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TOM TAT

Mot mang thii vi cia sé phike la ting dung vao hinh hoc, nhat la biéu dién phirc trong cdc
phép bién doi hinh hoc. Trong bai bdo nay, cé mét sé 1oi gidi bai todn chitng t6 biéu dién phike rat
c6 dong, dé dang va trong sang. Trong khi d6, véi cong cu hinh hoc gidi tich hay hinh hoc ¢é dién
khé c6 thé tim dwoc mét 1oi gidi nhuw thé. Mot phép bién doi hinh hoc ma it sinh vién lam quen va
biét dén la phép bién déi nghich ddo, ma nho né da giai quyét dwoc mét sé bai todn héc biia va thii
Vi, ciing xin dwoc trinh bay o day.

THE COMPLEX IN GEOMETRY
SUMMARY

One of the interesting fields of complex numbers is applied to the geometry, the most of them
is expressed in geometric transformations. In this paper, some solutions of the problem
demonstrates the performance of complex numbers is succinct, easy and clear. While it is difficult
to find that solution with analysis geometry or pure geometry. A geometric transformation that few
students were familiar and known to be the inverse transformation, but because of it that we has
solved some interesting conundrum, this transformation would also be presented here.

I. MO PAU hai cip diém bt ky twong tng ctia bon diém do,

$6 phitc trong chwong trinh dai hoc nim hdy tim giao diém cua hai duong thang nay chi

tht nhit chi hoc rat co ban. Sau d6, chi mot sb it
sinh vién nganh di¢n, di¢én tu tiép tuc hoc ham
phitc va phép bién d6i Laplace. Nhung mot
mang thi vi ctia s6 phirc 1a ung dung vao hinh
hoc, nhat 1a biéu dién phuc trong cac phép bién
ddi hinh hoc. Trong bai bai bdo nay, c6 mot sb
10i giai bai toan ching to biéu dién phirc rat o
dong, dé dang va trong sang. Trong khi do, véi
cong cu hinh giai tich hay hinh cb dién kho ¢
thé tim dugc mot dap an nhu thé. Mot phép bién
d6i hinh hoc ma it sinh vién lam quen va biét
dén 1a phép bién ddi nghich dao, ma nho n6 da
giai quyét dugc mot sb bai toan hoc baa va thi
vi. Vi du bai toan Napoleon: tim tdm duong
tron, duoc ddu tdm, chi bing mot compa duy
nhat. Hay bai toan: cho bon diém bat ky trong
mit phang, tao hai dudng thing bang cach ndi
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bang mot compa.

II. SO PHUC TRONG CAC PHEP
BIEN POI HINH HQC

Xét phép nghich dao (ND): Cho duong
tron (O, R?), duong thing (d) khong qua O, ta
tim anh cua (d).

e Qua phép nghich déo: NP (O, k =R?),
tam O, hé s6 k = R? (k ludn duong)

Tai hinh H1: bién A — A, F — C, B — E, viy
bién (d) thanh duong tron (I, OC/2) cb duong
kinh OC, qua tdm O va OI L (d). Va nguoc lai
bién duong tron (I, OC/2) thanh (d). Néu c6 F
— xdac dinh C, nghia la x4c dinh duoc (I, OC/2),
va ngugc lai. Vi OF < R nén (d) cit vong tron
(O, R).
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¢ Qua phép nghich dao: ND (O,
0C.0D), tim O, hé s6 nghich déo OC.OD.

Tai hinh H2: bién B — A, C — D, F — E, vay
bién (d) thanh dudng tron (I, OD/2) c¢6 dudng
kinh OD, qua tam O va OI L (d), va nguogc lai.

e Tai hinh H3: Nguoc lai néu duong
tron tdm I khong di qua O, thi phép ND (O, R?)
s& bién dwong tron tam I thanh duong tron khac,
c6 tam I’ trén OI (xem hinh H3), khong qua tim
O: va ta chung minh hai duong tron nay cling 1a
Vi tu cua nhau, sau do ta tinh ti 1€ vi tu d6. Ta

c6 M — M, N — N/, nhung 1,571

OM.OM' =k, OM.ON=0I*-R* =0 1a

phuong tich, da biét (phuong tich ciia O ddi véi

‘ . oM Kk _or
vong I), chiavétacd: —=—=—
ON o O0I

ti 18 vi tw bién (I, IN) <--> (I, I'M') va

day 1

or' = Eﬁi . Biét tam I, tim tdm I' qua phép vi

o

k 2 N N
tu (O, —). Chu y, diém O nam ngoai hai diém I
o

var.
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Néu c¢6 C — xéc dinh D, nghia 1a xac dinh dugc
(I, OD/2), va nguoc lai. V&1 OC > R nén (d)
khong cit vong tron (O, R).

