinh vanh khin ¢é 2 ban kinh a < R
a) P&i vdi truc ox trong mit phing (H3)

b) B8 vdi truc oz thing géc vdi miit phing (H4).

Giai:

p=2

> 1
Jor = H (x2 +y2)dxdy= I do
D @=0 r=a

r 4

=R 4 '
I r (rdr) =ﬂ:-R2;“ =
xy .

(R2+a2)%

Chd y: Khi a=0 thi vi du 3 14 trudng hdp riéng cia vi du 4.

Vidu 5. Tim momen quén tinh cda hinh vadng ¢6 canh RJ2

a) D31 vdi truc oy thang géc vdi mat phing tai di€m O. (H5)

b) P6i v6i truc ox nim trong mat phang ( H6)

¢) Péi véi truc oz thdng géc vdi mit phiang (H7).

d) B&i véi truc oz tai di€m C (giita canh) thing géc v&i mit phang (H5).
Gidi:

a/ Hinh (H5):
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2, 2 x=RV2y=R\2 2, .2
J0y= H (x +y )cbcdy: f I (y +x )dxdyz
D, x=0  y=0
4 2
= 8? = 4"'3R , VOl m = J(Rﬁ)z =2R? 12 trong lugng clia dia vudng.

H7 HS
2
Cdch khic: toa d§ cyc: xpg =Rﬁ=rcos¢:> r= R\/_
cos @
p RJ2
p=— =
2 4 cosg 3 4R 4 2
Top= [[ rirardp=2) [ dp [ rlar|=238 3R _|imR |
D,, @=0 r=0
b/ Hinh (H6): 04=RVJ2, RA=R
5 y=R x=—yp+2R ) R 22
Jox = [[ Yidxdy= | Jooyiaxdy=£ = |mR) g
D.\y y=0 x=y
m = J(RJZ_)Z =2R? 13 trong ludng ciia dia vudng.
¢/ Hinh (H7, H8): 4B = RVZ = 0C =%
V2
=R, R
V272 ,
Jop = H (x2+y2)drdy=4 I I y2+x )dxdy=
D, x=0 y=
Rt mR?

- 2 7 ~
, VOl m = J(RJE) =2R* I3 trong lugng cta dia vudng.

6 |12
d/ Sinh vién ur gidi.

==> H6 quay dé nhu hinh H7 v hinh HS5 khé quay nh&t. Va ta 6 thé so
sanh sy quay ctia hinh vudng va hinh tréon qua vi du 3 va vidu 5.

3.2 Momen finh va trong tam :

Tw dinh nghia cida biéu thitc momen qudn tinh, ta nhin ra ring momen
quan tinh biéu hién tinh ¥ néi tai cita chdt diém c6 khéi lugng 3(x,y) > 0
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khi chuyén déng quay quanh mdt truc 2o dé, nhung bén than né
chua biéu dién dude su cin bang tinh hoc d61 véi truc d6 ra sao ? mifc d6
kha thi khi quay quanh tryc d6 ra sao? va vi vdy mét khdi niém vé né 1a
momen tinh va toa d6 trong tim dudc dinh nghia nhu sau :

e Momen tinh d&i v6i tryc x 1a S, = [[y8(x, y)dxdy yA A
D
e Momen finh d6i v@itryc y 1a §, = ”xé’ (x, y)dxdy
D |
A S c
~ ~ . _ ¥ _
e Toa d0 trong tim C : Xe=—g Ve __.S%-
V6i d(x,y) mat dd khoi lugng tai di€m (x,y) va o
S= [[8(x,y)dxdy 12 dién tich mién D.
D
.. ) i . e _lz_ii.ﬁﬂ ST o i
e D41 v6i vat the da gidc: Sy =.E > (-": it **'lyi_')(y." + 'J’_ifl)
1 i=n
Soy = P Y, (Xi¥iv1 — X Vi ) (xi +Xin )
i=1