Trudng hop diém O nam trong vong (I, IN) thi
phuong tich

PO, (I, IN)=0I*-R*=0 < 0, thi diém O
nam gitra 2 diémIval. Hé sb vi tu am, nhung k
vin duwong OM.OM’ =k = ON.ON' > 0.

S6 phire: & hinh H1: OB.OE=R?, toa vi ciia B 1a
b=(|b|,arg(b)) ,toavicuaElae= (|e|,arg(e)) ,

ta co: b.Z=R2 <:>e.Z=R2
2

R 1

:>b=T=R2 o

e ‘e

2
R L) |=| e
el el

vi O, B, E cung thing hang, nén B, E cing
argument. Viy B 1a anh ciia ND(O, R?) ciia E

,—arg(e)
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2
thi: b= RT
e

R2
Se= e hay gon  hon

b.;=R2<:>e.B=R2.

Néu tam nghich khéng laOmala w, ti sb k=1
. & 1
(doigoctoadd)thi zeo Z o Z —w=—
I—w

wz +(1-ww
B D)
I—w
A LB J J « K R 1
¢ Bay gio cho c6 phép bién d6i Z =—
3
hay biéu dién hinh hoc ctia phép bién dbi trén.

Ta co Z=l= ! =; theo trén Z 1a dang

nghich ddo cta z;, v6i z; =z, vay bién z thanh

dbi xtmg cua z 13 z;, sau d6 1ay NP (0, 1) cia z,
thanh Z.

III. CAC BAI TOAN

Bai toan 1: Cho tam A; A, As cac dinh
va trong tam G c¢o toa vi lan luot 12 zy, 2o, 73, Z,
cac trung tuyén cit dudng tron ngoai tiép tai cac
diém M;, M, M3 (xem hinh H5), c6 toa vi uy,
Uy, U3, ching minh:

1/1+1+1=0(*)

i—Uuz

2/ Néu cho truée cée diém M, My, M; bat
ky trén duong tron, chung minh tam gidc A; A,
Az va trong tim G véi cac toa vi va ¥ nghia kién
tao tam gidc A; A, As nhu trén phai thda man
dang thic (*) ¢ trén (thuong co hai tam giac A,
A Az nhu trén ing v6i bo ba diém M; M, M3).

A

w

A3

H5 M,

Tu dé bai trén ta ¢o:
1/ 30G =04, +04, +04; N€N 3z=7 +12, + 23

Hg¢ thtrc trong duong tron ta co:

GM,.GA; = GM,.GA, = GM3.GA; = 0G* — R* =k
Vay M;, Aj 1a anh cua nhau qua ND(G, k)

G_A{G_M{ =k nén (z —z)(ul —z)=k

k
=—-%=
u—z
= ! =lz -2
u—z k 1
1 1,- —
:z—ul=;(Z_ZI)
tuong tu
1 1,- — 1 1,- —
e IO

L + L + L =%(3Z—Z—5—5)=0

I—U I—U3

2/ Do lai tir (g —z)(w —z) =k tasuy
ra 3z =21 + 2 + 23, nén G la trong tdm tam
giac AjAzA;. Cha y tr phuong trinh

1 1 1
+ +
-

=0, z1a an can tim cua

i—U IT—Uy
phuong trinh bac 2 theo z nay, thuong co6 2
nghiém (tuong tmg c6 2 diém G, nén ¢6 2 tam

glé,C A1A2A3).

Bai toan 2: Cho tir giac bt ky ABCD,
dung cac tam giac vudng can, 14y cac canh cta
tr gidc lam canh huyén tuong tmg, cé cac dinh
M, N, P, Q c6 céc toa vi twong ing nhu hinh vé,
chtrng minh MP bang va truc giao voi QN (xem
hinh H6).

Dé giai bai nay, voi cong cu hinh giai tich hay

thuan tay hinh hoc, ciing khong phai dé dang.
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P(p)

Tacoé MB 1a phép quay goc %cﬁa MA

nén b-m=i(a-m) => m = bl_ lfl , tuong tu cho 3

dinh con lai

_c—ib d-ic a-id
1-i’ 1-i°7 1-i

:>i=m_p:>m—p=i(n—q)
n—gq

Vay MP bang va truc giao véi QN.
Bai toan 3: Cho phép bién doi

—i ., , \ e
Z =~ tim anh ctia duong truc x'Ox. Néu
z+1
. M ~ / . z—1i
toa vi z nam trén truc x' Ox thi |Z|= —=1,
z+1

vy Z nam trén vong tron luong giac. Nguoc lai,

toa vi Z nam trén vong tron luong giac thi:
. ip
; -1 e’ +1
Z=e® ="t =% =—cotg?,
z+1 e? -1 2
vdy z 1a s6 thuc. VAy anh cua dudng truc x'Ox
la vong tron lugng giac.