Nhé: diém M, . =My, M;(x;,y;), i=1n

Théat vdy theo dinh 1y trung binh ta ¢é:

S
D D
S
Se = [[y6(x, p)dxdy = yc [[8(x, pydxdy = yc-S => yo =~
D D
Nhdn xét :

e Momen qudn tinh luén ludén duong.

e Momen finh ¢6 thé 4m, duong, momen tinh d6i véi 1 truc nao d6 ma
triét tiéu thi truc d6 goi 12 truc trung hda, giao clia 2 tryc trung hoa bat k¥
chinh 12 toa 46 trong tim.

That vay goi A (H9) 14 truc trung hoa thi
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Céng thic dbi truc ta ¢6: x = x¢ +x,,

Sy = [[xdxdy = [[(xc +xp ) dxdy = xc [[dxay + jij&xdy =

=xcS+ {[xpdedy = S, + [[xpdxdy = [[xpdxdy =5, =0
D D

D '
¢ Momen qudn tinh d6i véi truc trung hoa y
thi nhd nhit so vdi cic truc // véi truc trung hoa. b
Vidu /- im trong tdm cda 1 tam gidc
> x
déng chat nhu hinh v& bén, ¢ 2
P - N 2 X ¥ . 1
ta ¢c6 phudng trinh dudng thang —+—b— =1, di€ntichS = 3 ab
a
X
‘ y=b(1-2) _
a a a 2 3
X bx bx” 4
S, =£x¢ixdy={_!xa[x g dy = fij(l——-—)tlx:T—;T o=
4
2 2 2 S 2
_ba”  ba” ba . Vay xcz_g’,zﬁ'_ labzla ,
2 3 6 A 6 / 2 3
§ 1
twong tu ta cé =—*=_4p
g Ye S 3

Mot lan nita ta tim lai duge k&t qui ma trong hinh so cip di biét .

Ap_ dung : Céc cbt thip nudc cao d€ tang dp luc nube cho mét khu vic
) - P ~ ~ I - A » e
ddn cu nao d6 thi mat cat ngang véi d6 cao la 5 chiéu cao ¢t nudc
thudng dudc gia cudng nhiéu hon nhitng mat cit ngang khac, 1y do 1a dp
e nude tdc dung vao thanh cot nude thi tf 18 tuyé&n tinh véi do sdu cot

nudc
2h/3

1h/3

B C
Ap luc 16n nhat dat tai trong tim tam gidc ABC

Trong cdc vy dn ddnh bom liéu chét clia cdc chi€n binh dao hdi, ¢6
vu:  "Binladel" lao mdy bay vao 2 tda nha thip déi cla My, ngay
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11/9/2001, 1am ring déng khdp thé€ gidi ngay d6. Vién phi cong lién
chét, 4p dung dinh ly trong tdm, di lao ding vao trong tim tda nha
(khodng 1/3 chiéu cao tda nha ), v4i slic nong do ma sit, ¢dng vGi stic
néng clia vu nd, di 1am cho cédc sgi thép trong cdc cdt bé tdéng néng chiy
& ting bi tdn cong, bé tdng trd nén don va x3p (vi bé tong chiu nén, va
thép chiu kéo ), do d6 2 vat liéu nay coi nhu khéng lam viéc, vi vi thé sic
nang cda 2/3 khdi lugng toa nha & trén di ché 1/3 tda nha con lai 3 dudi
ra tan tanh tirng manh vun, va vi tdoa tht 2 ¢6 cung nén moéng vdi toa thi
nh4t, nén chi vai phit sau d6, thi tda thif 2 cling cing chung s& phan.