Bai toan 4: Cho phép bién d6i vong (vi
thudng bién vong tron thanh vong tron)

Z_az+b_g az+b_£_
cz+d ¢ cz+d ¢
bc—ad

_a bc-ad _a 2
¢ c(cz+d) ¢ z+1
c
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ta s€ tim anh cua duong tron Iy(O,1).

d . .
® 7 —> 73 =27 +—, day la phép tinh tién véi toa
c

vi i,bién Io(O,1) thanh 11(0+d 1)=11[d lJ
c

T T
c c

A .od
(duong tron, tdm cé toa vi=—, R =1).
c

° D= zl’ gdm hop 2 phép bién doéi: ddu
1

tién bién I (1, 1) ->1, Li, 1} 1a phép dbi
(4 C
xtng qua Ox. Sau d6 bién

I i,l =1 _cd . cc ’
c dd—cc‘

qua phép ND (O, k = 1), that vay: tu

or’ =¥ oi
o
—or=lono e d_ el
dd—cc ¢ dd-cc
R3—1R2 =l.1= —cc =
o} o dd—-cc

phuong tich cuia O ddi v6i dudng tron

12[1,1], s=ork-12=44_;_dd-cc
c cc cc

bc—ad
c

]z3 , néu 1a s6 thuc, thi

day 1a phép vi tu, nhung déy 1a truong s6 phiec,
nén déy 1a phép dong dang v6i hé sé dong dang
. bc—ad

Ia :
c2
vay 0—I4>=bc—2ad _cd _zﬂobc_'—mi’vé
¢ dd—cc c¢ dd-cc
bénkinhR4=|bc_ad|| cc|_[pead]

| 2 |‘d2—c£‘_|dﬁ—cz|.
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R d bc—ad |bc—ad|
Vay Iy| —.——=,——=
» 4£c dd—cc’|dd—cc|}

a I \ T 4
® 74 —> %5 = —+ 24, cuoi cung la phép tinh tién
c

, . a
vecto ¢o toa vi — :
c

O—I»_g_l_é bc—ad
ST ¢ ¢ dd-cc
~ a(dE—cz)+E(bc—ad)
- c(dZ—cz)

_ bd —ac
dd—-cc

bc—ad

dd-cc

7 bd —ac |bc—ad|
sl 5l ol
dd—cc |dd—cc|

tat nhién Ry =R, = . Vay

Ta xét cac vi du ung dung bai toan 4.

Vi du 1: Cho phép bién doi

A+2i)z+2 1+2 o-3%
Z: N = + . 9
3z+(2-10) 3 z+—25’

tim anh cua duong tron Iy(O,1). Xem H7.
d
°z>=2+—,
c
‘A 2—i - 2—i
bién 16(0,1) > 1y (0+ 251,1) = 1y (%51,1),
toa vi= %,RZ 1.

°1 D3 = zl’ gom hop 2 phép bién doi: dau
1

tién bién I (1,1) >, (% 1) la phép dbi
C

c

ximg qua Ox. Sau d6 bién I, (d = Z;_l ,IJ

cd -3 3i cc 9
>l ———=—-",=——===|,qua

dd—cc 2 4,‘d3—cz‘ 4

phép ND (O, k=1), that vay:

wror' =*X01 k=1
o

<——on=ton-—<_4__<
o dd—-cc ¢ dd-cc
R3=1R2—l.1= << =. Phuong tich cua
o} o dd—-cc

O d6i voi duong tron I, [i,lj :
c

A e 4900
cc cc

bén trong dudng tron)

0'=0122—12

bc—ad
03> Y= 2
C

day 1a phép vi tu, nhung déy 1a truong s6 phiec,
nén déy 1a phép dong dang v6i hé sé dong dang

)z_q,, néu 1a sé thye, thi

.bc—ad 2 i
la 5 =g = V&Y
c 9 3

—— bc—ad cd d bc—ad -7 i
Ol = - = —————=—+—

¢ dd-cc c¢ dd-cc 12 3
ban kinh
R_bc—ad ce _|bc—ad|_\/ﬁ
T2 dd—ce |dd—ce| 4
Vay

12 3’|dd-cc| 4

[E be—ad 7 i |bc—ad| \/E)
I4 —_— =

¢ dd-cc
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\

a I \ S 4
® 74 —> 75 = —+ 24, cudi cung la phép tinh tién
c

a 2-i
vecto: — = :
c 3
or; =44 bezad
¢ ¢ dd-cc
a(dg—cz)+3(bc—ad)
- c(dg—cz)
_bE—az
" dd - cc
-1 .
=—+i
4
_ _|bc—ad|_\/ﬁ N
tatnhlenRS—R4—|d2_cz|— 1 . Vay
[bd=ac_-1 . |bc—ad|_ 13
dd—cc 4 ldd-cc| 4
2 2
Tom lai: Il:(x—%) +(y+%) =1,

b= -
b o LT

I3 1a nghich dao cua I, (cling 1a vi tu ciia nhau,

xem hinh). I4 1a déng dang cua Is. Is 1a tinh tién

cua la.
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(e -3 [T

) - —2
15:(x+%) +(y—1)2= @

Vay anh cua [y(O,1) 1a duong tron

r (1) o075

Vi du 2: Cho phép bién ddi vong
_ (1+2i)z+2
(1-Dz+(Q2-i)’

tim anh ctia dudng tron [H(0O,1). Xem hinh HS.

oL e,

-4

Ta bién doi

2+5i 5 .

1+2i a-p? -1 3i 31
SR T R = i S B
ot ity

Ta c6 the kiém chung céc két qua sau:

bc—ad_i_, a -1 3i

i, —=—+—

ol 2 e 202

3,

o |x
~
N |~

o= % >0 (phuong tich O ndm ngoai 12)
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tao(x=f) o (o423

Cubi cung Io--> Is. Ta thay Is cat truc tung tai
toa vi -1, ta giai phuong trinh, tim z:
(1+2i)z+2 . -12 5i
= =—l==>Z7=——+—Va
(1-dz+2-0) 13 13

|z|=1:>ze10.

C6 thé kiém chimg:

Bai toan 5
(tong quat vé phép bién doi vong)

Ta s€ tim anh ctia dudng tron Iy(to, 1), Vi
to, ro bat ky, mién diém mién goc O khong ndm

trén Io(to, ro). Céc phép bién dbi theo thu tu sau:

1/ Lo(to, 10) -—> Li(t1=to +d/c, 1y =T9). Phép tinh
tién vdi vecto ¢6 toa vi d/c.

2/ I()(tl, I'])--> Iz(t2=a , I =I‘1). Phép dé)l Xl'l’l’lg

qua truc hoanh.

3/ Tinh phuong tich ctia diém O ddi v6i vong Iy

o=tt-13,

). Phép vi tu

1 1
4 Ly, 12)—> Ts(ts=—ty, 13 z‘_ "
o (o}

OSSR |
vO1 hé so vi ty —.
o

bc—ad -
3
c2

bc—adt =
3, 14—
CZ

Phép ddng dang phirc voi hé sé dong dang:

5/ Is(ts, 13)--> La(ts=

).

bc—ad

CZ

ddng dang thyc).

. (g0m tich 2 phép: phép quay va phép

6/ I4(t4, I'4)--> I5(t5= t4 + g ,I5= I'4). Phép til’lh
C

tién voi1 vecto co toa vi a/c.
Ta xét hai vi du sau:

Vi du 1: Cho duong tron Ip(1+11, ro=2),
(xem hinh H9), hay tim dnh cua duong tron qua
A+2i)z+1+1i

phép bién d6i Z =

(1—i)z—1+2i

j ' . 0+1i
TacéZ=(1+21)Z+1+l=—_1+ﬂ 2t
(1-iz-1+2i 2 2

Ta c6 the kiém ching céc két qua sau:

bc—ad 7 a_ -1, 3i
2 0Tty
- -3
l=__3+L’ o=—
c 2 2 2
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2

I :(x—%)2+(y—1)2 = g

1, :(x+%)2 +(y—%)2 =%

I5 :(x+4)2 +(y—%)2 = % Cubi cung Ip--> Is.

trén duong tron Iy, anh cta (1 +iv3 ) :

382 2525
Z\1+iJ3 )=—=+
( l() 977 2324

\ 14 , \
va = 3 chung to

Z(1+i\/§)—[—4+%)
VA (1 + i\/§ ) nam trén duong tron Is
anh cua (1— 1\/5) :

Z(1 - ,-\5) _-1162 764

1363 981
2 2 16
; I (x+2) +(y+1l) =—,
s (e ) o (red) -
. x+L) +{y+1) =—,
Z(l - lx/g) nam trén dudng tron Is > S Y*s 5
Ao N o~
Vi dy 2: Cho dudng tron Io(1+1i, rp=2), 01 cung lo—>1Is.
xem hinh H10, hay tim anh cua duong tron qua IV.KET LUAN
phép bién @bi z = C1TDI=2+1 Sé phrc trong hinh hoc 1a & tai rat it tai
(1—i)z—%+é liu trong nudc, ciing nhu nudc ngoai dé& cap
3. dén, vi day ciing chi 1a mot cong cu tiép can
Tach z=THHDz=2+i —3-5i ' khéc cho cac 10i giai clia cac bai toan hinh hoc.
ad-i)z- % + é z— % —i Nhung n6 da thé hién mot cach ky diéu vé su ¢
be—ad 3 dong ma cac cong cu khac to ra cong kénh va
2 =-3-3, o=-1, phrc tap.
d_3_; -1
c 2 4
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