I
Vi du 2 : tim toa d6 trong tam cta hinh phang déng chét gidi han bdi 2

dudng cong sau y2 =4x +4vay'=-2x+4
2

x=—2_4
2 2
Dién tich § = dedy: Idy I
x="—~
2 2 2
4—y° y°—4
=2 - dy =
J(— O
0
2
:2[(3—2}:2]@:8
v 4
0
2
x=4-y
y=2 2 =23 3y
y=0 y2—4 y=0
x=
4
2 32 3, 335 * 16
S, =13——-+ dy=3y———+—— | =—
y ({( 167 =TT g 5
0
Sy 2 C o . e
xc=?:g . ye=012 r& rang do tinh chat d6i xing W

Vi du 3 : Tim toa d6 trong tdm va moment quén tinh dé1 véi truc trung hoa
cda né, cta hinh phing dong chdt c6 toa d6 nhu hinh ve. Co 8 diém, di€m
thir 9 tring v6i diém thd nhit. A1(1,0), A2(2,0), A3(2,3), A4(3,3), A5(3.4)
. AS(0,4), A6(0,4), A8(1,3), A9(1,0).
a) Ta 4p cong thitc véi 9 di€m (tinh bang Vn-570MS)

90

1 =9
Se=% Y (xi v = X1 ¥ ) (¥ + Yis1) =% 1>
i=1
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Tinh theo tich phan: S, = [f ydxdy + ([ pdxdy 2.0 15, do tich:
D, b, 2 2
x=2 y=3 9
Hinh chit nhat dusi: |{yaxdy= | dx | ydy==
D, x=1 y=0 z
x=3 y=4 21
Hinh chir nhat trén: H ydxdy = I dx J' ydy ===
Dy x=0 y=3 2

Dién tich hinh S=3x1+3x1=6 hay ta ¢6 thé€ diing cong thic:

——Yc

Al=A9 A2

12( ol 22330000 12
- X: Vi1 — X; ;)] — — =—=10D.
2 2 \VHVMITYYI) T 6 03 03 4 4 3 3 0 2

AY 15 ” N . .
—x = 3 =2.5 Piy tung d6 cia truc tung hda A nhu hinh ve.
Thyc ra ta ¢6 thé tim trong tAm cla hinh bing cdch 13y diém giita doan
ndi hai trong tdm hinh chif nhat trén va dudi bing nhau, ta ciing thu ngay

dugc k€t qua trén y, =2.5. V@i phudng phdp niy ta ¢6 thé tim trong tim

Vay y. =

bat k¥ hinh nao, biing cdch phan hinh ra nhi€u mdnh, ma mdi minh ta di
bi€t trong tAm cla ching, 14n lugt tim trong tim ndi 2 manh mat, theo ti
trong cua dién tich 2 manh dé, va ci thé ....

Pay 12 dim ciu ddc sdn chit T, dugc lap ghép dé€ thanh mit ciu trong cic
cong (rinh cdu dudng. Khi c¢é (di trong thi phin trén truc trung hda cta
dim sé& bi nén, ngudc lai phidn dudi truc trung hda ciia dim sé bi kéo.
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b) Pdi vdi moment qudn tinh, ta 4p cong thitc véi 9 di€m nh c6t B &
bang rén dudc tinh bang excel, hay tinh bing Vn-570MS.
122 - 2 552
Jy=52, (xiyi+l —Xi+1JVi )|:(..V:' +Jin ) _yiyi+l] =——=46,
12 /o5 12

Tinh theo tich phan: J, = [[ y?dxdy + [[ y’dxdy =9+37=46, do

Dy D,
x=2 y=3
Hinh chil nhat dudi: [[ pdxdy= [ dx [ ydy=9
D, x=1  p=0

x=3 y=4
Hinh chi¥ nhit trén: H y‘,‘dxdy = _[ dx I yzdy =37
c) P& tinh moment quan tinh d&i v§i tryuc trung hoa A, ta ¢ thé dung dinh
1y Huygen trong vit 1y vé déi truc trong cong thic tinh moment quén tinh:

X

5 150

46=Jx =JA+G2F2JA +('—'2-) 6:>JA 246—T=8-5
P& tinh truc G€p ta ding cong thic ddi truc: y =¥, +a=> ¥, = y—2.5,va
sau do ta tinh twong tu nhu bdng A trén mét 1an nifa, ta c6:

y X YA = y—2.5] Moment | Moment
AL T : - 2.5 finh qudn tinh
PVERE 2.5
A3 0.5
Ad 3 0.5
AS 1.5
A6 4 0 1.5
AT 3 g 0.5
A8 1. 3. 1 0.5
- A9 0 1 -2.5
)y
 BangB
Xem bing ta thdy lai két qlia: Moment tinh déi véi A thi triét tiéu, va
i=9
Ja= %; 1 (%iYie1 — Xiv1 Vi )[(.Vi + Yiv )2 —YViViq1 ] = ITOZE = 8.5 =

Vi du 4 ;. Tim toa dd trong tim vi moment quén tinh d&i véi truc trung hda
clia né theo hinh v& ¢6 toa dd nhu hinh sau: A1(0,0), A2(3,0), A3(2,3),
A4(3,3), A5(4,4), A6(-1,4), A7(0,3), A&(1,3).

Sinh vién ty gidi. J, = 71—? =66, S=10

X
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1 5
s, B0 10 1
6x10 6

IR R R MR
Vidu 5 : Tim toa dé trong tAm va moment qudn tinh d6i véi truc Oy theo
hinh v& ¢6 toa d6 nhu hinh sau: B(2,3), D(5,7), A(-1,5), B(2,3). Nghiém
lai bing cong thitc giai tich.

Dién tich S: i C
183 18 A ;
§ =52(xfyx'+1—xi+1}’£)=7=9 <3 :
i=1 * ;
Moment tinh: 3 "B
1 i=3 2 E
Sy =EZ(x£J’.-.'+1 —xf+1yi)(yf+yf+1)= 1] '
270 i=1 1 a 1 ; 3 a 5
=—— =45
6 .
1433 108
'%=EEX%HH—%HﬂH%+%ﬂ)=6 =18
i=1
S, 45 S, 18
Vi =X =""_3 x, =2 ="229
Ve =g 9 s 9
1 i3 2 594
Jo, = 12 2 (X1 — x4y yi)[(xi +Xp00)" = XXy ] =—; — 95
i=1

Ta chi nghiém lai moment quén tinh /Oy: ta chia thanh 2 ving

_x+16
H xtdxdy = T P 24y = 2 _27
= [ & [  Pdy= [ xP(x+1)dx= ;
ABC Xxz=—] —2x+13 r=—1
Y= 3
=x+16
II xzdxdy=x75dr J'3 x2dy=x-f5x2 (—-x-}-S)ix:l—n‘
7 4

BDC x=2 4x+1 x=2
y= 3
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Vé.'iﬁf'-foy =L*-:_7_1_=49,5

Vi du 6 : Tim toa do trong tim cla hai hinh: hinh g&¢ va hinh bi€n hinh,
ma ta da xét § vi du 2, muc 2.2, ¢6 cdc toa dd theo bang:

TT 1 2 3 4 5 6 7 8 9 10
X 1 2 4 3 4 2 0 2 2 1
¥ 0 -2 2 2 3 4 3 2 1 0

dugc bién hinh qua phép bién ddi tuyén tinh c6 ma trin tuong ¥ng 13 -

I T, W

1
|
1
|
|

[ S

[-0.194572

--> H?2, ta vin c6 :
2.729657 }



1/

2/

3/

4/
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BAI TAP

Tinh céc tich phin sau:

13 31
a/ I=[([(x=y)ydy)dx va  J=[([(x—yp)yde)dy

0o 2 20
sosanhlval

1 x x 1

b/Cho K = [( [(x—y)ydpyax va L= [( [(x—y)ydx)dy .
0 ¢ 0 6

So sdnh K va L, tir d6 cho két luan.

1x 11
¢/ Chung minh : If(x—y)ydydx = jf(x—-y)ydxdy
00 0y

Hodn vi cén tich phén sau:

2 4 2y e In x
a/ [ax [ f(x,p)dy Idy I flx,p)dx of [dx [ f(x,p)dy
2,2 1 I 0

Tinh cdc tich phin sau:

a) [[(cos? x+sin® y)dxdy, D 1a hinh viong: 0< x s%,os,v sfm
D
b) Hxlnydxdy. D 1a hinh chir nhit 0<x<4,1<y<e
o [+ ‘b‘dy:’ D xdc dinhbdi x21, p>1, x+yp<3
D (x+y)

d) [[x*(y—x)dxdy. D gidi han bdi cdc dudngy=x>, x=y
D
Tinh cédc tich phin sau:
a) [[(x+y)*(x—y)dxdy. D gidi han béi:
D
X+y=1, x—y=1, x+y=3, x—-y=-1
b) [{(2x— y)dxdy. D gidi han bdi -
D
X+y=1, x+y=2,2x-y=1, 2x~-y=3
¢) [[xydxdy. D gi6i han bdi
D

xy=1, xy=2, y=x, y=3x(x>0, y>0)

d) [[yx?+y? dxdy. D giGi han bdi :
D
x2+y2=az, xz+y2=432 (a>0)



236

5/

6/

7/

8/

9/
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D giéi han bdi y=\/1—x2 va ox

dxdy
e) H =
+y +1
f) H xy* dxdy. D gidi han bdi cdc dudng tron:
D
X+ (y—1P=1,va x>+y*—4y=0

g) Hexz +? dxdy.
D

D la mién x*+y* < a’

2 2 2
X y . . x
hy [f 1—a—2—;2—¢xdy. D la Ellip 3

Yy _

Tinh dién tich phang gidi han bdi cic dudng :

a) x?+ y* = 2x, x2+y'=4x, y=x, y=0
b) (x—2y+3)Y +(3x+4y—1)" =100
C) xzzay, xzzby, yzz(xx, y2=Bx (0<a<b, 0<0€.<B)
d) x=4y—y2 , X+y=6 '
2
e) +yi=1va xX*+y?= —=x
¢ NG

Tinh thé& tich gidi han bdi cdc mat :

a) y=1+x2,z:3x,y=5,z:Onﬁmtrongphﬁntémthﬁ'nhﬁ't.
b) x*+y?=2, z=4-x"-y*, z=0
c) x2+y2=a2, x? +z> = a*
d) x=0, y=0, z=0, —+¥+Z-1
1 1 2
e) z=}12+y2 , Z=X+tY.

Tinh momen quén tinh cda :

a/ Hinh vanh khiin ¢é cdc bankinhd, D, d<D, 8=1(t khéi).

* B&i véi tAm cia né

e D61 vdi dudng kinh cla né

b/ Tim momen quan tinh cda binh vudng canh a d61 véi truc di qua

dinh ctia né, true giao d8i v&i mat phang cia hinh vuéng , 6 =1

¢/ Tim momen quéan tinh cia mién gidi han xy =4, X +y =35,

S =1, d6i véi duding thang y = X.

Xic dinh trong tAm cdc bian phang ddng chit gidi han bdi cdc dudng

b TV XLy fc a
25 9 5 3

b) y'=x, x’=y

> B
c) y=vV2x-x , y=0 )

Tim moment quan tinh c¢iia hinh vudng bén HS
vdi truc Ox :

A J
"
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10/ Tim dién tich giao bdi 2 dudng:

) 12]
y=-2x"+12x-8

104

2 ]
oY ¥ 31 oA
4 2 4 Y 6] B
11/ Tinh K

Y= x=eo e(—2x2—3y2+2xy)

=] ]

y=—oo x=—00

dxdy
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